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PREFACE TO THE ENGLISH EDITION

Tuis first volume of the Course of Theoretical Physics is naturally devoted to
the foundation of the subject, namely classical Newtonian mechanics.

As with the other branches of theoretical physics, our exposition makes
no use of the historical approach. From the very beginning it is based on the
most general principles: Galileo’s principle of relativity, and Hamilton’s
principle of least action. Only with this approach, indeed, can the exposition
form a logical whole and avoid tautological definitions of the fundamental
mechanical quantities. It is, moreover, essentially simpler, and leads to the
most complete and direct means of solving problems in mechanics.

We should like to express here our sincere thanks to Dr. SYKEs and Dr.
BELL, not only for their excellent translation of the book, but also for several
comments which have reduced the number of inaccuracies in it—though we
fear that some will always remain.

L. D. LaANDAU
Moscow E. M. Lirsuirz
November 1959

No extensive revision of the book has been necessary for the second
English edition. A few additional comments and problems have been inserted
in various places, and a number of errors have been corrected.
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CHAPTER 1
THE EQUATIONS OF MOTION

§1. Generalised co-ordinates

ONE of the fundamental concepts of mechanics is that of a particle.t By this
we mean a body whose dimensions may be neglected in describing its motion.
The possibility of so doing depends, of course, on the conditions of the prob-
lem concerned. For example, the planets may be regarded as particles in
considering their motion about the Sun, but not in considering their rotation
about their axes.

The position of a particle in space is defined by its radius vector r, whose
components are its Cartesian co-ordinates x, y, 2. The derivative v = dr/d¢
of r with respect to the time # is called the velocity of the particle, and the
second derivative d2r/ds? is its acceleration. In what follows we shall, as is
customary, denote differentiation with respect to time by placing a dot above
aletter: v = f.

To define the position of a system of N particles in space, it is necessary to
specify N radius vectors, i.e. 3N co-ordinates. The number of independent
quantities which must be specified in order to define uniquely the position of
any system is called the number of degrees of freedom; here, this number is
3N. These quantities need not be the Cartesian co-ordinates of the particles,
and the conditions of the problem may render some other choice of co-
ordinates more convenient. Any s quantities ¢1, g, ..., ¢s which completely
define the position of a system with s degrees of freedom are called generalised
co-ordinates of the system, and the derivatives ¢; are called its generalised
velocities.

When the values of the generalised co-ordinates are specified, however,
the “mechanical state” of the system at the instant considered is not yet
determined in such a way that the position of the system at subsequent
instants can be predicted. For given values of the co-ordinates, the system
can have any velocities, and these affect the position of the system after an
infinitesimal time interval dz.

If all the co-ordinates and velocities are simultaneously specified, it is
known from experience that the state of the system is completely determined
and that its subsequent motion can, in principle, be calculated. Mathematic-
ally, this means that, if all the co-ordinates ¢ and velocities § are given at
some instant, the accelerations § at that instant are uniquely defined.}

+ Sometimes called in Russian a material point.
1 For brevity, we shall often conventionally denote by g the set of all the co-ordinates
q1, g2, ..., ¢s, and similarly by ¢ the set of all the velocities.
1

*



2 The Equations of Motion §2

The relations between the accelerations, velocities and co-ordinates are
called the equations of motion. They are second-order differential equations
for the functions g(¢), and their integration makes possible, in principle, the
determination of these functions and so of the path of the system.

§2. The principle of least action

The most general formulation of the law governing the motion of mech-
anical systems is the principle of least action or Hamilton’s principle, according
to which every mechanical system is characterised by a definite function
L(q1, g2, --s gs» G1, G2, +--s G5, 1), OF briefly L(q, ¢, t), and the motion of the
system is such that a certain condition is satisfied.

Let the system occupy, at the instants #1 and #, positions defined by two
sets of values of the co-ordinates, ¢ and ¢®. Then the condition is that the
system moves between these positions in such a way that the integral

ta
S = f L(g, 4, ?) dt (2.1)

Y

takes the least possible value.t The function L is called the Lagrangian of
the system concerned, and the integral (2.1) is called the action.

The fact that the Lagrangian contains only ¢ and ¢, but not the higher
derivatives §, g, etc., expresses the result already mentioned, that the mech-
anical state of the system is completely defined when the co-ordinates and
velocities are given.

Let us now derive the differential equations which solve the problem of
minimising the integral (2.1). For simplicity, we shall at first assume that the
system has only one degree of freedom, so that only one function g(t) has to
be determined.

Let g = g(t) be the function for which S is a minimum. This means that S
is increased when g(¢) is replaced by any function of the form

q(t) +84(2), (2.2)

where 8¢(t) is a function which is small everywhere in the interval of time
from t; to t2; 8¢(t) is called a variation of the function ¢(z). Since, for ¢ = #1
and for ¢ = t», all the functions (2.2) must take the values ¢®) and ¢ respec-
tively, it follows that

8q(t1) = Sq(t2) = O. (2.3)

+ It should be mentioned that this formulation of the principle of least action is not always
valid for the entire path of the system, but only for any sufficiently short segment of the path.
The integral (2.1) for the entire path must have an extremum, but not necessarily a minimum,
This fact, however, is of no importance as regards the derivation of the equations of motion,
since only the extremum condition is used.



§2 The principle of least action 3

The change in S when g is replaced by g+ 8¢ is

ts ¢y
[ Lig+5g,4+8,1)de— [ Lg..1)dz.
tl tl

When this difference is expanded in powers of 8¢ and 84 in the integrand, the
leading terms are of the first order. The necessary condition for S to have a
minimumt is that these terms (called the first variation, or simply the varia-
tion, of the integral) should be zero. Thus the principle of least action may
be written in the form

12
88 = 8 [ L(g,¢,t)dt = 0, (2.4)
tl
or, effecting the variation,
2

f(aL8+aL8')dt 0
og 1T g M) T

2
1
Since 8¢ = d8g/dt, we obtain, on integrating the second term by parts,
ta
oL ¢ oL d oL
88 = [——Sq] . f(————) Sqdt = 0. 2.5)
o "1, oq dt og ,
tl
The conditions (2.3) show that the integrated term in (2.5) is zero. There
remains an integral which must vanish for all values of 8¢. This can be so only
if the integrand is zero identically. Thus we have
d /oL ) oL 0
dt( o4 dqg
When the system has more than one degree of freedom, the s different
functions g;(t) must be varied independently in the principle of least action.
We then evidently obtain s equations of the form
dg 8L) oL 0
dt(aq,- oq;i
These are the required differential equations, called in mechanics Lagrange’s
equations.} If the Lagrangian of a given mechanical system is known, the

equations (2.6) give the relations between accelerations, velocities and co-
ordinates, i.e. they are the equations of motion of the system.

G=1,2,..,5). (2.6)

T Or, in general, an extremum.
1 In the calculus of variations they are Euler’s equations for the formal problem of deter-
mining the extrema of an integral of the form (2.1).



4 The Equations of Motion §3

Mathematically, the equations (2.6) constitute a set of s second-order
equations for s unknown functions ¢;(t). The general solution contains 2s
arbitrary constants. To determine these constants and thereby to define
uniquely the motion of the system, it is necessary to know the initial conditions
which specify the state of the system at some given instant, for example the
initial values of all the co-ordinates and velocities.

Let a mechanical system consist of two parts 4 and B which would, if
closed, have Lagrangians Ly and Lp respectively. Then, in the limit where
the distance between the parts becomes so large that the interaction between
them may be neglected, the Lagrangian of the whole system tends to the value

limL = La+Ls. (2.7)

This additivity of the Lagrangian expresses the fact that the equations of mo-
tion of either of the two non-interacting parts cannot involve quantities per-
taining to the other part.

It is evident that the multiplication of the Lagrangian of a mechanical
system by an arbitrary constant has no effect on the equations of motion.
From this, it might seem, the following important property of arbitrariness
can be deduced: the Lagrangians of different isolated mechanical systems
may be multiplied by different arbitrary constants. The additive property,
however, removes this indefiniteness, since it admits only the simultaneous
multiplication of the Lagrangians of all the systems by the same constant.
This corresponds to the natural arbitrariness in the choice of the unit of mea-
surement of the Lagrangian, a matter to which we shall return in §4.

One further general remark should be made. Let us consider two functions
L'(g, ¢, t) and L(g, ¢, ), differing by the total derivative with respect to time
of some function f (g, ) of co-ordinates and time:

d
L(g.¢.0) = Lig:g: 0+ (@D (2.8)

The integrals (2.1) calculated from these two functions are such that
ig (23 ta df
s = [Lgand = [ Lagndre [ Za = St m-fam,
t1 t ty

i.e. they differ by a quantity which gives zero on variation, so that the condi-
tions 85’ = 0 and &S = 0 are equivalent, and the form of the equations of
motion is unchanged. Thus the Lagrangian is defined only to within an
additive total time derivative of any function of co-ordinates and time.

§3. Galileo’s relativity principle

In order to consider mechanical phenomena it is necessary to choose a
frame of reference. The laws of motion are in general different in form for



§3 Galileo’s relativity principle 5

different frames of reference. When an arbitrary frame of reference is chosen,
it may happen that the laws governing even very simple phenomena become
very complex. The problem naturally arises of finding a frame of reference
in which the laws of mechanics take their simplest form.

If we were to choose an arbitrary frame of reference, space would be in-
homogeneous and anisotropic. This means that, even if a body interacted
with no other bodies, its various positions in space and its different orienta-
tions would not be mechanically equivalent. The same would in general be
true of time, which would likewise be inhomogeneous; that is, different in-
stants would not be equivalent. Such properties of space and time would
evidently cornplicate the description of mechanical phenomena. For example,
a free body (i.e. one subject to no external action) could not remain at rest:
if its velocity were zero at some instant, it would begin to move in some direc-
tion at the next instant.

It is found, however, that a frame of reference can always be chosen in
which space is homogeneous and isotropic and time is homogeneous. This is
called an inertial frame. In particular, in such a frame a free body which is at
rest at some instant remains always at rest.

We can now draw some immediate inferences concerning the form of the
Lagrangian of a particle, moving freely, in an inertial frame of reference.
The homogeneity of space and time implies that the Lagrangian cannot con-
tain explicitly either the radius vector r of the particle or the time ¢, i.e. L
must be a function of the velocity v only. Since space is isotropic, the Lagran-
gian must also be independent of the direction of v, and is therefore a func-
tion only of its magnitude, i.e. of v2 = v2:

L = L(?). (3.1)

Since the Lagrangian is independent of r, we have oL/ér = 0, and so
Lagrange’s equation ist

d (BL ) 0

de\ov/
whence 0L/0v = constant. Since dL/0v is a function of the velocity only, it
follows that

v = constant. (3.2)

Thus we conclude that, in an inertial frame, any free motion takes place
with a velocity which is constant in both magnitude and direction. This is
the law of inertia.

If we consider, besides the inertial frame, another frame moving uniformly
in a straight line relative to the inertial frame, then the laws of free motion in

t The deriva:ive of a scalar quantity with respect to a vector is defined as the vector whose
components are equal to the derivatives of the scalar with respect to the corresponding
components of the vector.



6 The Equations of Motion §4

the other frame will be the same as in the original frame: free motion takes
place with a constant velocity.

Experiment shows that not only are the laws of free motion the same in
the two frames, but the frames are entirely equivalent in all mechanical re-
spects. Thus there is not one but an infinity of inertial frames moving, relative
to one another, uniformly in a straight line. In all these frames the properties
of space and time are the same, and the laws of mechanics are the same. This
constitutes Galileo’s relativity principle, one of the most important principles
of mechanics.

The above discussion indicates quite clearly that inertial frames of refer-
ence have special properties, by virtue of which they should, as a rule, be
used in the study of mechanical phenomena. In what follows, unless the con-
trary is specifically stated, we shall consider only inertial frames.

The complete mechanical equivalence of the infinity of such frames shows
also that there is no “absolute” frame of reference which should be preferred
to other frames.

The co-ordinates r and r’ of a given point in two different frames of refer-
ence K and K’, of which the latter moves relative to the former with velocity
V, are related by

r=r'+Viz (3.3)
Here it is understood that time is the same in the two frames:
t=1. (3.4)

The assumption that time is absolute is one of the foundations of classical
mechanics.{

Formulae (3.3) and (3.4) are called a Galilean transformation. Galileo’s
relativity principle can be formulated as asserting the invariance of the mech-
anical equations of motion under any such transformation.

§4. The Lagrangian for a free particle

Let us now go on to determine the form of the Lagrangian, and consider
first of all the simplest case, that of the free motion of a particle relative to
an inertial frame of reference. As we have already seen, the Lagrangian in
this case can depend only on the square of the velocity. To discover the form
of this dependence, we make use of Galileo’s relativity principle. If an inertial
frame K is moving with an infinitesimal velocity € relative to another inertial
frame K’, then v/ = v+ €. Since the equations of motion must have the same
form in every frame, the Lagrangian L(v2) must be converted by this trans-
formation into a function L’ which differs from L(22), if at all, only by the
total time derivative of a function of co-ordinates and time (see the end of

§2).

+ This assumption does not hold good in relativistic mechanics.



§4 The Lagrangian for a free particle 7

We have L' = L(v'?) = L(22+2v - €+€2). Expanding this expression in
powers of € and neglecting terms above the first order, we obtain

, oL
L(@'?) = L(v?)+ ﬁZw €.

The second term on the right of this equation is a total time derivative only
if it is a linear function of the velocity v. Hence 0L/d22 is independent of the
velocity, i.e. the Lagrangian is in this case proportional to the square of the
velocity, and we write it as

L = ymo2. 4.1)

From the fact that a Lagrangian of this form satisfies Galileo’s relativity
principle for an infinitesimal relative velocity, it follows at once that the
Lagrangian is invariant for a finite relative velocity V of the frames K and K"
For

L' = imv'? = km(v+ V)2 = tmo24+mv. V+imV?,
or

L' = L+d(mr- V+3imV2)/de.

The second term is a total time derivative and may be omitted.

The quantity 7 which appears in the Lagrangian (4.1) for a freely moving
particle is called the mass of the particle. The additive property of the Lagran-
gian shows that for a system of particles which do not interact we havet

L = > imgusd. 4.2)

It should be emphasised that the above definition of mass becomes mean-
ingful only when the additive property is taken into account. As has been
mentioned in §2, the Lagrangian can always be multiplied by any constant
without affecting the equations of motion. As regards the function (4.2), such
multiplication amounts to a change in the unit of mass; the ratios of the masses
of different particles remain unchanged thereby, and it is only these ratios
which are physically meaningful.

It is easy to see that the mass of a particle cannot be negative. For, according
to the principle of least action, the integral

2

S = [4mo2de
1

has a minimum for the actual motion of the particle in space from point 1 to
point 2. If the mass were negative, the action integral would take arbitrarily
large negative values for a motion in which the particle rapidly left point 1
and rapidly approached point 2, and there would be no minimum.}

+ We shall use the suffixes 4, b, c, ... to distinguish the various particles, and i, k1, ... to
distinguish the co-ordinates.

+ The argument is not affected by the point mentioned in the first footnote to §2; for
m < 0, the integral could not have a minimum even for a short segment of the path.



8 The Equations of Motion §5

It is useful to notice that
02 = (dl/df)2 = (dI)?/(de)2. 4.3)

Hence, to obtain the Lagrangian, it is sufficient to find the square of the ele-
ment of arc d/ in a given system of co-ordinates. In Cartesian co-ordinates,
for example, dI2 = da?+ dy2+d=22, and so

L = Im(x2+y2+22). (4.4)
In cylindrical co-ordinates di2 = dr2+72 d¢2+ dz2, whence
L = Im(f2+r2g2+ 22). (4.5)
In spherical co-ordinates di2 = dr2+72 d62+72 sin20 d¢2, and
L = 1m(#2 + r262 4 r2¢? sin20). (4.6)

§5. The Lagrangian for a system of particles

Let us now consider a system of particles which interact with one another
but with no other bodies. This is called a closed system. It is found that the
interaction between the particles can be described by adding to the Lagran-
gian (4.2) for non-interacting particles a certain function of the co-ordinates,
which depends on the nature of the interaction.f Denoting this function
by — U, we have

L = Simwd— Uy, 1y, ...), (5.1)

where r, is the radius vector of the ath particle. This is the general form of
the Lagrangian for a closed system. The sum T = X Imqv,2 is called the
kinetic energy, and U the potential energy, of the system. The significance
of these names is explained in §6.

The fact that the potential energy depends only on the positions of the
particles at a given instant shows that a change in the position of any particle
instantaneously affects all the other particles. We may say that the inter-
actions are instantaneously propagated. The necessity for interactions in
classical mechanics to be of this type is closely related to the premises upon
which the subject is based, namely the absolute nature of time and Galileo’s
relativity principle. If the propagation of interactions were not instantaneous,
but took place with a finite velocity, then that velocity would be different in
different frames of reference in relative motion, since the absoluteness of
time necessarily implies that the ordinary law of composition of velocities is
applicable to all phenomena. The laws of motion for interacting bodies would
then be different in different inertial frames, a result which would contradict
the relativity principle.

In §3 only the homogeneity of time has been spoken of. The form of the
Lagrangian (5.1) shows that time is both homogeneous and isotropic, i.e. its

+ This statement is valid in classical mechanics. Relativistic mechanics is not considered
in this book.



§5 The Lagrangian for a system of particles 9

properties are the same in both directions. For, if ¢ is replaced by —¢, the La-
grangian is unchanged, and therefore so are the equations of motion. In other
words, if a given motion is possible in a system, then so is the reverse motion
(that is, the motion in which the system passes through the same states in
the reverse order). In this sense all motions which obey the laws of classical
mechanics are reversible.

Knowing the Lagrangian, we can derive the equations of motion:

d oL oL
_— = (5.2)
dt ov, or,
Substitution of (5.1) gives
Mg dV'a,/dt = - aU/ara. (5.3)

In this form the equations of motion are called Newton’s equations and form
the basis of the mechanics of a system of interacting particles. The vector

F = —0U/or, (5.4)

which appears on the right-hand side of equation (5.3) is called the force on
the ath particle. Like U, it depends only on the co-ordinates of the particles,
and not on their velocities. The equation (5.3) therefore shows that the acceler-
ation vectors of the particles are likewise functions of their co-ordinates only.

The potential energy is defined only to within an additive constant, which
has no effect on the equations of motion. This is a particular case of the non-
uniqueness of the Lagrangian discussed at the end of §2. The most natural
and most usual way of choosing this constant is such that the potential energy
tends to zero as the distances between the particles tend to infinity.

If we use, to describe the motion, arbitrary generalised co-ordinates ¢;
instead of Cartesian co-ordinates, the following transformation is needed to

obtain the new Lagrangian:
/

of
X = fa(q1, 2 -+ QS)y Xg = Z -3—;’?};, etc.
k

Substituting these expressions in the function L = $Xmg(ke®+ya>+ 2a?) — U,
we obtain the required Lagrangian in the form

L= %izkazk(Q)QiQ'k— U(9), (5.5)

where the a;; are functions of the co-ordinates only. The kinetic energy in
generalised co-ordinates is still a quadratic function of the velocities, but it
may depend on the co-ordinates also.

Hitherto we have spoken only of closed systems. Let us now consider a
system A which is not closed and interacts with another system B executing
a given motion. In such a case we say that the system 4 moves in a given
external field (due to the system B). Since the equations of motion are obtained
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from the principle of least action by independently varying each of the co-
ordinates (i.e. by proceeding as if the remainder were given quantities), we
can find the Lagrangian L4 of the system 4 by using the Lagrangian L of
the whole system 4+ B and replacing the co-ordinates ¢p therein by given
functions of time.

Assuming that the system A+ B is closed, we have L = T4(q4, §4)+
+Ts(gB, §B) — U(q4, ¢B), where the first two terms are the kinetic energies of
the systems 4 and B and the third term is their combined potential energy.
Substituting for ¢p the given functions of time and omitting the term
Tgs(t), ¢s(t)] which depends on time only, and is therefore the total time
derivative of a function of time, we obtain L4 = T4(g4, §4)— Ulqa, g5(t)]-
Thus the motion of a system in an external field is described by a Lagrangian
of the usual type, the only difference being that the potential energy may
depend explicitly on time.

For example, when a single particle moves in an external field, the general
form of the Lagrangian is

L = Im?2— Ulr, 1), (5.6)
and the equation of motion is
mv = —oU/ér. (5.7)

A field such that the same force F acts on a particle at any point in the field
is said to be uniform. The potential energy in such a field is evidently

U= —F-r. (5.8)

To conclude this section, we may make the following remarks concerning
the application of Lagrange’s equations to various problems. It is often
necessary to deal with mechanical systems in which the interaction between
different bodies (or particles) takes the form of constraints, i.e. restrictions on
their relative position. In practice, such constraints are effected by means of
rods, strings, hinges and so on. This introduces a new factor into the problem,
in that the motion of the bodies results in friction at their points of contact,
and the problem in general ceases to be one of pure mechanics (see §25). In
many cases, however, the friction in the system is so slight that its effect on
the motion is entirely negligible. If the masses of the constraining elements of
the system are also negligible, the effect of the constraints is simply to reduce
the number of degrees of freedom s of the system to a value less than 3N. To
determine the motion of the system, the Lagrangian (5.5) can again be used,
with a set of independent generalised co-ordinates equal in number to the
actual degrees of freedom.

PROBLEMS

Find the Lagrangian for each of the following systems when placed in a uniform gravita-
tional field (acceleration g).



§5 The Lagrangian for a system of pértz'cles 11

ProBLEM 1. A coplanar double pendulum (Fig. 1).

Fic. 1

SoLuTION. We take as co-ordinates the angles $1 and ¢2 which the strings 41 and I make
with the vertical. Then we have, for the particle mi, T1 = $mili2$:?, U = —magh cos ¢1.In
order to find the kinetic energy of the second particle, we express its Cartesian co-ordinates
x2, y2 (with the origin at the point of support and the y-axis vertically downwards) in terms
of the angles ¢1and da: x2 = L sin ¢1+I2 sin ¢2, y2 = l1 cos $1-+l2 cos ¢2. Then we find

T2 = }mo(%a2+y22)
= dma[li2$a2 +122de? +2lls cos($r—Pa)dagdel-

Finally
L = ¥(m1+me)li2§2+mals?$s? +maliladide cos(d1—e) +(m1-+me)gh cos 1 +magle cos $a.

ProsLeEM 2. A simple pendulum of mass mz2, with a mass m at the point of support which
can move on a horizontal line lying in the plane in which m2 moves (Fig. 2).

!
1
1
H
+
|
1
'

m
Fi1c. 2

SoLutioN. Using the co-ordinate x of m1 and the angle ¢ between the string and the
vertical, we have

L = 3(my+ma)i2+3ma(1242 42154 cos ¢) +magl cos .

PrOBLEM 3. A simple pendulum of mass m whose point of support (a) moves uniformly
on a vertical circle with constant frequency y (Fig. 3), (b) oscillates horizontally in the plane
of motion of the pendulum according to the law & = a cos ¢, (c) oscillates vertically accord-
ing to the law y = a cos yt.

SorutioN. (a) The co-ordinates of m are ¥ = a cos yt+1sin ¢, y = —a sin yt+1 cos ¢.
The Lagrangian is
L = }mi*§2+mlay? sin($—yt)+mgl cos ¢;

here terms depending only on time have been omitted, together with the total time derivative
of mlay cos(¢—yt).
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(b) The co-ordinates of m are x = a cos yt+Isin ¢, vy = I cos ¢. The Lagrangian is (omit-
ting total derivatives)
L = imi2§2+mlay? cos yt sin ¢+mgl cos ¢.
(c) Similarly
L = imi2§2+mlay® cos yt cos ¢+mgl cos ¢.

———————

;-—-————-_-

Fi1G. 3

ProBLEM 4. The system shown in Fig. 4. The particle m2 moves on a vertical axis and the
whole system rotates about this axis with a constant angular velocity Q.

A

6

2

Fic. 4

SoLuTioN. Let 6 be the angle between one of the segments a and the vertical, and ¢ the
angle of rotation of the system about the axis; ¢ = Q. For each particle m, the infinitesimal
displacement is given by d/i2 = a2 d62+a? sin? 8 d¢2. The distance of mg from the point
of support A4 is 2a cos 6§, and so dlz = —2a sin 0 d. The Lagrangian is

L = m1a*(§?+ Q2 sin20) +2m2a?6? sin20+2(m1+ms)ga cos 6.



CHAPTER II

CONSERVATION LAWS

§6. Energy

DurING the motion of a mechanical system, the 2s quantities ¢; and g
(i = 1, 2, ..., s) which specify the state of the system vary with time. There
exist, however, functions of these quantities whose values remain constant
during the motion, and depend only on the initial conditions. Such functions
are called integrals of the motion.

The number of independent integrals of the motion for a closed mechanical
system with s degrees of freedom is 2s— 1. This is evident from the following
simple arguments. The general solution of the equations of motion contains
25 arbitrary constants (see the discussion following equation (2.6)). Since the
equations of motion for a closed system do not involve the time explicitly,
the choice of the origin of time is entirely arbitrary, and one of the arbitrary
constants in the solution of the equations can always be taken as an additive
constant £o in the time. Eliminating ¢+ to from the 2s functions ¢; = qi(t+ o,
G, Co, ..., Cas_1), Gi = Gi(t+1to, C1, Co, ..., Cas_1), we can express the 2s—1
arbitrary constants C1, Cg, ..., Cgs_13s functions of g and ¢, and these functions
will be integrals of the motion.

Not all integrals of the motion, however, are of equal importance in mech-
anics. There are some whose constancy is of profound significance, deriving
from the fundamental homogeneity and isotropy of space and time. The
quantities represented by such integrals of the motion are said to be conserved,
and have an important common property of being additive: their values for a
system composed of several parts whose interaction is negligible are equal
to the sums of their values for the individual parts.

It is to this additivity that the quantities concerned owe their especial
importance in mechanics. Let us suppose, for example, that two bodies
interact during a certain interval of time. Since each of the additive integrals
of the whole system is, both before and after the interaction, equal to the
sum of its values for the two bodies separately, the conservation laws for these
quantities immediately make possible various conclusions regarding the state
of the bodies after the interaction, if their states before the interaction are
known.

Let us consider first the conservation law resulting from the homogeneity
of time. By virtue of this homogeneity, the Lagrangian of a closed system
does not depend explicitly on time. The total time derivative of the Lagran-
gian can therefore be written

dL oL oL

= > —di+ > —ii
dt e &

ogi — 04s

13
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If L depended explicitly on time, a term 0L/dt would have to be added on
the right-hand side. Replacing 9L/dg;, in accordance with Lagrange’s equa-
tions, by (d/d#) 0L/d¢;, we obtain

dL d /oL oL

i g, dly L

dr iz & dt(@q‘i) ZZ og; 1
or

Hence we see that the quantity

oL
E = 5y ——— L, 6.1
iZéIi i (6.1)

remains constant during the motion of a closed system, i.e. it is an integral
of the motion; it is called the energy of the system. The additivity of the
energy follows immediately from that of the Lagrangian, since (6.1) shows
that it is a linear function of the latter.

The law of conservation of energy is valid not only for closed systems, but
also for those in a constant external field (i.e. one independent of time): the
only property of the Lagrangian used in the above derivation, namely that
it does not involve the time explicitly, is still valid. Mechanical systems whose
energy is conserved are sometimes called conservative systems.

As we have seen in §5, the Lagrangian of a closed system (or one in a
constant field) is of the form L = T(q, §)— U(g), where T is a quadratic
function of the velocities. Using Euler’s theorem on homogeneous functions,

we have
oL oT
ji— = ji— = 2T.
iz e ; T o
Substituting this in (6.1) gives

E = T(g,9)+ Ug); (6.2)

in Cartesian co-ordinates,

E = z%mava2+ U(ry, 1o, ...). (6.3)
a
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Thus the energy of the system can be written as the sum of two quite different
terms: the kinetic energy, which depends on the velocities, and the potential
energy, which depends only on the co-ordinates of the particles.

§7. Momentum

A second conservation law follows from the homogeneity of space. By virtue
of this homogeneity, the mechanical properties of a closed system are un-
changed by any parallel displacement of the entire system in space. Let us
therefore consider an infinitesimal displacement €, and obtain the condition
for the Lagrangian to remain unchanged.

A parallel displacement is a transformation in which every particle in the
system is moved by the same amount, the radius vector r becoming r+€.
The change in L resulting from an infinitesimal change in the co-ordinates,
the velocities of the particles remaining fixed, is

oL oL
8L = ; 8rao Sra = €- —_—

b
org

where the summation is over the particles in the system. Since € is arbitrary,
the condition 8L = 0 is equivalent to

S éLjor, = 0. (7.1)

From Lagrange’s equations (5.2) we therefore have
d oL d oL

dt v, dt & dv,
a a
Thus we conclude that, in a closed mechanical system, the vector
P= z oL/ov, (7.2)
a

remains constant during the motion; it is called the momentum of the system.
Differentiating the Lagrangian (5.1), we find that the momentum is given in
terms of the velocities of the particles by

P = zma,VQ. (7.3)
a

The additivity of the momentum is evident. Moreover, unlike the energy,
the momentum of the system is equal to the sum of its values pg = Ve for
the individual particles, whether or not the interaction between them can be
neglected.

The three components of the momentum vector are all conserved only in
the absence of an external field. The individual components may be conserved
even in the presence of a field, however, if the potential energy in the field does
not depend on all the Cartesian co-ordinates. The mechanical properties of
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the system are evidently unchanged by a displacement along the axis of a
co-ordinate which does not appear in the potential energy, and so the corre-
sponding component of the momentum is conserved. For example, in a uni-
form field in the z-direction, the x and y components of momentum are
conserved.

The equation (7.1) has a simple physical meaning. The derivative
OL|0ryq = —0U/ory is the force Fy acting on the ath particle. Thus equation
(7.1) signifies that the sum of the forces on all the particles in a closed system
is zero:

SF, = 0. (7.4)

In particular, for a system of only two particles, F; + F2 = 0: the force exerted
by the first particle on the second is equal in magnitude, and opposite in direc-
tion, to that exerted by the second particle on the first. This is the equality
of action and reaction (Newton’s third law).

If the motion is described by generalised co-ordinates ¢;, the derivatives
of the Lagrangian with respect to the generalised velocities

pi = oLjog: (7.5)

are called generalised momenta, and its derivatives with respect to the general-
ised co-ordinates

are called generalised forces. 1In this notation, Lagrange’s equations are
pi = Fu (7.7)

In Cartesian co-ordinates the generalised momenta are the components of the
vectors pg. In general, however, the p; are linear homogeneous functions of
the generalised velocities ¢;, and do not reduce to products of mass and velo-
city.

PROBLEM

A particle of mass m moving with velocity v1 leaves a half-space in which its potential energy
is a constant Uy and enters another in which its potential energy is a different constant Us.
Determine the change in the direction of motion of the particle.

SoLuTioN. The potential energy is independent of the co-ordinates whose axes are parallel
to the plane separating the half-spaces. The component of momentum in that plane is
therefore conserved. Denoting by 81 and 62 the angles between the normal to the plane and
the velocities vi and vz of the particle before and after passing the plane, we have 1 sin 61
= vz sin f2. The relation between v1 and vs is given by the law of conservation of energy,
and the result is

sin 03 2
sinf "/ [1+ mv? (Ul_Uz)]'
§8. Centre of mass

The momentum of a closed mechanical system has different values in
different (inertial) frames of reference. If a frame K’ moves with velocity V
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relative to another frame K, then the velocities v, and v, of the particles
relative to the two frames are such that v, = v,/ +V. The momenta P and P’
in the two frames are therefore related by

P = zmavtz = zma/Val + v zma,
a a a
or

P=P+V Sm, (8.1)
a

In particular, there is always a frame of reference K’ in which the total
momentum is zero. Putting P’ = 0in (8.1), we find the velocity of this frame:

V= P/Zma = Zmava/ Zma,. (8.2)

If the total momentum of a mechanical system in a given frame of reference
is zero, it is said to be af rest relative to that frame. This is a natural generali-
sation of the term as applied to a particle. Similarly, the velocity V given by
(8.2) is the velocity of the “‘motion as a whole”” of a mechanical system whose
momentum is not zero. Thus we see that the law of conservation of momen-
tum makes possible a natural definition of rest and velocity, as applied to a
mechanical system as a whole.

Formula (8.2) shows that the relation between the momentum P and the
velocity V of the system is the same as that between the momentum and velo-
city of a single particle of mass p = Xmyg, the sum of the masses of the particles
in the system. This result can be regarded as expressing the additivity of mass.

The right-hand side of formula (8.2) can be written as the total time deriva-
tive of the expression

R= zmara/ Zma. (8.3)

We can say that the velocity of the system as a whole is the rate of motion in
space of the point whose radius vector is (8.3). This point is called the centre
of mass of the system.

The law of conservation of momentum for a closed system can be formu-
lated as stating that the centre of mass of the system moves uniformly in a
straight line. In this form it generalises the law of inertia derived in §3 for a
single free particle, whose “‘cenfre of mass” coincides with the particle itself.

In considering the mechanical properties of a closed system it is natural
to use a frame of reference in which the centre of mass is at rest. This elimi-
nates a uniform rectilinear motion of the system as a whole, but such motion
is of no interest.

The energy of a mechanical system which is at rest as a whole is usually
called its internal energy E;. This includes the kinetic energy of the relative
motion of the particles in the system and the potential energy of their inter-
action. The total energy of a system moving as a whole with velocity V' can
be written

E = luV2+E;. (8.4)
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Although this formula is fairly obvious, we may give a direct proof of it.
The energies E and E’ of a mechanical system in two frames of reference K
and K’ are related by

E = '%‘ Zma‘vaz'*‘ U
@
=1 Dmyvd' +VR+U
@
= juV2+V. zmava"*‘% Zma'va,z‘*' U
a a

= E'+ V- P+l (8.5)

This formula gives the law of transformation of energy from one frame to
another, corresponding to formula (8.1) for momentum. If the centre of mass
is at rest in K’, then P’ = 0, £’ = E;, and we have (8.4).

PROBLEM

Find the law of transformation of the action .S from one inertial frame to another.

SoLutioN. The Lagrangian is equal to the difference of the kinetic and potential energies,
and is evidently transformed in accordance with a formula analogous to (8.5):
L=L+V-P+3uV2
Integrating this with respect to time, we obtain the required law of transformation of the
action:
S = S"+uV R +3ul2,
where R’ is the radius vector of the centre of mass in the frame K’.

~

§9. Angular momentum

Let us now derive the conservation law which follows from the isotropy of
space. 'This isotropy means that the mechanical properties of a closed system
do not vary when it is rotated as a whole in any manner in space. Let us there-
fore consider an infinitesimal rotation of the system, and obtain the condition
for the Lagrangian to remain unchanged. *

We shall use the vector 8¢ of the infinitesimal rotation, whose magnitude
is the angle of rotation 84, and whose direction is that of the axis of rotation
(the direction of rotation being that of a right-handed screw driven along 8¢).

Let us find, first of all, the resulting increment in the radius vector from
an origin on the axis to any particle in the system undergoing rotation. The
linear displacement of the end of the radius vector is related to the angle by
|8r| = rsin 0 8¢ (Fig. 5). The direction of 8r is perpendicular to the plane
of r and 8¢. Hence it is clear that

Sr = 8¢ xr. 9.1)
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When the system is rotated, not only the radius vectors but also the velocities
of the particles change direction, and all vectors are transformed in the same
manner. The velocity increment relative to a fixed system of co-ordinates is

dv = 8¢ xv. 9.2)

Fic. 5

If these expressions are substituted in the condition that the Lagrangian is
unchanged by the rotation:

-3 (L) o

and the derivative 8L/dv, replaced by p,, and 0L/or, by P, the result is

z(pa' 8¢ xra,"'pa,' 8¢ xVa) = 0
a

or, permuting the factors and taking 8¢ outside the sum,

d
T graxpa = 0.

Since 8¢ is arbitrary, it follows that (d/df) Xreq Xps = 0, and we conclude
that the vector

84’ Z(ra xi)a‘l'Va Xpa) =
a

M = Zra Xpu, (9.3)

called the angular momentum or moment of momentum of the system, is con-
served in the motion of a closed system. Like the linear momentum, it is
additive, whether or not the particles in the system interact.

There are no other additive integrals of the motion. Thus every closed
system has seven such integrals: energy, three components of momentum,
and three components of angular momentum.

Since the definition of angular momentum involves the radius vectors of
the particles, its value depends in general on the choice of origin. The radius
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vectors rg and 1y’ of a given point relative to origins at a distance a apart are
related by r, = t,'+a. Hence

M= >r,Xpa
a
= zra,, Xpa+ax Zpa,
a a

= M'+axP. (9.4)

It is seen from this formula that the angular momentum depends on the
choice of origin except when the system is at rest as a whole (i.e. P = 0).
This indeterminacy, of course, does not affect the law of conservation of
angular momentum, since momentum is also conserved in a closed system.

We may also derive a relation between the angular momenta in two inertial
frames of reference K and K’, of which the latter moves with velocity V
relative to the former. We shall suppose that the origins in the frames K and
K’ coincide at a given instant. Then the radius vectors of the particles are the
same in the two frames, while their velocities are related by v, = v,/ +V.
Hence we have

M = Do Xva = > mMala XVy' + > mara X V.
a a a

The first sum on the right-hand side is the angular momentum M’ in the
frame K'; using in the second sum the radius vector of the centre of mass
(8.3), we obtain

M=M+uRxV. (9.5)

This formula gives the law of transformation of angular momentum from one
frame to another, corresponding to formula (8.1) for momentum and (8.5)
for energy.

If the frame K’ is that in which. the system considered is at rest as a whole,
then V is the velocity of its centre of mass, uV its total momentum P relative
to K, and

M = M'+R xP. (9.6)

In other words, the angular momentum M of a mechanical system consists
of its “intrinsic angular momentum” in a frame in which it is at rest, and the
angular momentum R x P due to its motion as a whole.

Although the law of conservation of all three components of angular
momentum (relative to an arbitrary origin) is valid only for a closed system,
the law of conservation may hold in a more restricted form even for a system
in an external field. It is evident from the above derivation that the component
of angular momentum along an axis about which the field is symmetrical is
always conserved, for the mechanical properties of the system are unaltered
by any rotation about that axis. Here the angular momentum must, of
course, be defined relative to an origin lying on the axis.
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The most important such case is that of a centrally symmetric field or central
field, i.e. one in which the potential energy depends only on the distance from
some particular point (the centre). It is evident that the component of angular
momentum along any axis passing through the centre is conserved in motion
in such a field. In other words, the angular momentum M is conserved pro-
vided that it is defined with respect to the centre of the field.

Another example is that of a homogeneous field in the z-direction; in such
a field, the component M of the angular momentum is conserved, whichever
point is taken as the origin.

The component of angular momentum along any axis (say the z-axis) can
be found by differentiation of the Lagrangian:

oL
M,= > —, 9.7
: Z i 97)
where the co-ordinate ¢ is the angle of rotation about the z-axis. This is
evident from the above proof of the law of conservation of angular momentum,
but can also be proved directly. In cylindrical co-ordinates 7, ¢, = we have
(substituting x4 = 74 COS g, Ya = 7a SiN ¢g)

M, = zma(xaya —_',Vuxa)
a
= Zmarazéa. (9.8)
a
The Lagrangian is, in terms of these co-ordinates,

L=1% Zma(faz"f-raz o2 +2a2) — U,
a
and substitution of this in (9.7) gives (9.8).

PROBLEMS

ProBLEM 1. Obtain expressions for the Cartesian components and the magnitude of the
angular momentum of a particle in cylindrical co-ordinates 7, ¢, 2.

SOLUTION. My = m(r$—z#) sin ¢ —mrzd cos ¢,
My = —m(rg—=z7#) cos p—mrzd sin ¢,
M, = mr2j,
M? = m2r2§2(r2 2% +m¥(rz —z7)%

ProBLEM 2. The same as Problem 1, but in spherical co-ordinates 7, 8, ¢.

SOLUTION. Mz = —mr?(¢ sin ¢+ sin 8 cos 6 cos ¢),
My = mr2(§ cos $—¢ sin 8 cos 8 sin ¢),
M; = mr3¢ sin®6,
M2 = m?r4(§2 +4? sin24).

ProsLEM 3. Which components of momentum P and angular momentum M are conserved
in motion in the following fields?

(a) the field of an infinite homogeneous plane, (b) that of an infinite homogeneous cylinder,
(c) that of an infinite homogeneous prism, (d) that of two points, (e) that of an infinite homo-
geneous half-plane, (f) that of 2 homogeneous cone, (g) that of a homogeneous circular torus,
(h) that of an infinite homogeneous cylindrical helix.
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SoLUTION. (a) Pz, Py, M; (if the plane is the xy-plane), (b) M., P. (if the axis of the
cylinder is the z-axis), (c) P (if the edges of the prism are parallel to the z-axis),
(d) M; (if the line joining the points is the z-axis), (¢) Py (if the edge of the half-
plane is the y-axis), (f) M, (if the axis of the cone is the z-axis), (g2) M; (if the axis
of the torus is the z-axis), (h) the Lagrangian is unchanged by a rotation through an angle
3¢ about the axis of the helix (let this be the z-axis) together with a translation through a
distance h3¢/2n along the axis (2 being the pitch of the helix). Hence 8L = 8z oL/dz+
+3¢ OL/3¢ = SH(hP./2m+D,) = 0, so that M;+hP,/2m = constant.

§10. Mechanical similarity

Multiplication of the Lagrangian by any constant clearly does not affect
the equations of motion. This fact (already mentioned in §2) makes possible,
in a number of important cases, some useful inferences concerning the pro-
perties of the motion, without the necessity of actually integrating the equa-
tions.

Such cases include those where the potential energy is a homogeneous
function of the co-ordinates, i.e. satisfies the condition

U(ary, ars, ..., aryp) = «*U(ry, 1o, ..., Tp), (10.1)

where « is any constant and k the degree of homogeneity of the function.

Let us carry out a transformation in which the co-ordinates are changed by
a factor « and the time by a factor B: rq — ary, ¢t — Bt. Then all the velocities
vg = dry/dt are changed by a factor «/B, and the kinetic energy by a factor
«2/B2. The potential energy is multiplied by «*. If « and B are such that
a?/B2 = oF,ie. B = o1~ then the result of the transformation is to multiply
the Lagrangian by the constant factor oF, i.e. to leave the equations of motion
unaltered.

A change of all the co-ordinates of the particles by the same factor corre-
sponds to the replacement of the paths of the particles by other paths, geometri-
cally similar but differing in size. Thus we conclude that, if the potential energy
of the system is a homogeneous function of degree k in the (Cartesian) co-
ordinates, the equations of motion permit a series of geometrically similar
paths, and the times of the motion between corresponding points are in the
ratio

£t = (]I, (10.2)

where [’/l is the ratio of linear dimensions of the two paths. Not only the times
but also any mechanical quantities at corresponding points at corresponding
times are in a ratio which is a power of I’/l. For example, the velocities,
energies and angular momenta are such that

oo = (U, EJE =/t MM = [IpHE (10.3)

The following are some examples of the foregoing.

As we shall see later, in small oscillations the potential energy is a quadratic
function of the co-ordinates (k¢ = 2). From (10.2) we find that the period of
such oscillations is independent of their amplitude.
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In a uniform field of force, the potential energy is a linear function of the
co-ordinates (see (5.8)), i.e. & = 1. From (10.2) we have #'/t = 1/(I/]).
Hence, for example, it follows that, in fall under gravity, the time of fall is as
the square root of the initial altitude.

In the Newtonian attraction of two masses or the Coulomb interaction of
two charges, the potential energy is inversely proportional to the distance
apart, i.e. it is a homogeneous function of degree k = — 1. Then #'|t
=(I’/1®2, and we can state, for instance, that the square of the time of revolu-
tion in the orbit is as the cube of the size of the orbit (Kepler’s third law).

If the potential energy is 2 homogeneous function of the co-ordinates and
the motion takes place in a finite region of space, there is a very simple relation
between the time average values of the kinetic and potential energies, known
as the virial theorem.

Since the kinetic energy T is a quadratic function of the velocities, we have
by Euler’s theorem on homogeneous functions Xvg-97/0ve = 2T, or, put-
ting 0T/0vy = Ppg, the momentum,

d
2T = 3pa+Va = —( O, Pa* Ta)— 2 ¥a* Pa- (10.4)
. ar < 2

Let us average this equation with respect to time. The average value of any
function of time f (¢) is defined as

7=t [0
0

It is easy to see that, if f(z) is the time derivative dF(z)/d¢ of a bounded func-
tion F(¢), its mean value is zero. For

17 dF F(z)— F(0
7 timt (g = i FOZTO

T30 dz 700
0

T

Let us assume that the system executes a motion in a finite region of space
and with finite velocities. Then Xpg - r, is bounded, and the mean value of
the first term on the right-hand side of (10.4) is zero. In the second term we
replace pg by —8U/dr, in accordance with Newton’s equations (5.3), obtain-
ingf

2T = > 14- 0U]0ra. (10.5)

If the potential energy is a homogeneous function of degree k in the radius

vectors rg, then by Euler’s theorem equation (10.5) becomes the required
relation:

2T = kU. (10.6)

+ The expression on the right of (10.5) is sometimes called the virial of the system,
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Since T+ U = E = E, the relation (10.6) can also be expressed as
U= 2E/(k+2), T = kEj(k+2), (10.7)

which express U and T'in terms of the total energy of the system.

In particular, for small oscillations (k¢ = 2) we have T' = U, i.e. the mean
values of the kinetic and potential energies are equal. For a Newtonian inter-
action (k = —1)2T = — U, and E = — T, in accordance with the fact that,
in such an interaction, the motion takes place in a finite region of space only
if the total energy is negative (see §15).

PROBLEMS

ProBLEM 1. Find the ratio of the times in the same path for particles having different
masses but the same potential energy.

SOLUTION. t'/t = +/(m’|m).

ProBrEM 2. Find the ratio of the times in the same path for particles having the same mass
but potential energies differing by a constant factor.

SoLuTION. t'/t = 4/(U/U’).



CHAPTER III
INTEGRATION OF THE EQUATIONS OF MOTION

§11. Motion in one dimension

THE motion of a system having one degree of freedom is said to take place
in one dimension. The most general form of the Lagrangian of such a system
in fixed external conditions is

L = }a(g)¢ - U9), (11.1)

where a(g) is some function of the generalised co-ordinate ¢. In particular,
if ¢ is a Cartesian co-ordinate (x, say) then

L = imi2— U(x). (11.2)

The equations of motion corresponding to these Lagrangians can be inte-
grated in a general form. It is not even necessary to write down the equation
of motion; we can start from the first integral of this equation, which gives
the law of conservation of energy. For the Lagrangian (11.2) (e.g.) we have
4mi2+ U(x) = E. This is a first-order differential equation, and can be inte-
grated immediately. Since dx/dt = /{2[E — U(x)]/m}, it follows that

t= V@

dx

m) | ——————+ constant. 11.3

| Vo -
The two arbitrary constants in the solution of the equations of motion are
here represented by the total energy E and the constant of integration.

Since the kinetic energy is essentially positive, the total energy always
exceeds the potential energy, i.e. the motion can take place only in those
regions of space where U(x) < E. For example, let the function U(x) be
of the form shown in Fig. 6 (p. 26). If we draw in the figure a horizontal
line corresponding to a given value of the total energy, we immediately find
the possible regions of motion. In the example of Fig. 6, the motion can
occur only in the range 4B or in the range to the right of C.

The points at which the potential energy equals the total energy,

U(x) = E, (11.4)

give the limits of the motion. They are turning points, since the velocity there
is zero. If the region of the motion is bounded by two such points, then the
motion takes place in a finite region of space, and is said to be finite. If the
region of the motion is limited on only one side, or on neither, then the
motion is infinite and the particle goes to infinity.

2 25
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A finite motion in one dimension is oscillatory, the particle moving re-
peatedly back and forth between two points (in Fig. 6, in the potential well
AB between the points x; and x3). The period T of the oscillations, i.e. the
time during which the particle passes from 1 to 3 and back, is twice the time
from x, to x; (because of the reversibility property, §5) or, by (11.3),

z9(E)
d

| e

Zl(E)

T(E) = +/(2m) (11.5)

where x; and x are roots of equation (11.4) for the given value of E. This for-
mula gives the period of the motion as a function of the total energy of the
particle.

12

X Xy x

Fic. 6

PROBLEMS

ProBLEM 1. Determine the period of oscillations of a simple pendulum (a particle of mass
m suspended by a string of length / in a gravitational field) as a function of the amplitude of
the oscillations.

SorutioN. The energy of the pendulum is E = }ml2¢2—mgl cos ¢= —mgl cos $o, where
¢ is the angle between the string and the vertical, and ¢o the maximum value of ¢. Calculating
the period as the time required to go from ¢ = 0 to ¢ = ¢o, multiplied by four, we find

o
Y U . S
T= 4"\/Zg 5( 1/(cos ¢ —cos ¢o)
%o
oL as
- 2'\/g 'o[ v/ (sin2}do —sin2}4)

The substitution sin ¢ = sin 1¢/sin $éo converts this to T = 44/(l/g)K(sin $¢o), where

i
d¢
Kk = 6{ V(1 —k2 sin2¢)

is the complete elliptic integral of the first kind. For sin $¢o & $do <€ 1 (small oscillations),
an expansion of the function K gives

T = 2mv/(Ug)(1 + fxdbo?+ ...).
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The first term corresponds to the familiar formula.

ProBLEM 2. Determine the period of oscillation, as a function of the energy, when a
particle of mass m moves in fields for which the potential energy is

(a) U = Alx|7, (b) U = —Ubg/cosh?ax, —Uy < E <0, (¢) U = Up tan2ax.
SoLuTION. (a):
(E14)L/n dx

V(E—Axm)

1
i ) [t

By the substitution y® = u the integral is reduced to a beta function, which can be expressed
in terms of gamma functions:

T = 24/(2m)

p? 2 (g T
n E A T3+1/n)
The dependence of T on E is in accordance with the law of mechanical similarity (10.2),

(10.3).
(b) T = (v/a)y/(2m/|E]).
() T = (n/a)yv [2m/(E+Uo)l.

§12. Determination of the potential energy from the period of
oscillation

Let us consider to what extent the form of the potential energy U(x) of a
field in which a particle is oscillating can be deduced from a knowledge of the
period of oscillation T as a function of the energy E. Mathematically, this
involves the solution of the integral equation (11.5), in which U(x) is regarded
as unknown and 7'(E) as known.

We shall assume that the required function U(x) has only one minimum
in the region of space considered, leaving aside the question whether there
exist solutions of the integral equation which do not meet this condition.
For convenience, we take the origin at the position of minimum potential
energy, and take this minimum energy to be zero (Fig. 7).

v

Fic. 7
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In the integral (11.5) we regard the co-ordinate  as a function of U. The
function x(U) is two-valued: each value of the potential energy corresponds
to two different values of x. Accordingly, the integral (11.5) must be divided
into two parts before replacing dx by (dx/dU) dU: one from x = x1tox = 0
and the other from x = 0 to x = x2. We shall write the function x(U) in
these two ranges as x = x1(U) and x = xp(U) respectively.

The limits of integration with respect to U are evidently £ and 0, so that
we have

dw(U)  dU
dU  +/(E-TU)

xo(U) dU
dU +/(E-TU)

E d 0
T(E) = +/(2m) f T y/(2m) f
[} E

E
- ven | & v

If both sides of this equation are divided by 4/(«— E), where o is a parameter,
and integrated with respect to E from 0 to «, the result is

a a E
T(E)dE dvs dxy]  dUAE
= 1/(2m _—_——
s v/ (e—E) VA )!![dU dU]\/[(oc—E)(E—U)]

or, changing the order of integration,

¥ T(E)dE “rde dn J dE
) V-5~ Ve f Exn dUUf VG- BXE-O)]

The integral over E is elementary; its value is 7. The integral over U is
thus trivial, and we have

¢ T(E)dE
J V@B

since x2(0) = x1(0) = 0. Writing U in place of «, we obtain the final result:

= m/(2m)[x2(e) — x1(x)],

U
1 T(E)dE

D=0 = am | OBy

(12.1)

Thus the known function T(E) can be used to determine the difference
x2(U)—1(U). The functions x2(U) and x1(U) themselves remain indeter-
minate. This means that there is not one but an infinity of curves U = U(x)
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which give the prescribed dependence of period on energy, and differ in such
a way that the difference between the two values of x corresponding to each
value of U is the same for every curve.

The indeterminacy of the solution is removed if we impose the condition
that the curve U = U(x) must be symmetrical about the U-axis, i.e. that
#2(U) = —x1(U) = x(U). In this case, formula (12.1) gives for x(U) the
unique expression

U
1 T(E)dE

#U) = 2ny/(2m) J\(U-E)

(12.2)

§13. The reduced mass

A complete general solution can be obtained for an extremely important
problem, that of the motion of a system consisting of two interacting particles
(the two-body problem).

As a first step towards the solution of this problem, we shall show how it
can be considerably simplified by separating the motion of the system into
the motion of the centre of mass and that of the particles relative to the centre
of mass. :

The potential energy of the interaction of two particles depends only on
the distance between them, i.e. on the magnitude of the difference in their
radius vectors. The Lagrangian of such a system is therefore

L = Imyii2 +Imoke2 — U(Irl—rﬂ)- (13.1)

Let r = r;—rg be the relative position vector, and let the origin be at the
centre of mass, i.e. myty+mors = 0. These two equations give

ry = mor/(mi+mg),  ra = —mr/(m+mp). (13.2)
Substitution in (13.1) gives
L = mi?—U(r), (13.3)
where
m = mymz|(m1+ms) (13.4)

is called the reduced mass. The function (13.3) is formally identical with the
Lagrangian of a particle of mass m moving in an external field U(r) which is
symmetrical about a fixed origin.

Thus the problem of the motion of two interacting particles is equivalent
to that of the motion of one particle in a given external field U(r). From the
solution r = r(¢) of this problem, the paths r; = ri(f) and rz = r3(¢) of the
two particles separately, relative to their common centre of mass, are obtained
by means of formulae (13.2).



30 Integration of the Equations of Motion §14

PROBLEM

A system consists of one particle of mass M and z particles with equal masses m. Eliminate
the motion of the centre of mass and so reduce the problem to one involving » particles.

SoLutioN. Let R be the radius vector of the particle of mass M, and Ry (@ = 1, 2, ..., n)
those of the particles of mass m. We put rs = Ra—R and take the origin to be at the centre
of mass: MR+mXZR, = 0. Hence R = —(m/p)Zr,, where p=M + nm; R, = R + r..
Substitution in the Lagrangian L = 3}MR2+4mEZR,2— U gives

2
L= émZvaz — $(m?fu) (Zva) — U, where v, =r,.

a a

The potential energy depends only on the distances between the particles, and so can be
written as a function of the rq.

§14. Motion in a central field

On reducing the two-body problem to one of the motion of a single body,
we arrive at the problem of determining the motion of a single particle in an
external field such that its potential energy depends only on the distance 7
from some fixed point. This is called a central field. The force acting on the
particle is F = —0U(r)/or = —(dU/dr)r/r; its magnitude is likewise a func-
tion of 7 only, and its direction is everywhere that of the radius vector.

As has already been shown in §9, the angular momentum of any system
relative to the centre of such a field is conserved. The angular momentum of a
single particle is M = r xp. Since M is perpendicular to r, the constancy of
M shows that, throughout the motion, the radius vector of the particle lies
in the plane perpendicular to M.

Thus the path of a particle in a central field lies in one plane. Using polar
co-ordinates 7, ¢ in that plane, we can write the Lagrangian as

L = tm(2+r22) - U(r); (14.1)

see (4.5). This function does not involve the co-ordinate ¢ explicitly. Any
generalised co-ordinate ¢; which does not appear explicitly in the Lagrangian
is said to be cyclic. For such a co-ordinate we have, by Lagrange’s equation,
(d/d#) 8L/og; = @L/dq; = 0, so that the corresponding generalised momen-
tum p; = 0L/dq; is an integral of the motion. This leads to a considerable
simplification of the problem of integrating the equations of motion when
there are cyclic co-ordinates.

In the present case, the generalised momentum p; = mr24 is the same as
the angular momentum M, = M (see (9.6)), and we return to the known law
of conservation of angular momentum:

M = mr?$ = constant. (14.2)

This law has a simple geometrical interpretation in the plane motion of a single
particle in a central field. The expression 37 - #d¢ is the area of the sector
bounded by two neighbouring radius vectors and an element of the path
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(Fig. 8). Calling this area df, we can write the angular momentum of the par-
ticle as

M = 2mf, (14.3)

where the derivative f is called the sectorial velocity. Hence the conservation
of angular momentum implies the constancy of the sectorial velocity: in equal
times the radius vector of the particle sweeps out equal areas (Kepler’s second

law).t

R il \
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The complete solution of the problem of the motion of a particle in a central
field is most simply obtained by starting from the laws of conservation of
energy and angular momentum, without writing out the equations of motion
themselves. Expressing ¢ in terms of M from (14.2) and substituting in the
expression for the energy, we obtain

E = tm(#2+r242)+ U(r) = imi2+ 1 M2/mr2 + U(r). (14.4)
Hence
7= ﬂ = A/{E[E—- U(r)]——]M—z} (14.5)
dt m m2r2

or, integrating,

t = f dr/A/lﬁ*[E— U(r)] ——%wz—;é}-i—constant. (14.6)

Writing (14.2) as d¢ = M d¢/mr?, substituting d¢ from (14.5) and integrating,
we find

4 J‘ Mdr[r2
) viem[E- UM - M2y
Formulae (14.6) and (14.7) give the general solution of the problem. The
latter formula gives the relation between » and ¢, i.e. the equation of the path.
Formula (14.6) gives the distance 7 from the centre as an implicit function of

time. The angle ¢, it should be noted, always varies monotonically with time,
since (14.2) shows that ¢ can never change sign.

+ constant. (14.7)

T The law of conservation of angular momentum for a particle moving in a central field
is sometimes called the area integral.
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The expression (14.4) shows that the radial part of the motion can be re-
garded as taking place in one dimension in a field where the “‘effective poten-
tial energy” is

Uetr = U(r)+ M2/2mr2. (14.8)
The quantity M2/2ma? is called the centrifugal energy. The values of r for which
U(r)+ M?/2mr? = E (14.9)

determine the limits of the motion as regards distance from the centre.
When equation (14.9) is satisfied, the radial velocity # is zero. This does not
mean that the particle comes to rest as in true one-dimensional motion, since
the angular velocity ¢ is not zero. The value # = 0 indicates a turning point
of the path, where 7(¢) begins to decrease instead of increasing, or vice versa.

If the range in which r may vary is limited only by the condition 7 > iy,
the motion is infinite: the particle comes from, and returns to, infinity.

If the range of 7 has two limits 7y, and 71,x, the motion is finite and the
path lies entirely within the annulus bounded by the circles 7 = 7y, and
7 = 7min. This does not mean, however, that the path must be a closed curve.
During the time in which » varies from 7yax to #min and back, the radius
vector turns through an angle A¢ which, according to (14.7), is given by

e Mdr/r?
M2 (14.10)

Tmin

The condition for the path to be closed is that this angle should be a rational
fraction of 2, i.e. that A¢ = 2mm/n, where m and n are integers. In that case,
after n periods, the radius vector of the particle will have made m complete
revolutions and will occupy its original position, so that the path is closed.

Such cases are exceptional, however, and when the form of U(r) is arbitrary
the angle A¢ is not a rational fraction of 2z, In general, therefore, the path
of a particle executing a finite motion is not closed. It passes through the
minimum and maximum distances an infinity of times, and after infinite time
it covers the entire annulus between the two bounding circles. The path
shown in Fig. 9 is an example.

There are only two types of central field in which all finite motions take
place in closed paths. They are those in which the potential energy of the
particle varies as 1/r or as 72, The former case is discussed in §15; the latter
is that of the space oscillator (see §23, Problem 3).

At a turning point the square root in (14.5), and therefore the integrands
in (14.6) and (14.7), change sign. If the angle ¢ is measured from the direc-
tion of the radius vector to the turning point, the parts of the path on each
side of that point differ only in the sign of ¢ for each value of 7, i.e. the path
is symmetrical about the line ¢ = 0. Starting, say, from a point where r = 7yax
the particle traverses a segment of the path as far as a point with 7 = rpyp,
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then follows a symmetrically placed segment to the next point where 7 = rmax,
and so on. Thus the entire path is obtained by repeating identical segments
forwards and backwards. This applies also to infinite paths, which consist of
two symmetrical branches extending from the turning point (7 = rpin) to
infinity.

Fic. 9

The presence of the centrifugal energy when M # 0, which becomes
infinite as 1/72 when r — 0, generally renders it impossible for the particle to
reach the centre of the field, even if the field is an attractive one. A ““fall”’ of
the particle to the centre is possible only if the potential energy tends suffi-
ciently rapidly to —oo as r - 0. From the inequality

imi2 = E— U(r)— M2[2mr2 > 0,
or r2U(r)+ M?/2m < Er?, it follows that r can take values tending to zero
only if
[72U(r)]rs0 < — M2/2m, (14.11)

i.e. U(r) must tend to — oo either as — «/r2 with « > 12/2m, or proportionally
to —1/r® with n > 2.

PROBLEMS

ProBLEM 1. Integrate the equations of motion for a spherical pendulum (a particle of mass
m moving on the surface of a sphere of radius / in a gravitational field).

SoLuTioN. In spherical co-ordinates, with the origin at the centre of the sphere and the
polar axis vertically downwards, the Lagrangian of the pendulum is

Ami2(62+ ¢2 sin0) - mgl cos 6.
2%
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The co-ordinate ¢ is cyclic, and hence the generalised momentum by, which is the same as the
z-component of angular momentum, is conserved:

ml%p sin20 = M, = constant. )
The energy is
E = Iml2(62+42 sin20) —mgl cos 0
= ml202 4+ 1 M,2/mi2 sin20 —mgl cos 6. @
Hence
dé
t= f V@IE—Ue 8)1/mi=} ®
where the “‘effective potential energy’’ is
Uest(8) = $M:2/mi2 sin20 —mgl cos 6.
For the angle ¢ we find, using (1),
M, dé
* = Wam f sin20y/ [E — Uerr(0)] ®

The integrals (3) and (4) lead to elliptic integrals of the first and third kinds respectively.

The range of 8 in which the motion takes place is that where E > Uet, and its limits
are given by the equation E = Ueg. This is a cubic equation for cos 8, having two roots
between —1 and +1; these define two circles of latitude on the sphere, between which the
path lies.

PROBLEM 2. Integrate the equations of motion for a particle moving on the surface of a

cone (of vertical angle 2«) placed vertically and with vertex downwards in a gravitational
field.

SoLuTioN. In spherical co-ordinates, with the origin at the vertex of the cone and the
polar axis vertically upwards, the Lagrangian is 3m(#24r242? sin%«) —mgr cos «. The co-
ordinate ¢ is cyclic, and M; = mr?§ sin2« is again conserved. The energy is

E = imi®+3M.2/mr? sina+mgr cos «.
By the same method as in Problem 1, we find

dr
o= | VRE—Ue Ny’
_ M. dr
¢ = V/(2m) sinzaf 2V [E—Uent(r)]’
M2
Uetr(r) = S sinta +mgr cos a.

The condition E = Uese(r) is (if M, = 0) a cubic equation for 7, having two positive roots;
these define two horizontal circles on the cone, between which the path lies.

ProBLEM 3. Integrate the equations of motion for a pendulum of mass msa, with a mass m;
at the point of support which can move on a horizontal line lying in the plane in which m2
moves (Fig. 2, §5).

SorutioN. In the Lagrangian derived in §5, Problem 2, the co-ordinate x is cyclic. The
generalised momentum P, which is the horizontal component of the total momentum of the
system, is therefore conserved:

Py = (my+ms)%+mald cos ¢ = constant. )

The system may always be taken to be at rest as a whole. Then the constant in (1) is zero
and integration gives

(m1+mz2)x—+mal sin ¢ = constant, (2)

which expresses the fact that the centre of mass of the system does not move horizontally.
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Using (1), we find the energy in the form

E = émzlziﬁz(l S 0082¢) —magl cos ¢. 3)
m1-+msz

Hence

ma m1+ma sin¢
=1 f A/ dg.
t A/ 2(m1+msz) E+moagl cos ¢ ¢

Expressing the co-ordinates x2 = x4/ sin ¢, y = [ cos ¢ of the particle msz in terms of ¢
by means of (2), we find that its path is an arc of an ellipse with horizontal semi-
axis Im1/(m1+ms) and vertical semi-axis L. As m1 — o we return to the familiar simple pen-
dulum, which moves in an arc of a circle.

§15. Kepler’s problem

An important class of central fields is formed by those in which the poten-
tial energy is inversely proportional to 7, and the force accordingly inversely
proportional to 72. They include the fields of Newtonian gravitational attrac-
tion and of Coulomb electrostatic interaction; the latter may be either attrac-
tive or repulsive.

Let us first consider an attractive field, where

= —afr ' (15.1)
with « a positive constant. The “‘effective” potential energy
o M2
Uea = ——+ (15.2)
r  2mr?

is of the form shown in Fig. 10. As 7 — 0, Upqs tends to + o0, and as 7 - o0
it tends to zero from negative values; for » = M?2/ma it has a minimum value

Uet, min = —ma2[2M2. (15.3)

Uett

r

N
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It is seen at once from Fig. 10 that the motion is finite for E < 0 and infinite
for E > 0.
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The shape of the path is obtained from the general formula (14.7). Substi-
tuting there U = — a/r and effecting the elementary integration, we have

¢ = cos71 (M) ~—(”m/]‘/l)+ constant.

A/ (2mE+ iy

M2 )

Taking the origin of ¢ such that the constant is zero, and putting

p = M2mx, e = +/[1+(2EM2/ma2)], (15.4)
we can write the equation of the path as
plr = 1+ecos¢. (15.5)

This is the equation of a conic section with one focus at the origin; 2p is called
the latus rectum of the orbit and e the eccentricity. Our choice of the origin of ¢
is seen from (15.5) to be such that the point where ¢ = 0 is the point nearest
to the origin (called the perihelion).

In the equivalent problem of two particles interacting according to the law
(15.1), the orbit of each particle is a conic section, with one focus at the centre
of mass of the two particles.

It is seen from (15.4) that, if £ < 0, then the eccentricity e < 1, i.e. the
orbit is an ellipse (Fig. 11) and the motion is finite, in accordance with what
has been said earlier in this section. According to the formulae of analytical
geometry, the major and minor semi-axes of the ellipse are

a=pl(1—¢) = o2|E, b =p/y/(1-e) = M/v(2m|E]). (15.6)

?y

) ‘ l )
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Fic. 11

The least possible value of the energy is (15.3), and then e = 0, i.e. the ellipse
becomes a circle. It may be noted that the major axis of the ellipse depends
only on the energy of the particle, and not on its angular momentum. The
least and greatest distances from the centre of the field (the focus of the
ellipse) are

rmin = p/(1+¢€) = a(l—e), rmax = p/(1—e) = a(l1+e). (15.7)

These expressions, with a and e given by (15.6) and (15.4), can, of course,
also be obtained directly as the roots of the equation Ues(r) = E.
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The period T of revolution in an elliptical orbit is conveniently found by
using the law of conservation of angular momentum in the form of the area
integral (14.3). Integrating this equation with respect to time from zero to
T, we have 2mf = TM, where f is the area of the orbit. For an ellipse
f = mab, and by using the formulae (15.6) we find

T = 2ma3/24/(m[x)
= ma/(m[2|E[3). (15.8)
The proportionality between the square of the period and the cube of the
linear dimension of the orbit has already been demonstrated in §10. It may
also be noted that the period depends only on the energy of the particle.

For E > 0 the motion is infinite. If E > 0, the eccentricity e > 1, i.e. the
the path is a hyperbola with the origin as internal focus (Fig. 12). The dis-
tance of the perihelion from the focus is

rmin = pl(e+1) = a(e—1), (15.9)
where @ = p/(e2—1) = «/2E is the “‘semi-axis” of the hyperbola.

Yy

A x
—o(e-l)

e
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If E = 0, the eccentricity e = 1, and the particle moves in a parabola with
perihelion distance 7y = 4p. This case occurs if the particle starts from rest
at infinity.

The co-ordinates of the particle as functions of time in the orbit may be
found by means of the general formula (14.6). They may be represented in a
convenient parametric form as follows.

Let us first consider elliptical orbits. With a and e given by (15.6) and (15.4)
we can write the integral (14.6) for the time as

m rdr
v 2] J V=7 @l Ely— OE2mE)]

-5 «/[azefzr—a)ﬂ '
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The obvious substitution r—a = —ae cos £ converts the integral to
ma3 masd .
t= [— | (1—ecosf)dé = A/—(f—e sin &) + constant,
o oL

If time is measured in such a way that the constant is zero, we have the
following parametric dependence of 7 on :

r = a(l—ecosf), t = 4/(mad/a)(é —esin¢), (15.10)
the particle being at perihelion at ¢ = 0. The Cartesian co-ordinates
x =rcos¢, y = rsin¢ (the x and y axes being respectively parallel to the

major and minor axes of the ellipse) can likewise be expressed in terms of
the parameter ¢. From (15.5) and (15.10) we have

ex = p—r = a(l—e2)—a(l—e cos§) = ae(cosé—e);
y is equal to 4/(r2—x2). Thus
x = a(cosé—e), vy = ay/(1—e?)siné. (15.11)

A complete passage round the ellipse corresponds to an increase of ¢ from 0
to 2.
Entirely similar calculations for the hyperbolic orbits give

r = a(ecosh&—1), t = 4/(mad/a)(e sinh § —§),

x = a(e—cosh¢), y = ay/(e2—1) sinh¢, (15.12)
where the parameter ¢ varies from — co to + 0.
Let us now consider motion in a repulsive field, where
U=ofr (x>0). (15.13)
Here the effective potential energy is
o M2
Uett = 2 G

and decreases monotonically from + oo to zero as r varies from zero to
infinity. The energy of the particle must be positive, and the motion is always
infinite. The calculations are exactly similar to those for the attractive field.
The path is a hyperbola (or, if E = 0, a parabola):

pjr = —1+ecosg, (15.14)

where p and e are again given by (15.4). The path passes the centre of the
field in the manner shown in Fig. 13. The perihelion distance is

Tmin = p/(e—1) = a(e+1). (15.15)
The time dependence is given by the parametric equations
r = a(e cosh{+1), t = 4/(mad/x)(e sinh {4 £),

. (15.16)
x = a(cosh&+e), y = ay/(e2—1) sinh ¢.
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To conclude this section, we shall show that there is an integral of the mo-
tion which exists only in fields U = «/r (with either sign of «). It is easy to
verify by direct calculation that the quantity

vxM+ar/r (15.17)

is constant. For its total time derivative is v XM+ av/r —ar(v . r)/r3 or,
since M = mr xv,

mr(ve v)—mv(r- v)+ av/r —ox(v. r)/r3.

Putting mv = or/r3 from the equation of motion, we find that this expression
vanishes,

<—a (I+e)—>|

Fi6. 13

The direction of the conserved vector (15.17) is along the major axis from
the focus to the perihelion, and its magnitude is «e. This is most simply
seen by considering its value at perihelion.

It should be emphasised that the integral (15.17) of the motion, like M and
E, is a one-valued function of the state (position and velocity) of the particle.
We shall see in §50 that the existence of such a further one-valued integral
is due to the degeneracy of the motion.

PROBLEMS

ProBLEM 1. Find the time dependence of the co-ordinates of a particle with energy E = 0
moving in a parabola in a field U = —«/r.

SoLuTioN. In the integral
_ rdr
—J VIQufmyr —(M2m)

we substitute r = M2(1+72)/2mo = 3p(1+172), obtaining the following parametric form of
the required dependence:

r = p(1+7%), t = V/(mp®/a). 3n(1+37%),
x = 3p(1—7%), ¥y =pm

t
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The parameter 7 varies from — 0 to -+ 0.
ProBLEM 2. Integrate the equations of motion for a particle in a central field
U= —afr? (o> 0).

SorutioN. From formulae (14.6) and (14.7) we have, if ¢ and ¢ are appropriately measured,

1 2mE 2ma
2 = = -
(a) for E> 0 and M?/2m > «, " A/ M —Zme cos[xﬁA/(l e )],

1 2mE 2mo
> = nititeliN
(b) for > 0 and M/2m < o, ~ A/ — smh[¢A/( o 1)] ,

1 2m|E} 2ma
(c) for £ <0 and M2/2m < «, ~= A/Wcmh[?s’\/( e —-1)].

= g [im{ = 2044)]

In cases (b) and (c) the particle “falls’’ to the centre along a path which approaches the
origin as ¢ —> co. The fall from a given value of r takes place in a finite time, namely

Yl (=g +8e) = (== 37))

ProBLEM 3. When a small correction 8U(r) is added to the potential energy U = —ajr,
the paths of finite motion are no longer closed, and at each revolution the perihelion is dis-
placed through a small angle 3¢. Find 8¢ when (a) 38U = B/r2, (b) 3U = y/s3.

In all three cases

SoLutioN. When 7 varies from rmin to rmax and back, the angle ¢ varies by an amount
(14.10), which we write as

A 22 Ti/[z E Mz]d
*= B =] dn
"min
in order to avoid the occurrence of spurious divergences. We put U = —afr+ 3U, and

expand the integrand in powers of 3U; the zero-order term in the expansion gives 27, and
the first-order term gives the required change 8¢:

7 max T
e T

where we have changed from the integration over r to one over ¢, along the path of the “un-
perturbed’’ motion.

In case (a), the integration in (1) is trivial: 8¢ = —2afm/M?2 = —2np/ap, where 2p (15.4)
is the latus rectum of the unperturbed ellipse. In case (b) 728U = y/r and, with 1/rlgiven by
(15.5), we have 8¢ = —6raym?/M4 = —6my/ap?.



CHAPTER IV
COLLISIONS BETWEEN PARTICLES

§16. Disintegration of particles

IN many cases the laws of conservation of momentum and energy alone can
be used to obtain important results concerning the properties of various mech-
anical processes. It should be noted that these properties are independent of
the particular type of interaction between the particles involved.

Let us consider a ‘“‘spontaneous” disintegration (that is, one not due to
external forces) of a particle into two ‘“‘constituent parts”, i.e. into two other
particles which move independently after the disintegration.

This process is most simply described in a frame of reference in which the
particle is at rest before the disintegration. The law of conservation of momen-
tum shows that the sum of the momenta of the two particles formed in the
disintegration is then zero; that is, the particles move apart with equal and
opposite momenta. The magnitude po of either momentum is given by the
law of conservation of energy:

2 2
E; = E1-z‘+£0—+E21+£0—;
2my 2ms
here my and mgy are the masses of the particles, Ej; and Ey; their internal
energies, and E; the internal energy of the original particle. If e is the “dis-
integration energy”, i.e. the difference

€ = E;— Ey;—Ey, (16.1)
which must obviously be positive, then
1 1 po?
= $p?|—+—) = =, 16.2
€<= ho (ml +mg) 2m (162)

which determines pg; here m is the reduced mass of the two particles. The
velocities are v1g = po/my, v2o = po/ma.

Let us now change to a frame of reference in which the primary particle
moves with velocity V before the break-up. This frame is usually called the
laboratory system, or L system, in contradistinction to the centre-of-mass
system, or C system, in which the total momentum is zero. Let us consider
one of the resulting particles, and let v and vy be its velocities in the L and
the C system respectively. Evidently v = V+vp, or v —V = vy, and so

224+ V2—-20V cos = v¢?, (16.3)
where 6 is the angle at which this particle moves relative to the direction of

the velocity V. This equation gives the velocity of the particle as a function
41
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of its direction of motion in the L system. In Fig. 14 the velocity v is repre-
sented by a vector drawn to any point on a circlet of radius vo from a point
A4 at a distance 7 from the centre. The cases V' < vg and V > g are shown
in Figs. 14a, b respectively. In the former case 6 can have any value, but in
the latter case the particle can move only forwards, at an angle 6 which does
not exceed Opmax, given by

sinOmax = vo/V; (16.4)
this is the direction of the tangent from the point A4 to the circle.

(a) Vev, S b Vo
F1c. 14

The relation between the angles 6 and 6 in the L and C systems is evi-
dently (Fig. 14)

tanf = vg sin /(v cos Gy + V). (16.5)
If this equation is solved for cos 6y, we obtain
V. Ve
cosfp = — — sin26 + cosBA/(l—-——smzﬂ). (16.6)
(2 Vg2

For w9 > V the relation between 6y and 6 is one-to-one (Fig. 14a). The plus
sign must be taken in (16.6), so that §p = 0 when 8 = 0. If vy < ¥, however,
the relation is not one-to-one: for each value of  there are two values of g,
which correspond to vectors vo drawn from the centre of the circle to the
points B and C (Fig. 14b), and are given by the two signs in (16.6).

In physical applications we are usually concerned with the disintegration
of not one but many similar particles, and this raises the problem of the
distribution of the resulting particles in direction, energy, etc. We shall
assume that the primary particles are randomly oriented in space, i.e. iso-
tropically on average.

1 More precisely, to any point on a sphere of radius vo, of which Fig. 14 shows a diametral
section.
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In the C system, this problem is very easily solved: every resulting particle
(of a given kind) has the same energy, and their directions of motion are
isotropically distributed. The latter fact depends on the assumption that the
primary particles are randomly oriented, and can be expressed by saying
that the fraction of particles entering a solid angle element doy is proportional
to doy, i.e. equal to dog/4w. The distribution with respect to the angle 6o is
obtained by putting dog = 2= sin 8o dfl, i.e. the corresponding fraction is

1 sinfp dfp. (16.7)

The corresponding distributions in the L system are obtained by an
appropriate transformation. For example, let us calculate the kinetic energy
distribution in the L system. Squaring the equation v = vo+V, we have
v2 = 02+ V2+ 209V cos By, whence d(cos 8p) = d(v2)/2v0V. Using the
kinetic energy T = }mv2, where m is m; or mg depending on which kind of
particle is under consideration, and substituting in (16.7), we find the re-
quired distribution:

(1/2mwoV) dT. (16.8)

The kinetic energy can take values between Tmin = 4m(vo—V)? and
Tmax = 3m(vo+V)2. The particles are, according to (16.8), distributed
uniformly over this range.

When a particle disintegrates into more than two parts, the laws of con-
servation of energy and momentum naturally allow considerably more free-
dom as regards the velocities and directions of motion of the resulting particles.
In particular, the energies of these particles in the C system do not have
determinate values. There is, however, an upper limit to the kinetic energy
of any one of the resulting particles. To determine the limit, we consider
the system formed by all these particles except the one concerned (whose
mass is m;, say), and denote the “internal energy” of that system by E;'.
Then the kinetic energy of the particle m; is, by (16.1) and (16.2),
Tio = po?[2my = (M —m)(E;— E1i— Ei')/M, where M is the mass of the
primary particle. It is evident that Ty has its greatest possible value
when E; is least. For this to be so, all the resulting particles except m
must be moving with the same velocity. Then E;’ is simply the sum of their
internal energies, and the difference E;—Ey;—E;" is the disintegration
energy e. Thus

TlO,ma.x = (]W—ml)e/M (169)

PROBLEMS

ProBLEM 1. Find the relation between the angles 61, 82 (in the L system) after a disintegra-
tion into two particles.

SoLuTION. In the C system, the corresponding angles are related by 810 = m—0z. Calling
610 simply 6o and using formula (16.5) for each of the two particles, we can put
V4vi0 cos 8o = w10 sin 8y cot 01, V—v20 cos o = vz sin fo cot #2. From these two
equations we must eliminate 8. To do so, we first solve for cos 8¢ and sin 6o, and then
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form the sum of their squares, which is unity. Since vi0/v20 = m2/m1, we have finally, using
(16.2),

(ma[m1) sin2024-(m1/ms) sin201—2 sin 61 sin 82 cos(61+02)

2
= m sin2(81 +62).

ProBLEM 2. Find the angular distribution of the resulting particles in the L system.
SorurioN. When vo > V, we substitute (16.6), with the plus sign of the radical, in (16.7),
obtaining
14+ (V2/ve2) cos 26
V1 —=(V2]vo?) sin26]
When vo < V, both possible relations between 8o and 6 must be taken into account. Since,
when 6 increases, one value of o increases and the other decreases, the difference (not the

sum) of the expressions d cos 6o with the two signs of the radical in (16.6) must be taken.
The result is

Vv
%sinﬂde[Z——— cos 0+ ] 0O<o<m).
vo

14 (V2/vo2) cos 28
V[1—=(V2/vo?) sin26]

ProBLEM 3. Determine the range of possible values of the angle 6 between the directions
of motion of the two resulting particles in the L system.

sian@ (O < 0 < omnx).

SoruTioN. The angle 0 = 01402, where 61 and 62 are the angles defined by formula (16.5)
(see Problem 1), and it is simplest to calculate the tangent of 8. A consideration of the extrema
of the resulting expression gives the following ranges of 8, depending on the relative magni-
tudes of V, v10 and w20 (for definiteness, we assume v20 > v10): 0 < 0 < 7wif vio < V < w20,
m7—0o < § <7if V < w10, 0 < 8 < O if V > wao. The value of bo is given by

sin 8o = V(v10+v20)/(V2+v10v20).

§17. Elastic collisions

A collision between two particles is said to be elastic if it involves no change
in their internal state. Accordingly, when the law of conservation of energy
is applied to such a collision, the internal energy of the particles may be
neglected.

The collision is most simply described in a frame of reference in which the
centre of mass of the two particles is at rest (the C system). As in §16, we
distinguish by the suffix 0 the values of quantities in that system. The velo-
cities of the particles before the collision are related to their velocities v; and
ve in the laboratory system by Vi = mgv/(m1+m2), Voo = —mlv/(m1+m2),
where v = vi—vp; see (13.2).

Because of the law of conservation of momentum, the momenta of the two
particles remain equal and opposite after the collision, and are also unchanged
in magnitude, by the law of conservation of energy. Thus, in the C system
the collision simply rotates the velocities, which remain opposite in direction
and unchanged in magnitude. If we denote by ng a unit vector in the direc-
tion of the velocity of the particle m; after the collision, then the velocities
of the two particles after the collision (distinguished by primes) are

vio' = movno/(my+msz),  Veo = —myvng/(my+ms). (17.1)
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In order to return to the L system, we must add to these expressions the
velocity V of the centre of mass. The velocities in the L system after the
collision are therefore

’

vi' = movng/(my +mg)+ (m1v1 + move)/(m1+ms),

!

(17.2)
Vol = —mong/(my+me)+ (myvi-+mave)/(m1+ my).

No further information about the collision can be obtained from the laws
of conservation of momentum and energy. The direction of the vector ng
depends on the law of interaction of the particles and on their relative position
during the collision.

The results obtained above may be interpreted geometrically. Here it is
more convenient to use momenta instead of velocities. Multiplying equations
(17.2) by my and mg respectively, we obtain

17

pP1 = mung+ M1(p1 +p2)/(m1 -+ mz),

, (17.3)
P2 = —movno+ mz(pl + pz)/ (m1 + mz),

where m = mymsz/(m1+ms) is the reduced mass. We draw a circle of radius
mo and use the construction shown in Fig. 15. If the unit vector ng is along
OC, the vectors AC and CB give the momenta py’ and pp’ respectively.
When p; and ps are given, the radius of the circle and the points 4 and B
are fixed, but the point C may be anywhere on the circle.

Fic. 15

Let us consider in more detail the case where one of the particles (2, say) is
at rest before the collision. In that case the distance OB = mgp1/(my +mg) = mv
is equal to the radius, i.e. B lies on the circle. The vector AB is equal to the
momentum py of the particle my before the collision. The point A lies inside
or outside the circle, according as my; <mg or my > ma. The corresponding
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diagrams are shown in Figs. 16a, b. The angles 6; and 6, in these diagrams
are the angles between the directions of motion after the collision and the
direction of impact (i.e. of p1). The angle at the centre, denoted by y, which
gives the direction of ny, is the angle through which the direction of motion
of m; is turned in the C system. It is evident from the figure that 6; and 6
can be expressed in terms of y by
Mg sin y

Oz = Hm—y). (17.4)

tanf; =

)
my -+ mg COSy

(a) m<m; {b) m >m;
AB=p, ; AO/OB= m\[my

Fi1c. 16

We may give also the formulae for the magnitudes of the velocities of the
two particles after the collision, likewise expressed in terms of y:

, AV(m?+me2+ 2myms cos ) , 2myv
v = 7, V2 =

siniy. 17.5
my + me my -+ mg X ( )

The sum 6;+ 05 is the angle between the directions of motion of the
particles after the collision. Evidently 6, + 62 > imif m; < msa, and 01+ 2 < L
if my > mo.

When the two particles are moving afterwards in the same or in opposite
directions (head-on collision), we have y = =, i.e. the point C lies on the
diameter through 4, and is on O4 (Fig. 16b; p’ and py’ in the same direc-
tion) or on OA produced (Fig. 16a; p1’ and po’ in opposite directions).

In this case the velocities after the collision are

my — o 2my
v = v, v = ———v, (17.6)
my + ma my +mg

This value of vo' has the greatest possible magnitude, and the maximum
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energy which can be acquired in the collision by a particle originally at rest
is therefore
Ey Lmsorman? = — T2 _p (17.7)
= gmav2 = —F I .
2 max gM202 max (m1+m2)2 1
where E; = imjv12 is the initial energy of the incident particle.

If my < mz, the velocity of m; after the collision can have any direction.
If my > mg, however, this particle can be deflected only through an angle
not exceeding Omax from its original direction; this maximum value of 6;
corresponds to the position of C for which AC is a tangent to the circle
(Fig. 16b). Evidently

$inOmax = OCJOA = mafmy. | (17.8)

The collision of two particles of equal mass, of which one is initially at
rest, is especially simple. In this case both B and 4 lie on the circle (Fig. 17).

Then
01 = 3x b2 = 3(m—x), (17.9)

71’ = vcosiy, 29" = v singy. (17.10)

After the collision the particles move at right angles to each other.

PROBLEM

Express the velocity of each particle after a collision between a moving particle (m1) and
another at rest (msz) in terms of their directions of motion in the L system.

SorutioN. From Fig. 16 we have p2’ = 20B cos 03 or v2’ = 2v(m/ms) cos 82. The momen-
tum p1’ = AC is given by OC? = 402+p1'2—240 . p1’ cos 61 or

e 2 . -
o1 m U1 m1—ms
(_..__) —_——— —— cos 01+ = 0.
2 me v m1-+msz

Hence

v’ my 1 .
— = cos 01+ Y/ (ma? —my2 sin201);
v m1+ma m1+me

for m1 > ma the radical may have either sign, but for m2 > mi it must be taken positive.
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§18. Scattering

As already mentioned in §17, a complete calculation of the result of a
collision between two particles (i.e. the determination of the angle x) requires
the solution of the equations of motion for the particular law of interaction
involved.

We shall first consider the equivalent problem of the deflection of a single
particle of mass m moving in a field U(r) whose centre is at rest (and is at
the centre of mass of the two particles in the original problem).

As has been shown in §14, the path of a particle in a central field is sym-
metrical about a line from the centre to the nearest point in the orbit (OA
in Fig. 18). Hence the two asymptotes to the orbit make equal angles (o,
say) with this line. The angle y through which the particle is deflected as it
passes the centre is seen from Fig. 18 to be

X = |m—2¢0. (18.1)

The angle ¢y itself is given, according to (14.7), by

B (M/r2) dr
w= ) amE- U=y

"min

(18.2)

taken between the nearest approach to the centre and infinity. It should be
recalled that 7y, is a zero of the radicand.

For an infinite motion, such as that considered here, it is convenient to
use instead of the constants E and M the velocity v of the particle at infinity
and the impact parameter p. The latter is the length of the perpendicular
from the centre O to the direction of v, i.e. the distance at which the particle
would pass the centre if there were no field of force (Fig. 18). The energy
and the angular momentum are given in terms of these quantities by

E = Imvo?, M = mpoe, (18.3)
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and formula (18.2) becomes

f“’ (p/r2) dr
V1= (%) — (2U[mv?)]

min

do = (18.4)

Together with (18.1), this gives y as a function of p.

In physical applications we are usually concerned not with the deflection
of a single particle but with the scattering of a beam of identical particles
incident with uniform velocity vo on the scattering centre. The different
particles in the beam have different impact parameters and are therefore
scattered through different angles x. Let dN be the number of particles
scattered per unit time through angles between x and x+dy. This number
itself is not suitable for describing the scattering process, since it is propor-
tional to the density of the incident beam. We therefore use the ratio

do = dN/n, (18.5)

where 7 is the number of particles passing in unit time through unit area of
the beam cross-section (the beam being assumed uniform over its cross-
section). This ratio has the dimensions of area and is called the effective
scattering cross-section. It is entirely determined by the form of the scattering
field and is the most important characteristic of the scattering process.

We shall suppose that the relation between x and p is one-to-one; this is
so if the angle of scattering is a monotonically decreasing function of the
impact parameter. In that case, only those particles whose impact parameters
lie between p(x) and p(x)+dp(x) are scattered at angles between y and
x+dyx. The number of such particles is equal to the product of # and the
area between two circles of radii p and p+dp, i.e. dN = 2mp dp . n. The
effective cross-section is therefore

do = 2mp dp. (18.6)

In order to find the dependence of de on the angle of scattering, we need
only rewrite (18.6) as

do = 2mp(x)|dp(x)/dx| dx- (18.7)

Here we use the modulus of the derivative dp/dy, since the derivative may
be (and usually is) negative.t Often do is referred to the solid angle element
do instead of the plane angle element dy. The solid angle between cones
with vertical angles y and y+dy is do = 27 siny dy. Hence we have from
(18.7)

dp
dx

do = p(x)

siny

‘do. (188)

t If the function p(x) is many-valued, we must obviously take the sum of such expressions
as (18.7) over all the branches of this function.
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Returning now to the problem of the scattering of a beam of particles, not
by a fixed centre of force, but by other particles initially at rest, we can say
that (18.7) gives the effective cross-section as a function of the angle of
scattering in the centre-of-mass system. To find the corresponding expression
as a function of the scattering angle 6 in the laboratory system, we must
express x in (18.7) in terms of by means of formulae (17.4). This gives
expressions for both the scattering cross-section for the incident beam of
particles (x in terms of 6;) and that for the particles initially at rest (y in terms
of 6y).

PROBLEMS

ProBLEM 1. Determine the effective cross-section for scattering of particles from a perfectly
rigid sphere of radius a (i.e. when the interaction is such that U = o for » < aand U = 0
for r > a). :

SoLUTION. Since a particle moves freely outside the sphere and cannot penetrate into it,
the path consists of two straight lines symmetrical about the radius to the point where the
particle strikes the sphere (Fig. 19). It is evident from Fig. 19 that

p = asin¢o = asin §(r—x) = a cos x.

Fi1c. 19

Substituting in (18.7) or (18.8), we have
do = }ma? sin x dy = }a2 do, (1)

i.e. the scattering is isotropic in the C system. On integrating do over all angles, we find that
the total cross-section ¢ = wa?, in accordance with the fact that the ‘“‘impact area’’ which the
particle must strike in order to be scattered is simply the cross-sectional area of the sphere.

In order to change to the L system, x must be expressed in terms of 8; by (17.4). The
calculations are entirely similar to those of §16, Problem 2, on account of the formal resemb-
lance between formulae (17.4) and (16.5). For m; < ma (where m1 is the mass of the particle
and m2 that of the sphere) we have

14 (m1/ms)? cos 26
V/[1—(m1/mz)? sin26:] ] o
where do1 = 27 sin 61 d61. If, on the other hand, m2 < m;, then
22 1+4(m1/me)? cos 260 o,

V[1 —(m1/mz)? sin20 ]

doy = -};a2[ 2mafma) cos Oi+

do1 = %

For m1 = mg, we have do1 = a®|cos 61| do1, which can also be obtained directly by sub-
stituting x = 261 from (17.9) in (1).
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For a sphere originally at rest, x = m—202 in all cases, and substitution in (1) gives

do2 = a?|cos 82| doa.

ProBLEM 2. Express the effective cross-section (Problem 1) as a function of the energy ¢
lost by a scattered particle.

SoLutioN. The energy lost by a particle of mass m1 is equal to that gained by the sphere of
mass ma. From (17.5) and (17.7), € = Ez’ = [2m12ma/(m1+m2)?] veo? sin’tx = €max sin®fy,
whence de = Lemax sin x dy; substituting in (1), Problem 1, we have do = 7a* de/émax. The
scattered particles are uniformly distributed with respect to € in the range from zero to

€max.
ProeLEM 3. Find the effective cross-section as a function of the velocity v for particles
scattered in a field U ~ ™.

SoruTioN. According to (10.3), if the potential energy is a homogeneous function of order
= —n, then similar paths are such that p ~ v=2/%, or p = ve~2/*f(x), the angles of deflec-
tion x being equal for similar paths. Substitution in (18.6) gives do ~ V4" do.

ProBLEM 4. Determine the effective cross-section for a particle to “fall’’ to the centre of
afield U = —afr2.

SoruTioN. The particles which “fall’’ to the centre are those for which 2« > mp%vx? (see
(14.11)), i.e. for which the impact parameter does not exceed pmax = v/ (2a/mv«?). The
effective cross-section is therefore o = mpmax? = 27 a/mvaw>.

PROBLEM 5. The same as Problem 4, but for a field U = —«/r® (n > 2, « > 0).

SorutioN. The effective potential energy Uest = mp2v02/2r2—afr® depends on 7 in the
manner shown in Fig. 20. Its maximum value is

Uett,max = Uy = 3(n—2)a(mp2vw?/an)?/ (3-2),

Ueff

Fic. 20

The particles which “fall’’ to the centre are those for which Uo < E. The condition U = E
gives pmax, Whence

o = mn(n—2)@"1) /(¢ /mvw?)?n,

ProBLEM 6. Determine the effective cross-section for particles of mass m to strike a sphere
of mass mz and radius R to which they are attracted in accordance with Newton’s law.

SorLuTioN. The condition for a particle to reach the sphere is that rmin < R, where rmin
is the point on the path which is nearest to the centre of the sphere. The greatest possible
value of pis given by 7min = R; this is equivalent to Uett(R) = E or $mivwpmax?/R%—a/R
=4mvx?, where « = ymimz (y being the gravitational constant) and we have put m X mj on
the assumption that m2 > m1. Solving for pmax?, we finally obtain ¢ = mR%(1 42ymz/Rve?).
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When v — c0 the effective cross-section tends, of course, to the geometrical cross-section
of the sphere.

ProBLEM 7. Deduce the form of a scattering field U(7), given the effective cross-section
as a function of the angle of scattering for a given energy E. It is assumed that U(r) decreases
monotonically with 7 (a repulsive field), with U(0) > E and U({o) = 0 (O. B. Firsov 1953).

SoLuTiON. Integration of de with respect to the scattering angle gives, according to the
formula

| (do/dx) dx = mp2, (1)
X

the square of the impact parameter, so that p(x) (and therefore x(p)) is known.
We put

s=1fr, x=1/p% w = +/[1—(U/E)]. (2)
Then formulae (18.1), (18.2) become

Hm—x(x)] = )

s

J‘o ds

3 V(xw?2—s2) ’

where so(x) is the root of the equation xw?(so) —so? = 0.
Equation (3) is an integral equation for the function w(s), and may be solved by a method

similar to that used in §12. Dividing both sides of (3) by 4/(«—=x) and integrating with respect

to x from zero to «, we find

J‘ —x(x) dx f sj(x) ds dx

¢ 2 Ve-x 1) ViEwt—sd)(e—w)]
B “f(“) ¢ dx ds
4 ey VIGw—)(e—a)]
_ so(®) ds
= | =

or, integrating by parts on the left-hand side,

a so(a)
dy _ ds
‘n'\/ot—b[ \/(oc—x)—a dx =7 of *——w .

This relation is differentiated with respect to «, and then so(«) is replaced by s simply;
accordingly « is replaced by s2/w?, and the result is, in differential form,

s2/z2

m d(sfu) —4d(s2f®) | \/[X'(x) dx
[}

(i) ] O
or
s2/w2
x'(x) dx
nd log w = d(s/‘w)bf m.

This equation can be integrated immediately if the order of integration on the right-hand
side is inverted. Since for s = 0 (i.e. » > ) we must have w = 1 (i.e. U = 0), we have,
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on returning to the original variables 7 and p, the following two equivalent forms of the final
result:

w= exp{ —%f cosh~(p/rw) (dx/dp) dp}
rew
17 xe)dp ,

= Vet —r?)
T™W

= exp )

‘This formula determines implicitly the function «(r) (and therefore U(r)) for all » > rmim,
i.e. in the range of  which can be reached by a scattered particle of given energy E.

§19. Rutherford’s formula

One of the most important applications of the formulae derived above is
to the scattering of charged particles in a Coulomb field. Putting in (18.4)
U = ajr and effecting the elementary integration, we obtain

¢o = cos1 fmos’p
V/[1+(ofmoe?p)?]’
whence p? = (¢2/m?vat) tan2g, or, putting o = §(m—x) from (18.1),
p? = (e2/m2ve?) cot?y. (19.1)

Differentiating this expression with respect to y and substituting in (18.7)
or (18.8) gives

do = m(a/mvo?)? cosdy dy/sin3}y (19.2)
or
do = (a/2mve?)? do/sin%x. (19.3)

This is Rutherford’s formula. It may be noted that the effective cross-section
is independent of the sign of «, so that the result is equally valid for repulsive
and attractive Coulomb fields.

Formula (19.3) gives the effective cross-section in the frame of reference
in which the centre of mass of the colliding particles is at rest. The trans-
formation to the laboratory system is effected by means of formulae (17.4).
For particles initially at rest we substitute y = 7—202 in (19.2) and obtain

dog = 2m(a/mvec?)? sin fg dfz/cos362
= (a/mv?)? doz/cos3ls. (19.4)
The same transformation for the incident particles leads, in general, to a very
complex formula, and we shall merely note two particular cases.

If the mass my of the scattering particle is large compared with the mass
my of the scattered particle, then y ~ 61 and m =~ my, so that

doy = (o/4E1)? doy/sin¥36, (19.5)

where E7 = imjva? is the energy of the incident particle.
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If the masses of the two particles are equal (m; = mg, m = bm;), then by
(17.9) x = 261, and substitution in (19.2) gives
doy = 2m(a/E1)? cos 01 d6/sin36;
= («/E1)? cos 61 doj/sinb;. (19.6)
If the particles are entirely identical, that which was initially at rest cannot
be distinguished after the collision. The total effective cross-section for all

particles is obtained by adding de; and dos, and replacing 6; and 65 by their
common value §:

1
+———) cos 6.do. (19.7)

do = («/E;)?
o= (/E) (sin40 costf

Let us return to the general formula (19.2) and use it to determine the
distribution of the scattered particles with respect to the energy lost in the
collision. When the masses of the scattered (m;) and scattering (mg) particles
are arbitrary, the velocity acquired by the latter is given in terms of the angle
of scattering in the C system by vy’ = [2my/(m)+mg)]ve sin x; see (17.5).
The energy acquired by ma and lost by m; is therefore e = imgve'2
= (2m2/m2)ve? sin%}y. Expressing sin 3y in terms of e and substituting
in (19.2), we obtain

do = 2n(a2/mave?) de/e. (19.8)

This is the required formula: it gives the effective cross-section as a function
of the energy loss €, which takes values from zero to epax = 2m2ve02/ms.

PROBLEMS
ProBLEM 1. Find the effective cross-section for scattering in a field U = o/r? (« > 0).

SorLuTioN. The angle of deflection is

1
= -
X ”[ V(L 2ajmp?va?) ]
The effective cross-section is
272 m—x do

do = . X
mve?  x2(2m—x)2 siny

ProBLEM 2. Find the effective cross-section for scattering by a spherical ‘“‘potential well”’
of radius @ and ‘“‘depth’’ Uy (i.e. a field with U = 0 for r > aand U = —Up for r < a).

SoLuTiON. The particle moves in a straight line which is “refracted’’ on entering and leav-
ing the well. According to §7, Problem, the angle of incidence « and the angle of refraction
B (Fig. 21) are such that sin «/sin B = n, where n = /(1 4+2U/mvx2). The angle of deflection
is x = 2(«—p). Hence

M = cos §x—cot a sin ¥y = —,
sin « n

Eliminating « from this equation and the relation a sin « = p, which is evident from the
diagram, we find the relation between p and x:

n? sin2 }y
a X
n2+1-~2n cos iy

p2 =
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Finally, differentiating, we have the effective cross-section:
a2n?  (n cos }x—1)(n—cos {x)
" 4cosdxy (m24+1—2n cos }x)?

The angle x varies from zero (for p = 0) to xmax (for p = a), where cos %Xm.ax = 1/n.
The total effective cross-section, obtained by integrating do over all angles within the cone
x < xmax, is, of course, equal to the geometrical cross-section ma2.

deo do.

e —>

Fic. 21

§20. Small-angle scattering

The calculation of the effective cross-section is much simplified if only
those collisions are considered for which the impact parameter is large, so
that the field U is weak and the angles of deflection are small. The calculation
can be carried out in the laboratory system, and the centre-of-mass system
need not be used.

We take the x-axis in the direction of the initial momentum of the scattered
particle m;, and the xy-plane in the plane of scattering. Denoting by p;’ the
momentum of the particle after scattering, we evidently have sin 61 = p1,//p1’.
For small deflections, sin #; may be approximately replaced by 61, and 1’ in
the denominator by the initial momentum p; = m19w:

b1 & p1y’ [m1ve. (20.1)

Next, since py = Fy, the total increment of momentum in the y-direction is

o]
py = [ Fyd (20.2)
—0
The force Fy = —oU/oy = —(dU/dr)or/dy = —(dU/dr)y/r.

Since the integral (20.2) already contains the small quantity U, it can be
calculated, in the same approximation, by assuming that the particle is not
deflected at all from its initial path, i.e. that it moves in a straight line y = p
with uniform velocity vo. Thus we put in (20.2) Fy = —(dU/dr)p/r,
dt = dx/ve. The result is

[oe]
, p ( dU dx
by = —— —

Voo dr r
—0
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Finally, we change the integration over x to one over 7. Since, for a straight
path, 72 = %24 p2, when x varies from — o to + oo, 7 varies from oo to p
and back. The integral over x therefore becomes twice the integral over »
from p to oo, and dx = 7 dr/4/(r2—p?). The angle of scattering 6, is thus
given byt

o_ 2 [dU & 20
YT T et ) T V(2 —p?)’ (20.3)
p

and this is the form of the function 8i(p) for small deflections. The effective
cross-section for scattering (in the L system) is obtained from (18.8) with 6;
instead of x, where sin 6; may now be replaced by 6;:

4 | o0
dé:l 6

do = doy. (20.4)

PROBLEMS
ProBreEM 1. Derive formula (20.3) from (18.4).

SoruTtioN. In order to avoid spurious divergences, we write (18.4) in the form

P) 22U
= L
go op f '\/[ r2 MVo2 ]dr,

and take as the upper limit some large finite quantity R, afterwards taking the value as R — o,
Since U is small, we expand the square root in powers of U, and approximately replace

7min by p:
R

B pdr 8¢ UM dr
$o= fr%/(l —p2/r?) + apf MmooV (1 —p2fr2)
e [

The first integral tends to 47 as R — 0. The second integral is integrated by parts, giving

0
= n—2¢0 = 2— dr

op dr
)

f VrR—pt) AU
MV0?
0
2p dU dr

mue? J dr A(r2—p?)
e

This is equivalent to (20.3).

ProBLEM 2. Determine the effective cross-section for small-angle scattering in a field
U= afr? (n> 0).

+ If the above derivation is applied in the C system, the expression obtained for x is the
same with m in place of m1, in accordance with the fact that the small angles 61 and x are

related by (see (17.4)) 01 = max/(m1-+msz).
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SoLuTION. From (20.3) we have
@
0 — 2pan J‘ dr
R /(2 —p2) |
o

The substitution p2/r2 = u converts the integral to a beta function, which can be expressed
in terms of gamma functions:

207 C T@n+d
m1vapt T'@3n)
Expressing p in terms of 8; and substituting in (20.4), we obtain

_ 1 2\/171‘(%7! +3) * 2in —2-2/n
do = -[ T'(3n) M1Ve? ] b dor.

01 =

n



CHAPTER V
SMALL OSCILLATIONS

§21. Free oscillations in one dimension

A vERY common form of motion of mechanical systems is what are called
small oscillations of a system about a position of stable equilibrium. We shall
consider first of all the simplest case, that of a system with only one degree
of freedom.

Stable equilibrium corresponds to a position of the system in which its
potential energy U(g) is 2 minimum. A movement away from this position
results in the setting up of a force —dU/dg which tends to return the system
to equilibrium. Let the equilibrium value of the generalised co-ordinate
g be go. For small deviations from the equilibrium position, it is sufficient
to retain the first non-vanishing term in the expansion of the difference
U(g)— U(go) in powers of g—go. In general this is the second-order term:
U(q)— U(qo) = $k(g—qo)?, where k is a positive coefficient, the value of the
second derivative U"'(¢) for ¢ = go. We shall measure the potential energy
from its minimum value, i.e. put U(go) = 0, and use the symbol

X =qg—qo (21.1)
for the deviation of the co-ordinate from its equilibrium value. Thus
U(x) = tkx2 (21.2)

The kinetic energy of a system with one degree of freedom is in general
of the form }a(g)¢% = }a(g)42. In the same approximation, it is sufficient to
replace the function a(g) by its value at ¢ = go. Putting for brevityt a(go) = m,
we have the following expression for the Lagrangian of a system executing
small oscillations in one dimension :}

L = ymx2—Lkx2. (21.3)
The corresponding equation of motion is
mi+kx = 0, (21.4)
or
it w2 =0, (21.5)
where
w = /(k/m). (21.6)

+ It should be noticed that m is the mass only if x is the Cartesian co-ordinate.
1 Such a system is often called a one-dimensional oscillator.

58
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'Two independent solutions of the linear differential equation (21.5) are
cos wt and sin w#, and its general solution is therefore

x = €1 cOS wt -+ cg sin wi. (21.7)
This expression can also be written
x = a cos(wt+a). (21.8)

Since cos(wt+ ) = cos wt cos w—sin wi sin «, a comparison with (21.7)
shows that the arbitrary constants @ and « are related to ¢; and ¢z by

a = 1/(c12+c2?), tano = —cgfc1. (21.9)

Thus, near a position of stable equilibrium, a system executes harmonic
oscillations. The coefficient @ of the periodic factor in (21.8) is called the
amplitude of the oscillations, and the argument of the cosine is their phase;
o is the initial value of the phase, and evidently depends on the choice of
the origin of time. The quantity w is called the angular frequency of the oscil-
lations; in theoretical physics, however, it is usually called simply the fre-
quency, and we shall use this name henceforward.

The frequency is a fundamental characteristic of the oscillations, and is
independent of the initial conditions of the motion. According to formula
(21.6) it is entirely determined by the properties of the mechanical system
itself. It should be emphasised, however, that this property of the frequency
depends on the assumption that the oscillations are small, and ceases to hold
in higher approximations. Mathematically, it depends on the fact that the
potential energy is a quadratic function of the co-ordinate.}

The energy of a system executing small oscillations is E = {mx2+ }kx?
=4m(%2+ w2x2) or, substituting (21.8),

E = lma?a®. (21.10)

It is proportional to the square of the amplitude.
The time dependence of the co-ordinate of an oscillating system is often
conveniently represented as the real part of a complex expression:

x = re[4 exp(iwt)], (21.11)
where 4 is a complex constant; putting
A = aexp(in), (21.12)

we return to the expression (21.8). The constant A is called the complex
amplitude; its modulus is the ordinary amplitude, and its argument is the
initial phase.

The use of exponential factors is mathematically simpler than that of
trigonometrical ones because they are unchanged in form by differentiation.

1 It therefore does not hold good if the function U(x) has at x = 0 a minimum of
higher order, i.e. U ~ x” with n > 2; see §11, Problem 2(a).



60 Small Oscillations §21

So long as all the operations concerned are linear (addition, multiplication
by constants, differentiation, integration), we may omit the sign re through-
out and take the real part of the final result.

PROBLEMS

ProBLEM 1. Express the amplitude and initial phase of the oscillations in terms of the
initial co-ordinate xo and velocity vo.

SOLUTION. a = 4/(x02+v0?/w?), tan & = —vo/ wxo.

ProBLEM 2. Find the ratio of frequencies w and o’ of the oscillations of two diatomic
molecules consisting of atoms of different isotopes, the masses of the atoms being mi, ma and
m’, ma’.

SoLUTION. Since the atoms of the isotopes interact in the same way, we have k = %’
The coefficients m in the kinetic energies of the molecules are their reduced masses. Accord-
ing to (21.6) we therefore have '

o fmyma(my’+my)
w my'ma'(m1+me)

ProBLEM 3. Find the frequency of oscillations of a particle of mass m which is free to
move along a line and is attached to a spring whose other end is fixed at a point 4 (Fig. 22)
at a distance / from the line. A force F is required to extend the spring to length /.

A
|
1
!
1
|
:L
i
i
]
1
1)
!
m X
Fic. 22

SorLuTioN. The potential energy of the spring is (to within higher-order terms) equal to
the force F multiplied by the extension 37 of the spring. For x < [ we have 8] = 4/ (I?+x%) —I
= x2/21, so that U = Fx2[2l. Since the kinetic energy is 3mx2, we have w = +/(F/ml).

PrOBLEM 4. The same as Problem 3, but for a particle of mass m moving on a circle of
radius r (Fig. 23).

Fic. 23
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SoruTioN. In this case the extension of the spring is (if ¢ < 1)
8l = o/ [r2+(I+7)2=2r(l+7) cos ¢1—1 = r(I+7)$%/2L
The kinetic energy is T = 3mr2$2, and the frequency is therefore w = +/[F(r+I)/mrl].

ProBLEM 5. Find the frequency of oscillations of the pendulum shown in Fig. 2 (§5),
whose point of support carries a mass mz and is free to move horizontally.

SoruTioN. For ¢ <€ 1 the formula derived in §14, Problem 3, gives
T = 3mimal242[(m1+ms), U = imagld?.
w = +/ [g(m1+mz)/mil].

ProBLEM 6. Determine the form of a curve such that the frequency of oscillations of a
particle on it under the force of gravity is independent of the amplitude.

Hence

SoLuTioN. The curve satisfying the given condition is one for which the potential energy
of a particle moving on it is U = }ks2, where s is the length of the arc from the position of
equilibrium. The kinetic energy T = #ms$?, where m is the mass of the particle, and the fre-
quency is then w = 4/(k/m) whatever the initial value of s.

In a gravitational field U = mgy, where y is the vertical co-ordinate. Hence we have
3ks2 = mgy or y = «%2%/2g. But ds? = dx2+4dy2, whence

x = [VI(ds/dy)2—1] dy = [+ [(g/2%)—1] dy.

The integration is conveniently effected by means of the substitution y = g(1 —cos £)/4w?,
which yields x = g(¢+sin ¢)/4 w2 These two equations give, in parametric form, the equation
of the required curve, which is a cycloid.

§22. Forced oscillations

Let us now consider oscillations of a system on which a variable external
force acts. These are called forced oscillations, whereas those discussed in
§21 are free oscillations. Since the oscillations are again supposed small, it
is implied that the external field is weak, because otherwise it could cause the
displacement x to take too large values.

The system now has, besides the potential energy 1kx2, the additional
potential energy U,(x, ) resulting from the external field. Expanding this
additional term as a series of powers of the small quantity x, we have
Ug(x, t) @ U0, t)+ x[0U,/0x]z_0. The first term is a function of time only,
and may therefore be omitted from the Lagrangian, as being the total time
derivative of another function of time. In the second term —[dU,/0x]s_0 is
the external “force” acting on the system in the equilibrium position, and
is a given function of time, which we denote by F(#). Thus the potential
energy involves a further term —«xF(¢), and the Lagrangian of the system
is

L = imx2—3kx2+xF(t). (22.1)
The corresponding equation of motion is mi+kx = F(¢) or
i+ w?x = F(t)/m, (22.2)

where we have again introduced the frequency @ of the free oscillations.
The general solution of this inhomogeneous linear differential equation
with constant coefficients is x = %o+ x1, where xo is the general solution of
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the corresponding homogeneous equation and x; is a particular integral of
the inhomogeneous equation. In the present case xo represents the free
oscillations discussed in §21.

Let us consider a case of especial interest, where the external force is itself
a simple periodic function of time, of some frequency y:

F(t) = f cos(yt+p). (22.3)

We seek a particular integral of equation (22.2) in the form x; = b cos(yt + B),
with the same periodic factor. Substitution in that equation gives
b = f/m(w2—4?); adding the solution of the homogeneous equation, we
obtain the general integral in the form

x = a cos(wt + )+ [f/m(w?—y2)] cos(yt+B). (22.4)

The arbitrary constants ¢ and « are found from the initial conditions.

Thus a system under the action of a periodic force executes a motion which
is a combination of two oscillations, one with the intrinsic frequency w of
the system and one with the frequency y of the force.

The solution (22.4) is not valid when resonance occurs, i.e. when the fre-
quency y of the external force is equal to the intrinsic frequency w of the
system. To find the general solution of the equation of motion in this case,
we rewrite (22.4) as

% = a cos(wt+ o) + [f/m(w?— y2)][cos(yt + B) — cos(wt + B)],

where a now has a different value. Asy — w, the second term is indetermin-
ate, of the form 0/0. Resolving the indeterminacy by L’Hospital’s rule, we
have

x = a cos(wt+ o)+ (f/2mw) t sin(wt +B). (22.5)

Thus the amplitude of oscillations in resonance increases linearly with the
time (until the oscillations are no longer small and the whole theory given
above becomes invalid).

Let us also ascertain the nature of small oscillations near resonance, when
y = w+e¢ with € a small quantity. We put the general solution in the com-
plex form

x = A exp(iwt)+ B exp[i(w+€)t] = [A+ B exp(iet)] exp(iwt).  (22.6)

Since the quantity A+ B exp(iet) varies only slightly over the period 2n/w
of the factor exp(iwt), the motion near resonance may be regarded as small
oscillations of variable amplitude.t Denoting this amplitude by C, we have
C = |A+ B exp(iet)|. Writing 4 and B in the form a exp(i«) and b exp(iB)
respectively, we obtain

C? = a2+ b2+ 2ab cos(et +B—a). (22.7)

1 The “constant’’ term in the phase of the oscillation also varies.
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Thus the amplitude varies periodically with frequency e between the limits
la—b| < C < a+b. This phenomenon is called beats.

The equation of motion (22.2) can be integrated in a general form for an
arbitrary external force F(t). This is easily done by rewriting the equation
as

—d—(a&+iwx)—iw(x+iwx) = lF(t)
dt om
or
d¢/dt —iwé = F(t)/m, (22.8)
where
¢ = a+iwx (22.9)

is a complex quantity. Equation (22.8) is of the first order. Its solution when
the right-hand side is replaced by zero is ¢ = 4 exp(iwt) with constant 4.
As before, we seek a solution of the inhomogeneous equation in the form
¢ = A(f) exp(iwt), obtaining for the function A(t) the equation A(t)
= F(t) exp(—iwt)/m. Integration gives the solution of (22.9):

t
&= exp(iwt){f %F(t) exp(—twt)dt+ & }, (22.10)
0

where the constant of integration & is the value of ¢ at the instant ¢ = 0.
This is the required general solution; the function x(t) is given by the imagin-
ary part of (22.10), divided by w.}

The energy of a system executing forced oscillations is naturally not con-
served, since the system gains energy from the source of the external field.
Let us determine the total energy transmitted to the system during all time,
assuming its initial energy to be zero. According to formula (22.10), with
the lower limit of integration — co instead of zero and with §(— o) = 0,
we have for t -

1 - 2
E()2 = ﬁl f F(t) exp(—iwt)dt | -

The energy of the system is
E = Im(#2+ ®?2) = Im|¢[2. (22.11)
Substituting |£(0) |2, we obtain the energy transferred:

1| F 2
- ——I f F(t) exp(—iwt)dt | ; (22.12)
2m

+ The force F(t) must, of course, be written in real form.
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it is determined by the squared modulus of the Fourier component of the
force F(t) whose frequency is the intrinsic frequency of the system.

In particular, if the external force acts only during a time short in com-
parison with 1/w, we can put exp(—iwt) =~ 1. Then

P ([ rour)

This result is obvious: it expresses the fact that a force of short duration
gives the system a momentum [ F d¢ without bringing about a perceptible
displacement.

PROBLEMS

ProBLEM 1. Determine the forced oscillations of a system under a force F(£) of the follow-
ing forms, if at time ¢ = O the system is at rest in equilibrium (x = % = 0): (a) F = F,,
a constant, (b) F = at, (c) F = Fo exp(—at), (d) F = Fy exp(—at) cos ft.

SoOLUTION. (a) x = (Fo/mw?)(1 —cos wt). The action of the constant force results in a dis-
placement of the position of equilibrium about which the oscillations take place.

(b) x = (a/mwd)(wt—sin wt).
(c) x = [Fo/m(w?+ o?)]lexp(—at) —cos wt+(a/w) sin wt].
(d) x = Fo{—(w2+a2—p2) cos wt+(a/w)(w2+e2+p2) sin wt+
+exp(— at)[( w2+ a2—B2) cos ft—2aB sin ft]}/m[(w?+ a2 —B2)2+4«282],
This last case is conveniently treated by writing the force in the complex form
F = Fo exp[(—«+if)t].

ProBLEM 2. Determine the final amplitude for the oscillations of a system under a force
which is zero for t < 0, Fot/T for 0 < t < T, and Fo for t > T (Fig. 24), if up to time
t = 0 the system is at rest in equilibrium.

F

o

T

Fic. 24
SoLuTIiON. During the interval 0 <+ < T the oscillations are determined by the initial
condition as x = (Fo/mT w3)(wt—sin wt). For t > T we seek a solution in the form
x = ¢1 cos w(t—T)+c2 sin w(t—T)+ Fo/mae?2.

The continuity of x and & at ¢ = T gives ¢1 = —(Fo/mT3) sin oT, ¢z = (Fo/mTw?) X
X (1 —cos wT). The amplitude is a = +/(c12+¢2?) = (2Fo/mT w?) sin 3 wT. This is the smaller,
the more slowly the force Fo is applied (i.e. the greater T).

ProBLEM 3. The same as Problem 2, but for a constant force Fo which acts for a finite
time T (Fig. 25).
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SoLuTION. As in Problem 2, or more simply by using formula (22.10). For ¢ > T we have
free oscillations about x = 0, and

T
&= ﬂexp(iwt)f exp(—iwt) dt
m
0

= .F_O[l —exp(—iwT)] exp(iwt).
iom

F

%

7
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The squared modulus of ¢ gives the amplitude from the relation [£|2 = a?w?. The result is
a = (2Fo/mw?) sin $wT.

ProOBLEM 4. The same as Problem 2, but for a force Fot/T which acts between ¢ = 0 and
t = T (Fig. 26).

F

)

7
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SoLUTION. By the same method we obtain
a = (Fo/Tmw®)V[w?T?2—2wT sin «T+2(1 —cos wT)].

ProBLEM 5. The same as Problem 2, but for a force Fy sin w¢ which acts between ¢t = 0
and t = T = 2n/w (Fig. 27).

F

7

N\
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SoLuTION. Substituting in (22.10) F(¢) = Fo sin wt = Fo[exp(iwt) —exp(—iwt)]/2{ and
integrating from 0 to T, we obtain a = Fon/mw?.
§23. Oscillations of systems with more than one degree of freedom

The theory of free oscillations of systems with s degrees of freedom is
analogous to that given in §21 for the case s = 1.

3*
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Let the potential energy of the system U as a function of the generalised
co-ordinates ¢; ( = 1, 2, ..., 5) have a minimum for ¢; = ¢4. Putting

Xi = qi—qio0 (23'1)
for the small displacements from equilibrium and expanding U as a function

of the x; as far as the quadratic terms, we obtain the potential energy as a
positive definite quadratic form

U=1 Z kikx,-xk, (23.2)
ik

where we again take the minimum value of the potential energy as zero.
Since the coefficients k;; and kz; in (23.2) multiply the same quantity x;xy,
it is clear that they may always be considered equal: &z = kg;.

In the kinetic energy, which has the general form Xa;x(q)digr (see (5.5)),
we put ¢; = gio in the coefficients a;; and, denoting asx(go) by mux, obtain
the kinetic energy as a positive definite quadratic form

3 Z MipXiXg. (233)
i,k

The coefficients m;;; also may always be regarded as symmetrical: m;; = myy.
Thus the Lagrangian of a system executing small free oscillations is

L = } > (massix— kixixr). (23.4)

ik
Let us now derive the equations of motion. To determine the derivatives
involved, we write the total differential of the Lagrangian:
dL = } > (ma; A+ mapsy dstg — Rapoes Ao — Ripxedcy).
ik

Since the value of the sum is obviously independent of the naming of the
suffixes, we can interchange 7 and k in the first and third terms in the paren-
theses. Using the symmetry of m;; and ki, we have

dL = Z(mikxkd&i—kikxk dxi).
Hence

OL|0%; = z MipXr, oLjox; = — zkikxk-
k k

Lagrange’s equations are therefore

Zmika'c'k+ kax}c =0 =12, s 8); (23.5)
k k

they form a set of s linear homogeneous differential equations with constant
coefficients.
As usual, we seek the s unknown functions xx(t) in the form

xx = Ay exp(iwt), (23.6)
where Ay, are some constants to be determined. Substituting (23.6) in the
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equations (23.5) and cancelling exp(iwt), we obtain a set of linear homo-
geneous algebraic equations to be satisfied by the Ap:

2(— wPmg+ kix)Ag = 0. (23.7)
k
If this system has non-zero solutions, the determinant of the coefficients
must vanish:
|kix — w?mir| = 0. (23.8)

This is the characteristic equation and is of degree s in w?. In general, it has
s different real positive roots w,2 (« = 1, 2, ..., s); in particular cases, some of
these roots may coincide. The quantities w, thus determined are the charac-
teristic frequencies or eigenfrequencies of the system.

It is evident from physical arguments that the roots of equation (23.8) are
real and positive. For the existence of an imaginary part of w would mean
the presence, in the time dependence of the co-ordinates xz (23.6), and so
of the velocities %y, of an exponentially decreasing or increasing factor. Such
a factor is inadmissible, since it would lead to a time variation of the total
energy E = U+ T of the system, which would therefore not be conserved.

The same result may also be derived mathematically. Multiplying equation
(23.7) by As* and summing over 7, we have X(—«w?m;+ ki) Ai* Ay = 0,
whence w? = ZkypA* A/ ZmixAi* Ax. The quadratic forms in the numerator
and denominator of this expression are real, since the coefficients ki and
m; are real and symmetrical: (ZkikAi*Ak)* = EkikAiAk* = ZkkiAiAk*
=2kixArA*. They are also positive, and therefore w? is positive.t

The frequencies w, having been found, we substitute each of them in
equations (23.7) and find the corresponding coefficients A. If all the roots
w, of the characteristic equation are different, the coeflicients Ay are pro-
portional to the minors of the determinant (23.8) with w = w,. Let these
minors be Ag,. A particular solution of the differential equations (23.5) is
therefore #x = AgaCa exp(iwat), where C, is an arbitrary complex constant.

The general solution is the sum of s particular solutions. Taking the real
part, we write

S
xp = re > Ap,C, exp(ingt) = > A0, (23.9)
a=1 a
where
0, = re[C, exp(iw,t)]. (23.10)

Thus the time variation of each co-ordinate of the system is a super-
position of s simple periodic oscillations @1, ®s, ..., @5 with arbitrary ampli-
tudes and phases but definite frequencies.

1 The fact that a quadratic form with the coefficients &z is positive definite is seen from
their definition (23.2) for real values of the variables. If the complex quantities Ax are written
explicitly as ax+ibx, we have, again using the symmetry of kix, Skixdi*Ax = Zku(as—ibi) X

X(ax+ibx) = Zkikaiax~+ Zkicbibr, which is the sum of two positive definite forms.
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The question naturally arises whether the generalised co-ordinates can be
chosen in such a way that each of them executes only one simple oscillation.
The form of the general integral (23.9) points to the answer. For, regarding
the s equations (23.9) as a set of equations for s unknowns ©,, we can
express 01, Oy, ..., @5 in terms of the co-ordinates xi, X, ..., ¥s. The
quantities @, may therefore be regarded as new generalised co-ordinates,
called mormal co-ordinates, and they execute simple periodic oscillations,
called normal oscillations of the system.

The normal co-ordinates @, are seen from their definition to satisfy the
equations

0,+ 0,20, = 0. (23.11)

This means that in normal co-ordinates the equations of motion become s
independent equations. The acceleration in each normal co-ordinate depends
only on the value of that co-ordinate, and its time dependence is entirely
determined by the initial values of the co-ordinate and of the corresponding
velocity. In other words, the normal oscillations of the system are completely
independent. :

It is evident that the Lagrangian expressed in terms of normal co-ordinates
is a sum of expressions each of which corresponds to oscillation in one dimen-
sion with one of the frequencies w,, i.e. it is of the form

L = >3m0~ 20,2, ‘ (23.12)

where the m, are positive constants. Mathematically, this means that the
transformation (23.9) simultaneously puts both quadratic forms—the kinetic
energy (23.3) and the potential energy (23.2)—in diagonal form.

The normal co-ordinates are usually chosen so as to make the coefficients
of the squared velocities in the Lagrangian equal to one-half. This can be
achieved by simply defining new normal co-ordinates Q, by

0, = v/m0,. (23.13)
Then
L= %Z(Qaz_ wazgaz)'

The above discussion needs little alteration when some roots of the charac-
teristic equation coincide. The general form (23.9), (23.10) of the integral of
the equations of motion remains unchanged, with the same number s of
terms, and the only difference is that the coefficients Ag, corresponding to
multiple roots are not the minors of the determinant, which in this case
vanish.}

+ The impossibility of terms in the general integral which contain powers of the time as
well as the exponential factors is seen from the same argument as that which shows that the
frequencies are real: such terms would violate the law of conservation of energy.
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Each multiple (or, as we say, degenerate) frequency corresponds to a number
of normal co-ordinates equal to its multiplicity, but the choice of these co-
ordinates is not unique. The normal co-ordinates with equal w, enter the
kinetic and potential energies as sums £(0,2 and £0,2 which are transformed
in the same way, and they can be linearly transformed in any manner which
does not alter these sums of squares.

The normal co-ordinates are very easily found for three-dimensional oscil-
lations of a single particle in a constant external field. Taking the origin of
Cartesian co-ordinates at the point where the potential energy U(x, y, ) is
a minimum, we obtain this energy as a quadratic form in the variables x, y, 3,
and the kinetic energy T = im(%2+y2+32) (where m is the mass of the
particle) does not depend on the orientation of the co-ordinate axes. We
therefore have only to reduce the potential energy to diagonal form by an
appropriate choice of axes. Then

L = m(i2+52 +52) — 1(kax® -+ koy®+ kgz2), (23.14)

and the normal oscillations take place in the x, y and 2 directions with fre-
quencies wy = 4/(k1/m), wz = 4/(ks/m), wg = 4/(ks/m). In the particular
case of a central field (ky = ks = ks = k, U = }kr?) the three frequencies
are equal (see Problem 3).

The use of normal co-ordinates makes possible the reduction of a problem
of forced oscillations of a system with more than one degree of freedom to a
series of problems of forced oscillation in one dimension. The Lagrangian of
the system, including the variable external forces, is

L=1ILo+ > Fu(tys (23.15)
k

where Ly is the Lagrangian for free oscillations. Replacing the co-ordinates
xy, by normal co-ordinates, we have

L =3 2(08~ ol0+ 2100w (23.16)
where we have put
fo(t) = %Fk(t)Aka/'\/ma.
The corresponding equations of motion

Qa + waZQaz = fm(t) (2317)

each involve only one unknown function Q,(2).

PROBLEMS

ProBLEM 1. Determine the oscillations of a system with two degrees of freedom whose
Lagrangian is L = $(%2+y2) — 1 wo?(x2+y2) + axy (two identical one-dimensional systems of
eigenfrequency wo coupled by an interaction ~ axy).
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SoruTtioN. The equations of motion are &+ wo?x = ay, § + wo®y = ax. The substitution
(23.6) gives

Axwo?—w?) = aAy, Ayfwo?— w?) = aAz. (¢))]
The characteristic equation is (wo®— w?)2 = «2, whence wi? = wo?—a, ws? = wo2+a. For
o = w1, the equations (1) give Az = Ay, and for w = wz, Az = —Ay. Hence x =

(O14+02)/v2, ¥y = (Q1—02)/v/2, the coefficients 1/4/2 resulting from the normalisation
of the normal co-ordinates as in equation (23.13).

For a € wo? (weak coupling) we have w1 & wo—4«, we = wo+4«. The variation of x
and y is in this case a superposition of two oscillations with almost equal frequencies, i.e.
beats of frequency wz— w1 = « (see §22). The amplitude of y is a minimum when that of x
is a maximum, and vice versa.

ProBLEM 2. Determine the small oscillations of a coplanar double pendulum (Fig. 1, §5).

SorurioN. For small oscillations (¢1 <€ 1, ¢2 < 1), the Lagrangian derived in §5, Problem
1, becomes

L = Y(my+ma2)12$1% + hmala2de® +malilodrda — 3(my +me)ghd12 — dmagloge®.
The equations of motion are
(m1+ma)lid1+malads+(m1+mse)gds = 0, Uud +lefotgpe = 0.
Substitution of (23.6) gives
Ax(my+mo)(g—ho?)—AzePmaly = 0, —Ailiw?+As(g—lw?) = 0.
The roots of the characteristic equation are

g
2mylal2

wy,0? =

{(m1+ma)(lL+B) + V/ (m1+m2)V [(m1+me) (L +12)2 —4milils]}.

As m; — oo the frequencies tend to the values v/ (g//1) and 1/ (g/lz), corresponding to indepen-
dent oscillations of the two pendulums.

ProBLEM 3. Find the path of a particle in a central field U = 3472 (called a space oscillator).

SOLUTION. As in any central field, the path lies in a plane, which we take as the xy-plane.
The variation of each co-ordinate x,y is a simple oscillation with the same frequency
@ = +/(klm): x=a cos(wt+a), y =05 cos(wt+P), or x =a cos ¢, y =b cos(¢+3)
= b cos 8cos ¢—bsin 8sin ¢, where ¢ = wt-+a, 8 = §—a. Solving for cos ¢ and sin $and
equating the sum of their squares to unity, we find the equation of the path:

x2 2 2x
EANid cos & = sin23,

@ b

This is an ellipse with its centre at the origin.t When & = 0 or =, the path degenerates to a
segment of a straight line.

§24. Vibrations of molecules

If we have a system of interacting particles not in an external field, not all
of its degrees of freedom relate to oscillations. A typical example is that of
molecules. Besides motions in which the atoms oscillate about their positions
of equilibrium in the molecule, the whole molecule can execute translational
and rotational motions.

Three degrees of freedom correspond to translational motion, and in general
the same number to rotation, so that, of the 3» degrees of freedom of a mole-
cule containing 7 atoms, 37 — 6 correspond to vibration. An exception is formed

+ 'The fact that the path in a field with potential energy U = $k#? is a closed curve has
already been mentioned in §14.
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by molecules in which the atoms are collinear, for which there are only two
rotational degrees of freedom (since rotation about the line of atoms is of no
significance), and therefore 3n—35 vibrational degrees of freedom.

In solving a mechanical problem of molecular oscillations, it is convenient
to eliminate immediately the translational and rotational degrees of freedom.
The former can be removed by equating to zero the total momentum of the
molecule. Since this condition implies that the centre of mass of the molecule
is at rest, it can be expressed by saying that the three co-ordinates of the
centre of mass are constant. Putting r, = r,0+u,, where rqo is the radius
vector of the equilibrium position of the ath atom, and u, its deviation from
this position, we have the condition Xmqar, = constant = Xmgtgo or

ZMaua = 0. (24'.1)

To eliminate the rotation of the molecule, its total angular momentum
must be equated to zero. Since the angular momentum is not the total time
derivative of a function of the co-ordinates, the condition that it is zero can-
not in general be expressed by saying that some such function is zero. For
small oscillations, however, this can in fact be done. Putting again
r, = rgo+u, and neglecting small quantities of the second order in the
displacements ug, we can write the angular momentum of the molecule as

M = Z Moty XVa jad Z MaXe0 x{la = (d/dt) Z MaX a0 X Ug.
The condition for this to be zero is therefore, in the same approximation,

S Matao X Ug = 0, (24.2)

in which the origin may be chosen arbitrarily.

The normal vibrations of the molecule may be classified according to the
corresponding motion of the atoms on the basis of a consideration of the sym-
metry of the equilibrium positions of the atoms in the molecule. There is
a general method of doing so, based on the use of group theory, which we
discuss elsewhere.t Here we shall consider only some elementary examples.

If all » atoms in a molecule lie in one plane, we can distinguish normal
vibrations in which the atoms remain in that plane from those where they
do not. The number of each kind is readily determined. Since, for motion
in a plane, there are 2n degrees of freedom, of which two are translational
and one rotational, the number of normal vibrations which leave the atoms
in the plane is 2n—3. The remaining (37— 6)—(2n—3) = n—3 vibrational
degrees of freedom correspond to vibrations in which the atoms move out
of the plane.

For a linear molecule we can distinguish longitudinal vibrations, which
maintain the linear form, from vibrations which bring the atoms out of line.
Since a motion of 7 particles in a line corresponds to n degrees of freedom,
of which one is translational, the number of vibrations which leave the atoms

t See Quantum Mechanics, §100, Pergamon Press, Oxford 1965.
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in line is n— 1. Since the total number of vibrational degrees of freedom of a
linear molecule is 3n—5, there are 2n—4 which bring the atoms out of line.
These 2n—4 vibrations, however, correspond to only n—2 different fre-
quencies, since each such vibration can occur in two mutually perpendicular
planes through the axis of the molecule. It is evident from symmetry that
each such pair of normal vibrations have equal frequencies.

PROBLEMS*?

ProBLEM 1. Determine the frequencies of vibrations of a symmetrical linear triatomic
molecule ABA (Fig. 28). It is assumed that the potential energy of the molecule depends
only on the distances AB and B4 and the angle ABA.

3 [4 2 L |
4 8 A4

Fic. 28

SoruTiOoN. The longitudinal displacements_ &1, x2, x3 of the atoms are related, according
to (24.1), by ma(x1+x3) +mpx2 = 0. Using this, we eliminate x from the Lagrangian of the
longitudinal motion

L = 3ma(%12+%32) +3mpre® —3ki[(x1 —x2)2 + (x3—x2)?],
and use new co-ordinates Qa = ¥1-+x3, Qs = X1—x3. The result is

o 28 '_Qe

pmA kw

__95;

where p = 2ma+mp is the mass of the molecule. Hence we see that Qg and Qs are normal
co-ordinates (not yet normalised). The co-ordinate Q, corresponds to a vibration anti-
symmetrical about the centre of the molecule (x1 = x3; Fig. 28a), with frequency
wg = v/ (kip/mamp). The co-ordinate Qs corresponds to a symmetrical vibration (x1 = —x3;
Fig. 28b), with frequency ws1 = +/(k1/ma).

The transverse displacements y1, ¥2, ¥3 of the atoms are, according to (24.1) and (24.2),
related by ma(y1+ys)+mays = 0, y1 = y3 (a symmetrical bending of the molecule; Fig. 28¢c).
The potential energy of this vibration can be written as 4k2/232, where 8 is the deviation of the
angle ABA from the value 7, given in terms of the displacements by § = [(y1—y2) +(y3 —y2)]/I.
Expressing y1, ¥2, y3 in terms of 8, we obtain the Lagrangian of the transverse motion:

L = tma(y12+y3%) +3mpys2 — 3kel?82
_ MAmB —1kol282,
4p
whence the frequency is wsz = 4/ (2kep/mams).

1 Calculations of the vibrations of more complex molecules are given by M. V. VoL ’KENSH~
TEIN, M. A. EL’vasHEvICH and B. 1. STEPANOV, Molecular Vibrations (Kolebaniya molekul),
Moscow 1949; G. HEerzBerG, Molecular Spectra and Molecular Structure: Infra-red and
Raman Spectra of Polyatomic Molecules, Van Nostrand, New York 1945,
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ProBLEM 2. The same as Problem 1, but for a triangular molecule ABA (Fig. 29).

Y

N

N
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[
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SoLuTION. By (24.1) and (24.2) the x and y components of the displacements u of the
atoms are related by

ma(x1+xs)+mpxz = 0,
ma(y1+ys)+mpyz = 0,
(y1—y3) sin a—(x1+x3) cos & = 0,

The changes 8l and 3l2 in the distances AB and B4 are obtained by taking the components
along these lines of the vectors u1—uz and Uz —uz:

3l = (x1—xg) sin a--(y1—y2) cos ¢,

3ly = —(x3—x2) sin a+(y3—ys2) cos a.
The change in the angle ABA is obtained by taking the components of those vectors per-
pendicular to 4B and BA:

1 1
= 7[(x1—x2) cos a—(y1—y2) sin a]+7[—(xs—x2) cos a—(y3—ys) sin a].

The Lagrangian of the molecule is
L = }ma(tu? +03?) +3mpis® — 3k (312 + 81s%) — $kal?82.

We use the new co-ordinates Qs = %143, gs1 = x1—x3, ¢s2 = y1-+ys. The components
of the vectors u are given in terms of these co-ordinates by x1 = }(Qa+¢s1), X3 = 3(Qa—qa),

vg = —maQalmp, 31 = Hgsa+Qacot @), y3 = }(ge2—Qa cot @), y2 = —magsz/ms. The
Lagrangian becomes
2m 1 . m
L= :’fmA( 4 +— )Qa2+%mAtjsxz+ pra gsa?—
mg sin2a 4mp
2 1 2
-—%leaz( ma + — 5 )(1 + ma sinzot) -
mp sin%a« mB

2
—3g51%(k1 sin?a+2k2 cos?a) ——};qwzf?(kl cos2a+-2kz sin2a) -+
B

+Qs1qm—p—(2kz—k1) sin « cos «.
2mp
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Hence we see that the co-ordinate Qg corresponds to a normal vibration antisymmetrical
about the y-axis (¥1 = x3, y1 = —y3; Fig. 29a) with frequency

k1 2ma
wg = A/ [—(1+ sinZa )]
m4 mp
The co-ordinates g¢s1, ¢s2 together correspond to two vibrations symmetrical about the

y-axis (x1 = —uxs, y1 = y3; Fig. 29b, c), whose frequencies ws1, ws2 are given by the roots
of the quadratic (in @?) characteristic equation

k 2
w4—w2[——i(1+ 2ma c052a>+ 2—k2(1+ "4
ms

ma mp m4

2ukik
sina )] 4 SRR
ma’mp

When 2« = =, all three frequencies become equal to those derived in Problem 1.

ProBLEM 3. The same as Problem 1, but for an unsymmetrical linear molecule ABC
(Fig. 30).

3 & 2 L !
c 8 A
Fic. 30

SoLutioN. The longitudinal (x) and transverse (¥) displacements of the atoms are related
by
max1+mpxs+mexs = 0, may1+mpys+mcys = 0,
mal1y1 = mclays.

The potential energy of stretching and bending can be written as 3%1(511)2 +k1'(8l2)2+ 3k21252,
where 2! = I14-I5. Calculations similar to those in Problem 1 give

ksl 52 12 472
A )
112152

for the transverse vibrations and the quadratic (in w2) equation

1 1 1 kiky’
w4—w2[k1(—1-—- + _) +k1f(_~_ + __)] + Mk 0

ma mg, mpB mce mampmc

Wy =
mc ma mB

for the frequencies w1, wiz of the longitudinal vibrations.

§25. Damped oscillations

So far we have implied that all motion takes place in a vacuum, or else that
the effect of the surrounding medium on the motion may be neglected. In
reality, when a body moves in a medium, the latter exerts a resistance which
tends to retard the motion. The energy of the moving body is finally dissipated
by being converted into heat.

Motion under these conditions is no longer a purely mechanical process,
and allowance must be made for the motion of the medium itself and for the
internal thermal state of both the medium and the body. In particular, we
cannot in general assert that the acceleration of a moving body is a function
only of its co-ordinates and velocity at the instant considered; that is, there
are no equations of motion in the mechanical sense. Thus the problem of the
motion of a body in a medium is not one of mechanics.

There exists, however, a class of cases where motion in 2 medium can be
approximately described by including certain additional terms in the
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mechanical equations of motion. Such cases include oscillations with fre-
quencies small compared with those of the dissipative processes in the
medium. When this condition is fulfilled we may regard the body as being
acted on by a force of friction which depends (for a given homogeneous
medium) only on its velocity.

If, in addition, this velocity is sufficiently small, then the frictional force
can be expanded in powers of the velocity. The zero-order term in the expan-
sion is zero, since no friction acts on a body at rest, and so the first non-
vanishing term is proportional to the velocity. Thus the generalised frictional
force fir acting on a system executing small oscillations in one dimension
(co-ordinate x) may be written fir = — a#, where « is a positive coefficient
and the minus sign indicates that the force acts in the direction opposite to
that of the velocity. Adding this force on the right-hand side of the equation
of motion, we obtain (see (21.4))

mE = —kx—ox. (25.1)

We divide this by = and put
kim = w2, o/m = 2X (25.2)
oy is the frequency of free oscillations of the system in the absence of friction,

and A is called the damping coefficient or damping decrement.}
Thus the equation is

4205+ wo?x = 0. (25.3)
We again seek a solution x = exp(rt) and obtain 7 for the characteristic
equation 72+2Xr+wo? = 0, whence 712 = —A+4/(A2—wo?). The general

solution of equation (25.3) is
x = ¢1 exp(rit) + c2 exp(rat).

Two cases must be distinguished. If A < wo, we have two complex con-
jugate values of 7. The general solution of the equation of motion can then

be written as
x = re{4 exp[— M +ir/(wo? — A2)t]},

where A is an arbitrary complex constant, or as
x = a exp(—Af) cos(wt +a), (25.4)

with @ = 4/(we2— ) and @ and « real constants. The motion described by
these formulae consists of damped oscillations. It may be regarded as being
harmonic oscillations of exponentially decreasing amplitude. The rate of
decrease of the amplitude is given by the exponent A, and the “frequency”
w is less than that of free oscillations in the absence of friction. For A € w,
the difference between w and wq is of the second order of smallness. The
decrease in frequency as a result of friction is to be expected, since friction
retards motion.

+ The dimensionless product AT (where T' = 27/ w is the period) is called the logarithmic
damping decrement.
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If X € wo, the amplitude of the damped oscillation is almost unchanged
during the period 2m/w. It is then meaningful to consider the mean values
(over the period) of the squared co-ordinates and velocities, neglecting the
change in exp(— At) when taking the mean. These mean squares are evidently
proportional to exp(—2Az). Hence the mean energy of the system decreases
as

E = Epexp(—2Xt), (25.5)

where Ej is the initial value of the energy.
Next, let A > wo. Then the values of 7 are both real and negative. The
general form of the solution is

x = 1 exp{—[A—1/(A2 — we?)]t} + ca exp{— [A+ /(X2 - wo?)]t}.  (25.6)

We see that in this case, which occurs when the friction is sufficiently strong,
the motion consists of a decrease in |x|, i.e. an asymptotic approach (as ¢ — o0)
to the equilibrium position. This type of motion is called aperiodic damping.
Finally, in the special case where A = wy, the characteristic equation has
the double root 7 = — ). The general solution of the differential equation is

then
x = (c1+cot) exp(—Xe). ' (25.7)

This is a special case of aperiodic damping.

For a system with more than one degree of freedom, the generalised
frictional forces corresponding to the co-ordinates x; are linear functions of
the velocities, of the form

firg = — 2 o (25.8)
k

From purely mechanical arguments we can draw no conclusions concerning
the symmetry properties of the coefficients «;j; as regards the suffixes 7 and
k, but the methods of statistical physicst make it possible to demonstrate
that in all cases

Wk = Oi. (25.9)
Hence the expressions (25.8) can be written as the derivatives
S = — 0F|0%; (25.10)
of the quadratic form ,
F = 12=i AipXiXE, (25.11)
P

which is called the dissipative function.
The forces (25.10) must be added to the right-hand side of Lagrange’s

equations:
d /oL oL oF
= (__) el (25.12)

0%; Ox; 0%y )

T See Statistical Physics, §123, Pergamon Press, Oxford 1969.
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The dissipative function itself has an important physical significance: it
gives the rate of dissipation of energy in the system. This is easily seen by
calculating the time derivative of the mechanical energy of the system. We
have

dE d oL
—_— = —| D>a—-L
dz dz . 0%
({drfoL 3L)
S SH(E[E]-
z de L o%; 0x;
_OF
= — D>xi—.
~ 0%y
K]

Since F is a quadratic function of the velocities, Euler’s theorem on homo-
geneous functions shows that the sum on the right-hand side is equal to 2F.

Thus
dE/dt = —2F, (25.13)

i.e. the rate of change of the energy of the system is twice the dissipative
function. Since dissipative processes lead to loss of energy, it follows that
F > 0, i.e. the quadratic form (25.11) is positive definite.

The equations of small oscillations under friction are obtained by adding
the forces (25.8) to the right-hand sides of equations (23.5):

S mudv+ 2 ki = — O, %k (25.14)
k k k

Putting in these equations x; = Ay exp(rt), we obtain, on cancelling exp(t),
a set of linear algebraic equations for the constants Ag:

> (migr®+ oy + ki) A = 0. (25.15)
k

Equating to zero their determinant, we find the characteristic equation, which
determines the possible values of 7:
1mi/¢72+ ar? + k| = 0. (25.16)
This is an equation in 7 of degree 2s. Since all the coefficients are real,
its roots are either real, or complex conjugate pairs. The real roots must be
negative, and the complex roots must have negative real parts, since other-
wise the co-ordinates, velocities and energy of the system would increase
exponentially with time, whereas dissipative forces must lead to a decrease
of the energy.

§26. Forced oscillations under friction

The theory of forced oscillations under friction is entirely analogous to
that given in §22 for oscillations without friction. Here we shall consider
in detail the case of a periodic external force, which is of considerable interest.
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Adding to the right-hand side of equation (25.1) an external force f cos yt
and dividing by m, we obtain the equation of motion:

&+2XM+ wo?x = (f]m) cos yt. (26.1)

The solution of this equation is more conveniently found in complex form,
and so we replace cos y on the right by exp(iy?):

F4+ 20+ wox = (f|/m) exp(iyt).

We seek a particular integral in the form x = B exp(iy?), obtaining for B

the value
B = fim(wo®—y2+ 2idy). (26.2)

Writing B = b exp(#5), we have
b = flmr/[(wo®—9?)2+4X%2], tand = 2Xy/(y2— wo?). (26.3)

Finally, taking the real part of the expression B exp(éyt) = b exp[i(yt+96)],
we find the particular integral of equation (26.1); adding to this the general
solution of that equation with zero on the right-hand side (and taking for
definiteness the case wg > A), we have

x = a exp(—At) cos(wt+ o)+ b cos(yt+8). (26.4)

The first term decreases exponentially with time, so that, after a sufficient
time, only the second term remains:

x = b cos(yt+39). (26.5)

The expression (26.3) for the amplitude b of the forced oscillation increases
as y approaches wo, but does not become infinite as it does in resonance
without friction. For a given amplitude f of the force, the amplitude of the
oscillations is greatest when y = 4/(wo?—2)%); for A € wy, this differs from
wo only by a quantity of the second order of smallness.

Let us consider the range near resonance, putting y = wo+e€ with € small,
and suppose also that A < wo. Then we can approximately put, in (26.2),
y2—wo? = (y+ wo)(y — wo) = 2woe, 2y =~ 2idwy, so that

= —f/2m(e—iNw, (26.6)
or

b = f2mwor/(2+X2),  tans = Ne. (26.7)

A property of the phase difference 8 between the oscillation and the external
force is that it is always negative, i.e. the oscillation “lags behind” the force.
Far from resonance on the side y < wg, § - 0; on the side y > wyp, § — — .
The change of 8 from zero to — takes place in a frequency range near wp
which is narrow (of the order of A in width); 8 passes through — i when
y = wo. In the absence of friction, the phase of the forced oscillation changes
discontinuously by 7 at y = wo (the second term in (22.4) changes sign);
when friction is allowed for, this discontinuity is smoothed out.
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In steady motion, when the system executes the forced oscillations given
by (26.5), its energy remains unchanged. Energy is continually absorbed by
the system from the source of the external force and dissipated by friction.
Let I(y) be the mean amount of energy absorbed per unit time, which depends
on the frequency of the external force. By (25.13) we have I(y) = 2F, where
F is the average value (over the period of oscillation) of the dissipative func-
tion. For motion in one dimension, the expression (25.11) for the dissipative
function becomes F = }ax? = Amx2. Substituting (26.5), we have

F = nb2y2 sin(yt +8).

The time average of the squared sine is %, so that
I(y) = Amb2y2. (26.8)
Near resonance we have, on substituting the amplitude of the oscillation

from (26.7),

I(€) = f2\[4m(2+22). (26.9)
This is called a dispersion-type frequency dependence of the absorption.
The half-width of the resonance curve (Fig. 31) is the value of |¢| for which
I(e) is half its maximum value (¢ = 0). It is evident from (26.9) that in the

present case the half-width is just the damping coefficient A. The height of
the maximum is I(0) = f2/4m), and is inversely proportional to A. Thus,

ro
|

Fic. 31

when the damping coefficient decreases, the resonance curve becomes more
peaked. The area under the curve, however, remains unchanged. This area
is given by the integral

[ 1) &y = [ 1) de.
0 —w,

Since I(¢) diminishes rapidly with increasing le|, the region where [e]| is
large is of no importance, and the lower limit may be replaced by — oo, and
I(€) taken to have the form given by (26.9). Then we have

) de = — == .
4m J 2422 4m

J' K A _de P (26.10)
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PROBLEM

Determine the forced oscillations due to an external force f = fo exp(at) cos y¢ in the
presence of friction.

SoruTioN. We solve the complex equation of motion
X425+ wox = (fo/m) exp(ut+iyt)
and then take the real part. The result is a forced oscillation of the form

x = b exp(«t) cos(yt+3),
where

b = folmy/ [(wo?+ a2 —y2+20A)2 +4y2(x+2)2],
tan § = —2p(a+A)/(wo—y2+ a242ad).

§27. Parametric resonance

There exist oscillatory systems which are not closed, but in which the
external action amounts only to a time variation of the parameters.t

The parameters of a one-dimensional system are the coeflicients m and k&
in the Lagrangian (21.3). If these are functions of time, the equation of
motion is

d
S (me) +hx = 0. (27.1)

We introduce instead of ¢ a’ new independent variable = such that
dr = dt/m(t); this reduces the equation to

d2x/dr2 +mkx = 0.

There is therefore no loss of generality in considering an equation of motion
of the form

d2x/de2 + w(t)x = 0 (27.2)

obtained from (27.1) if m = constant.

The form of the function w(?) is given by the conditions of the problem.
Let us assume that this function is periodic with some frequency y and period
T = 2n[y. This means that w(t+ T) = w(t), and so the equation (27.2) is
invariant under the transformation ¢ — ¢+ T. Hence, if x(¢) is a solution of
the equation, so is x(¢+ T'). That is, if x1(f) and x2(f) are two independent
integrals of equation (27.2), they must be transformed into linear combina-
tions of themselves when ¢ is replaced by ¢+ 7' It is possiblef to choose x;
and x2 in such a way that, when ¢ — ¢+ T, they are simply multiplied by

t A simple example is that of a pendulum whose point of support executes a given periodic
motion in a vertical direction (see Problem 3).

} This choice is equivalent to reducing to diagonal form the matrix of the linear trans-
formation of x1(¢) and x2(z), which involves the solution of the corresponding quadratic
secular equation. We shall suppose here that the roots of this equation do not coincide.
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constants: x1(t+ T) = paxi(f), x2(¢+ T) = pexa(t). The most general functions
having this property are

x(t) = p/TI(D),  xa(t) = ot TTIa(), (273)

where IT3(t), IIo(¢) are purely periodic functions of time with period T.

The constants 3 and p2 in these functions must be related in a certain way.
Multiplying the equations #; +@2(f)x; = 0, Z2+w(t)xz = 0 by x2 and x
respectively and subtracting, we have &1x2 —#2x1 = d(¥1%2—x1%2)dz = 0, or

&1x2— x1X2 = constant. (27.4)

For any functions x:(t), x2(t) of the form (27.3), the expression on the left-
hand side of (27.4) is multiplied by piue when ¢ is replaced by ¢+ T. Hence
it is clear that, if equation (27.4) is to hold, we must have

papz = 1. (27.5)

Further information about the constants uj, ue can be obtained from the
fact that the coefficients in equation (27.2) are real. If x(¢) is any integral of
such an equation, then the complex conjugate function x*(z) must also be
an integral. Hence it follows that p1, p2 must be the same as p1*, po*, i.e.
either w3 = po* or ui and pe are both real. In the former case, (27.5) gives
p1 = 1/m*, ie. juaf2 = |p2f2 = 1: the constants py and pe are of modulus
unity.

In the other case, two independent integrals of equation (27.2) are

w(t) = pTI(e),  xo(t) = pT1I(2), (27.6)

with a positive or negative real value of p (ju| # 1). One of these functions
(%1 or x2 according as |u| > 1 or |u| < 1) increases exponentially with time.
This means that the system at rest in equilibrium (x = 0) is unstable: any
deviation from this state, however small, is sufficient to lead to a rapidly
increasing displacement x. This is called parametric resonance.

It should be noticed that, when the initial values of x and % are exactly
zero, they remain zero, unlike what happens in ordinary resonance (§22),
in which the displacement increases with time (proportionally to ) even from
initial values of zero.

Let us determine the conditions for parametric resonance to occur in the
important case where the function w(z) differs only slightly from a constant
value wq and is a simple periodic function:

@?(t) = wo?(1+4 cosyt), (27.7)

where the constant 2 < 1; we shall suppose % positive, as may always be
done by suitably choosing the origin of time. As we shall see below, para-
metric resonance is strongest if the frequency of the function w(t) is nearly
twice wo. Hence we put y = 2wg+ ¢, where € € wo.
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The solution of equation of motiont

&+ we?[1+A cos(Zwo+€)t]x = 0 (27.8)
may be sought in the form
x = a(t) cos(wo +3€)t+ b(t) sin(wo +}e)t, (27.9)

where a(t) and b(t) are functions of time which vary slowly in comparison
with the trigonometrical factors. This form of solution is, of course, not
exact. In reality, the function x(¢) also involves terms with. frequencies which
differ from wo+ e by integral multiples of 2wo+ ¢; these terms are, how-
ever, of a higher order of smallness with respect to /4, and may be neglected
in a first approximation (see Problem 1).

We substitute (27.9) in (27.8) and retain only terms of the first order in
e, assuming that d ~ ea, b ~ eb; the correctness of this assumption under
resonance conditions is confirmed by the result. The products of trigono-
metrical functions may be replaced by sums:

cos(wo+3€)t . cos(2wp+ €)t = £ cos 3(wo+ )t +3 cos(wp +Le)t,

etc., and in accordance with what was said above we omit terms with fre-
quency 3(wo+ %¢). The result is

—(2a+ be+thwob)wp sin(wo + €)t + (217 — ae +Lhwoa)wg cos(wp+4e)t = 0.

If this equation is to be justified, the coefficients of the sine and cosine must
both be zero. This gives two linear differential equations for the functions
a(t) and b(¢). As usual, we seek solutions proportional to exp(st). Then
sa+3(e+3hwo)b = 0, (e —Lhwo)a—sb = 0, and the compatibility condition
for these two algebraic equations gives

$2 = 1[(Shawo)2— 2. (27.10)

The condition for parametric resonance is that s is real, i.e. s2 > 0.f Thus
parametric resonance occurs in the range

—Lhawo < € < Shap (27.11)

on either side of the frequency 2wq.|| The width of this range is proportional
to 4, and the values of the amplification coefficient s of the oscillations in the
range are of the order of % also.

Parametric resonance also occurs when the frequency y with which the
parameter varies is close to any value 2wo/n with # integral. The width of the

1 An equation of this form (with arbitrary ¥ and %) is called in mathematical physics
Mathiew’s equation.

1 The constant p in (27.6) is related to s by p = — exp(sm/wo); when ¢t is replaced by
t+2m/2 wo, the sine and cosine in (27.9) change sign.

Il If we are interested only in the range of resonance, and not in the values of s in that
range, the calculations may be simplified by noting that s = 0 at the ends of the range, i.e.
the coefficients @ and b in (27.9) are constants. This gives immediately € = *+3Awo as in
(27.11).
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resonance range (region of instability) decreases rapidly with increasing =,
however, namely as A# (see Problem 2, footnote). The amplification co-
efficient of the oscillations also decreases.

The phenomenon of parametric resonance is maintained in the presence
of slight friction, but the region of instability becomes somewhat narrower.
As we have seen in §25, friction results in a damping of the amplitude of
oscillations as exp(— Af). Hence the amplification of the oscillations in para-
metric resonance is as exp[(s— A)¢] with the positive s given by the solution
for the frictionless case, and the limit of the region of instability is given by
the equation s— A = 0. Thus, with s given by (27.10), we have for the resonance
range, instead of (27.11),

—V[(Fhao)2 —4X2] < € < /[(Ghewo)?— 4] (27.12)

It should be noticed that resonance is now possible not for arbitrarily
small amplitudes %, but only when % exceeds a “threshold” value Z#x. When
(27.12) holds, Az = 4A/wo. It can be shown that, for resonance near the fre-
quency 2wo/n, the threshold &y is proportional to AL/?, i.e. it increases with .

PROBLEMS

ProsLEM 1. Obtain an expression correct as far as the term in 2 for the limits of the region
of instability for resonance near y = 2wa.

SoLuTIoN. We seek the solution of equation (27.8) in the form

x = ao cos(wo+3e)t+bo sin(wo+3e)t+a1 cos 3(wo+ie)t+b1 sin 3(wo+3e)t,

which includes terms of one higher order in % than (27.9). Since only the limits of the region
of instability are required, we treat the coefficients ao, be, a1, b1 as constants in accordance
with the last footnote. Substituting in (27.8), we convert the products of trigonometrical
functions into sums and omit the terms of frequency 5(wo+3¢) in this approximation. The
result is

[ —ao( woe +%€2) + thwoao+3hwolai] cos(wo+3e)t+
+[—bo(woe+31e2) —thwolbo+3hwo?b1] sin(wo+3e)t+
+ [3hwo2a0 —8 wo2a1] cos 3(wo-t3e)t+
+ [3h wo?bo —8 wo2b1] sin 3(wo+3e)t = 0.

In the terms of frequency wo- %€ we retain terms of the second order of smallness, but in
those of frequency 3(wo-%€) only the first-order terms. Each of the expressions in brackets
must separately vanish. The last two give a1 = kaof16, by = hbo/16, and then the first two
give woet thwo?4-1e2—h2we?(32 = 0.

Solving this as far as terms of order 42, we obtain the required limits of €:

€ = *3thwo—h2wo/32.
ProBLEM 2. Determine the limits of the region of instability in resonance near y = wo.
SOLUTION. Putting y = wo+¢, we obtain the equation of motion
%+ wo2[1+h cos(wo+e)t]x = 0.
Since the required limiting values of € ~ A2, we seek a solution in the form
x = ao cos(wo+s)t+bp sin(wo+€)t+ai1 cos 2(wo+e)t+b1 sin 2(wo+e)t 1,
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which includes terms of the first two orders. To determine the limits of instability, we again
treat the coefficients as constants, obtaining
[ —2 woeao+3hwoa1+hwo?e1] cos(wo-+te€)t+
+ [—2 woebo+ 4k wo?b1] sin(wo+-€)z+
+[—3 woa1+3hwo?ao] cos 2(wo+e€)t+
+[ —3 wob1+ 1A wo?bo] sin 2(wo+€)t+ [c1wo2 +2hwoa0] = 0.
Hence a1 = hao/6, by = hbo[6, c1 = —3}hao, and the limits aret € = —5h%wo/24, € = h2wo/24.

ProBLEM 3. Find the conditions for parametric resonance in small oscillations of a simple
pendulum whose point of support oscillates vertically.

SorutioN. The Lagrangian derived in §5, Problem 3(c), gives for small oscillations
(¢ <€ 1) the equation of motion $ + wo?[1+(4afl) cos(2wo+€)t]¢ = 0, where wo? = g/l.
Hence we see that the parameter % is here represented by 4a/l. The condmon (27.11), for
example, becomes |¢| < 2a+/(g/I3).

§28. Anharmonic oscillations

The whole of the theory of small oscillations discussed above is based on
the expansion of the potential and kinetic energies of the system in terms of
the co-ordinates and velocities, retaining only the second-order terms. The
equations of motion are then linear, and in this approximation we speak of
linear oscillations. Although such an expansion is entirely legitimate when
the amplitude of the oscillations is sufficiently small, in higher approxima-
tions (called ankarmonic or non-linear oscillations) some minor but qualitatively
different properties of the motion appear.

Let us consider the expansion of the Lagrangian as far as the third-order
terms. In the potential energy there appear terms of degree three in the co-
ordinates x;, and in the kinetic energy terms containing products of velocities
and co-ordinates, of the form #;¥zx;. This difference from the previous
expression (23.3) is due to the retention of terms linear in x in the expansion
of the functions a;;(¢g). Thus the Lagrangian is of the form

L =} (mudadp — kxier) +

+§ 2 matiinni— % D, lxonen, (28.1)
Lkl ikl

where nx;, I;;; are further constant coefficients.

If we change from arbitrary co-ordinates x; to the normal co-ordinates O,
of the linear approximation, then, because this transformation is linear, the
third and fourth sums in (28.1) become similar sums with Q, and Q, in place

1 Generally, the width Ae of the region of instability in resonance near the frequency
2wo/n is given by
Ae = n2n=3hm 0o /230-1[(n—1)1]2,
a result due to M. BELL (Proceedings of the Glasgow Mathematical Association 3, 132, 1957).
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of the co-ordinates x; and the velocities ;. Denoting the coefficients in these
new sums by A,p, and p,p,, we have the Lagrangian in the form

L=1502-0202+h 5 %p0.000,~F 5 10040, (282)
P By by -
We shall not pause to write out in their entirety the equations of motion
derived from this Lagrangian. The important feature of these equations is
that they are of the form

0.+ 020, = (0,0, 0), (28.3)

where f, are homogeneous functions, of degree two, of the co-ordinates O
and their time derivatives.

. Using the method of successive approximations, we seek a solution of
these equations in the form

0. = 0.9+ 0.2, (28.4)

where Q,® < Q,1), and the Q,0 satisfy the ‘“unperturbed” equations
0,V + w20, = 0, ie. they are ordinary harmonic oscillations:

0,0 = a, cos(w,t+a,). (28.5)

Retaining only the second-order terms on the right-hand side of (28.3) in
the next approximation, we have for the Q,® the equations

0.9+ 0,20,® = £,(09, 0w, OW), (28.6)

where (28.5) is to be substituted on the right. This gives a set of inhomo-
geneous linear differential equations, in which the right-hand sides can be
represented as sums of simple periodic functions. For example,

0. 90,0 = a,az cos(wyt+a,) cos(wgt +ag)
= Ya,a,{cos[(w, + wg)t + o+ o5] + COS[(wy — wg)t + oty —0tp]}

Thus the right-hand sides of equations (28.6) contain terms corresponding
to oscillations whose frequencies are the sums and differences of the eigen-
frequencies of the system. The solution of these equations must be sought
in a form involving similar periodic factors, and so we conclude that, in the
second approximation, additional oscillations with frequencies

Wy i wﬂs (28.7)

including the double frequencies 2w, and the frequency zero (corresponding
to a constant displacement), are superposed on the normal oscillations of the
system. These are called combination frequencies. The corresponding ampli-
tudes are proportional to the products a,a, (or the squares a,2) of the cor-
responding normal amplitudes.

In higher approximations, when further terms are included in the expan-
sion of the Lagrangian, combination frequencies occur which are the sums
and differences of more than two w,; and a further phenomenon also appears.
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In the third approximation, the combination frequencies include some which
coincide with the original frequencies w, (= w,+w;—w;). When the method
described above is used, the right-hand sides of the equations of motion there-
fore include resonance terms, which lead to terms in the solution whose
amplitude increases with time. It is physically evident, however, -that the
magnitude of the oscillations cannot increase of itself in a closed system
with no external source of energy.

In reality, the fundamental frequencies w, in higher approximations are
not equal to their “unperturbed” values w,©) which appear in the quadratic
expression for the potential energy. The increasing terms in the solution
arise from an expansion of the type

cos(w, O+ Aw )t & cos w, Ot —tAw, sin w0,
o a a o (-4

which is obviously not legitimate when ¢ is sufficiently large.

In going to higher approximations, therefore, the method of successive
approximations must be modified so that the periodic factors in the solution
shall contain the exact and not approximate values of the frequencies. The
necessary changes in the frequencies are found by solving the equations and
requiring that resonance terms should not in fact appear.

We may illustrate this method by taking the example of anharmonic oscil-
lations in one dimension, and writing the Lagrangian in the form

L = yms?—ymw?x? — Imoxd — fmpBat. (28.8)
The corresponding equation of motion is
4+ w?x = — o — Pas. (28.9)

We shall seek the solution as a series of successive approximations:
X = x(1)+x(2)+x(3)’ where

D = a cos wt, (28.10)

with the exact value of w, which in turn we express as w = wp+ oV +w@+ ...
(The initial phase in #@) can always be made zero by a suitable choice of the
origin of time.) The form (28.9) of the equation of motion is not the most
convenient, since, when (28.10) is substituted in (28.9), the left-hand side is
not exactly zero. We therefore rewrite it as
2 2
wQ wQ
——&+ wx = —ox®—Bxd— (1— —)x (28.11)
w? w?
Putting x = xW+x?@, w = wo+w® and omitting terms of above the
second order of smallness, we obtain for x®@) the equation

X2+ we2x®@ = — na? cos?wt + 2wpwVa cos wt
= —3}0a?—%ua? cos 2wt + 2wowPa cos wt.

The condition for the resonance term to be absent from the right-hand side
is simply w® = 0, in agreement with the second approximation discussed
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at the beginning of this section. Solving the inhomogeneous linear equation
in the usual way, we have
@ wa? + oa?
2 = ———
2w bwp?
Putting in (28.11) x = xD+x®@+x®), = wp+w?, we obtain the equa-
tion for x®)

cos 2wt. (28.12)

9 wg2a® = — 20 Dx® — Bx®3 4 2o @x®

or, substituting on the right-hand side (28.10) and (28.12) and effecting’a
simple transformation,
o2

6wo?

2,2
3
. Zazﬁ] cos wt.

a
+a [Zwow(Z) +

6wo
Equating to zero the coefficient of the resonance term cos wf, we find the
correction to the fundamental frequency, which is proportional to the squared
amplitude of the oscillations:

3B 502
w® = (——— )az. (28.13)
8wy 12wg?
The combination oscillation of the third order is
a3 o2
@ = —
x® = T ( Jonc? %ﬁ\) cos 3wt. (28.14)

§29. Resonance in non-linear oscillations

When the anharmonic terms in forced oscillations of a system are taken
into account, the phenomena of resonance acquire new properties.

Adding to the right-hand side of equation (28.9) an external periodic force
of frequency y, we have

%+ 200+ wo2x = (f[m) cos yt — ax? — Bx3; (29.1)

here the frictional force, with damping coefficient A (assumed small) has also
been included. Strictly speaking, when non-linear terms are included in the
equation of free oscillations, the terms of higher order in the amplitude of
the external force (such as occur if it depends on the displacement x) should
also be included. We shall omit these terms merely to simplify the formulae;
they do not affect the qualitative results.

Let y = wo+ € with € small, i.e. y be near the resonance value. To ascertain
the resulting type of motion, it is not necessary to consider equation (29.1)
if we argue as follows. In the linear approximation, the amplitude b is given



88 Small Oscillations §29

near resonance, as a function of the amplitude f and frequency y of the
external force, by formula (26.7), which we write as

b2(e2+22) = f2/4may?. (29.2)

The non-linearity of the oscillations results in the appearance of an ampli-
tude dependence of the eigenfrequency, which we write as

o+ b2, (29.3)

the constant « being a definite function of the anharmonic coefficients (see
(28.13)). Accordingly, we replace wp by wo+ xb2 in formula (29.2) (or, more
precisely, in the small difference y—wp). With y—wo = ¢, the resulting
equation is

b2[(e— kb22+ A2] = f2/4m2w¢? (29.4)
or

¢ = kb2 + \/[(f/2maob)2—2].

Equation (29.4) is a cubic equation in 42, and its real roots give the ampli-
tude of the forced oscillations. Let us consider how this amplitude depends
on the frequency of the external force for a given amplitude f of that force.

When f is sufficiently small, the amplitude 4 is also small, so that powers
of b above the second may be neglected in (29.4), and we return to the form
of b(¢) given by (29.2), represented by a symmetrical curve with a maximum
at the point ¢ = 0 (Fig. 32a). As f increases, the curve changes its shape,
- though at first it retains its single maximum, which moves to positive e if
« > 0 (Fig. 32b). At this stage only one of the three roots of equation (29.4)
is real.

When f reaches a certain value fi (to be determined below), however, the
nature of the curve changes. For all f > f there is a range of frequencies in
which equation (29.4) has three real roots, corresponding to the portion
BCDE in Fig. 32c.

The limits of this range are determined by the condition db/de = oo which
holds at the points D and C. Differentiating equation (29.4) with respect to
€, we have

db/de = (— b+ xcbB)[(€2+ A2 — 4keb? + 3x2BY).
Hence the points D and C are determined by the simultaneous solution of
the equations
€2 —4xb2e+ 3k + A2 = 0 (29.5)
and (29.4). The corresponding values of € are both positive. The greatest

amplitude is reached where db/de = 0. This gives ¢ = b2, and from (29.4)
we have

bmax = f / 2mawed; ; (29 °6)

this is the same as the maximum value given by (29.2).
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It may be shown (though we shall not pause to do so heret) that, of the
three real roots of equation (29.4), the middle one (represented by the dotted
part CD of the curve in Fig. 32¢) corresponds to unstable oscillations of the
system: any action, no matter how slight, on a system in such a state causes
it to oscillate in a manner corresponding to the largest or smallest root (BC
or DE). Thus only the branches ABC and DEF correspond to actual oscil-
lations of the system. A remarkable feature here is the existence of a range of
frequencies in which two different amplitudes of oscillation are possible. For
example, as the frequency of the external force gradually increases, the ampli-
tude of the forced oscillations increases along ABC. At C there is a dis-
continuity of the amplitude, which falls abruptly to the value corresponding
to E, afterwards decreasing along the curve EF as the frequency increases
further, If the frequency is now diminished, the amplitude of the forced
oscillations varies along FD, afterwards increasing discontinuously from D
to B and then decreasing along BA.

{a) f~0

(b} ‘ f<f,

N

Fic. 32

To calculate the value of fx, we notice that it is the value of f for which
the two roots of the quadratic equation in 52 (29.5) coincide; for f = f, the
section CD reduces to a point of inflection. Equating to zero the discriminant

T The proof is given by, for example, N. N. BocoLiuBovand Y. A. MITROPOLSKY, Asymp-
totic Methods in the Theory of Non-Linear Oscillations, Hindustan Publishing Corporation,
Delhi 1961.

4
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of (29.5), we find €2 = 322, and the corresponding double root is «b? = 2¢/3.
Substitution of these values of b and € in (29.4) gives

32m2w0?8/31/3|x]. (29.7)

Besides the change in the nature of the phenomena of resonance at fre-
quencies y ~ wop, the non-linearity of the oscillations leads also to new
resonances in which oscillations of frequency dose to wg are excited by an
external force of frequency considerably different from wo.

Let the frequency of the external force y & 4wy, i.e. y = 4wo+e¢. In the
first (linear) approximation, it causes oscillations of the system with the same
frequency and with amplitude proportional to that of the force:

&V = (4f/3mewq?) cos(3wo + €)t

(see (22.4)). When the non-linear terms are included (second approximation),
these oscillations give rise to terms of frequency 2y & wg on the right-hand
side of the equation of motion (29.1). Substituting £ in the equation

&) 4 2205@) 4 w?x® + ax@2 4 Bx@B = — aL)2,
using the cosine of the double angle and retaining only the resonance term
on the right-hand side, we have
#2225 + woPx® + ax@2 + Bx @3 = — (8of2/Im2wo?) cos(wp+ 2e)t.

(29.8)

This equation differs from (29.1) only in that the amplitude f of the force is

replaced by an expression proportional to f2. This means that the resulting

resonance is of the same type as that considered above for frequencies

y & wo, but is less strong. The function b(e) is obtained by replacing f by
—8af2/9mwe?, and e by 2, in (29.4):

b2[(2e — kb2)2 + A2] = 1602f4/81mAw0l0. (29.9)
Next, let the frequency of the external force be y = 2wg+e. In the first
approximation, we have x®) = —(f/3mwo?) cos(2wo+e€)t. On substituting

x = xW+x@) in equation (29.1), we do not obtain terms representing an
external force in resonance such, as occurred in the previous case. There is,
however, a parametric resonance resulting from the third-order term pro-
portional to the product x®x®. If only this is retained out of the non-linear
terms, the equation for x®) is

O+ 20D + w2x® = — 20xVy®

or

2
& 4 2050 + w02[1— il cos(2wo+e)t]x(2> =0, (29.10)
3mw04

i.e. an equation of the type (27.8) (including friction), which leads, as we
have seen, to an instability of the oscillations in a certain range of frequencies.
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This equation, however, does not suffice to determine the resulting ampli-
tude of the oscillations. The attainment of a finite amplitude involves non-
linear effects, and to include these in the equation of motion we must retain
also the terms non-linear in x®):

O 200+ w2 ® + ax®2 4 Bx®3 = (20f 3mwe?)n® cos(Qwp+e)t.  (29.11)

The problem can be considerably simplified by virtue of the following fact.
Putting on the right-hand side of (29.11) x® = & cos[(wo+ %€)t+ 8], where
b is the required amplitude of the resonance oscillations and & a constant
phase difference which is of no importance in what follows, and writing the
product of cosines as a sum, we obtain a term (oifb/3mwo?) cos[(wo + $e€)t— 8]
of the ordinary resonance type (with respect to the eigenfrequency wp of the
system). The problem thus reduces to that considered at the beginning of
this section, namely ordinary resonance in a non-linear system, the only
differences being that the amplitude of the external force is here represented
by «fb/3we?, and € is replaced by }e. Making this change in equation (29.4),
we have

b2[(3e— kb2)2+A2] = «®f2b2/36m>web.
Solving for 4, we find the possible values of the amplitude:

b=0, (29.12)
B = et v/ (affomart ), (29.13)
B = ;[%e— Vi(afmad)2—2)]. (29.14)

Figure 33 shows the resulting dependence of b on ¢ for « > 0; for x < 0
the curves are the reflections (in the b-axis) of those shown. The points B
and C correspond to the values € = + 4/{(af/3mwo®)2—4A2}. To the left of
B, only the value b = 0 is possible, i.e. there is no resonance, and oscillations
of frequency near wg are not excited. Between B and C there are two roots,
b = 0(BC) and (29.13) (BE). Finally, to the right of C there are three roots
(29.12)(29.14). Not all these, however, correspond to stable oscillations.
The value b = 0 is unstable on BC,? and it can also be shown that the middle
root (29.14) always gives instability. The unstable values of b are shown in
Fig. 33 by dashed lines.

Let us examine, for example, the behaviour of a system initially ‘‘at rest”f
as the frequency of the external force is gradually diminished. Until the point

t This segment corresponds to the region of parametric resonance (27.12), and a com-
parison of (29.10) and (27.8) gives |h| = 2af/3mwo®. The condition |2«f/3mwe3| > 4A for
which the phenomenon can exist corresponds to & > hg.

1 It should be recalled that only resonance phenomena are under consideration. If these
phenomena are absent, the system is not literally at rest, but executes small forced oscillations
of frequency y.
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C is reached, b = 0, but at C the state of the system passes discontinuously
to the branch EB. As e decreases further, the amplitude of the oscillations
decreases to zero at B. When the frequency increases again, the amplitude
increases along BE.}

F1c. 33

The cases of resonance discussed above are the principal ones which may
occur in a non-linear oscillating system. In higher approximations, resonances
appear at other frequencies also. Strictly speaking, a resonance must occur
at every frequency y for which ny+mwo = wo with n and m integers, i.e. for
every y = pwo/g with p and ¢ integers. As the degree of approximation
increases, however, the strength of the resonances, and the widths of the
frequency ranges in which they occur, decrease so rapidly that in practice
only the resonances at frequencies y & pwo/gq with small p and ¢ can be ob-
served.

PROBLEM
Determine the function b(€) for resonance at frequencies ¥ & 3 wo.

SorutioN. In the first approximation, x(1) = —(f/8mwo?) cos(3wo+-€)t. For the second
approximation x(2) we have from (29.1) the equation
@) 42050 + wo?x® + a2 4 B3 = —3Fx(Dx(212)
where only the term which gives the required resonance has been retained on the right-hand

side. Putting x(®) = b cos[(wo+3}€)t+3] and taking the resonance term out of the product
of three cosines, we obtain on the right-hand side the expression

(3Bb2f{32mwo?) cos[(wo--3€)t—23].

Hence it is evident that b(€) is obtained by replacing f by 385%//32we?, and € by i¢, in
(29.4):

b2[(3e— b2+ A2] = (9B2F2/212m2 wob)bt = Ab4.
The roots of this equation are
_ s _ € A +'1'A/(€A A2 ——-)\2)
b=0, b 3K+ 2k2 Tk 3k + 412 )

Fig. 34 shows a graph of the function b(¢) for « > 0. Only the value b = 0 (the ¢-axis) and
the branch AB corresponds to stability. The point A corresponds to e = 3(4x22—A?%)/4xA,

+ It must be noticed, however, that all the formulae derived here are valid only when the
amplitude b (and also ¢) is sufficiently small. In reality, the curves BE and CF meet, and at
their point of intersection the oscillation ceases; thereafter, = 0.
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bi® = (4x2A2--A2))4x2A. Oscillations exist only for € > €k, and then b > bg. Since the state
b = 0 is always stable, an initial “push’’ is necessary in order to excite oscillations.

The formulae given above are valid only for small e, This condition is satisfied if A is small
and also the amplitude of the force is such that xA%/wo € A < xwo.

b

Fic. 34

§30. Metion in a rapidly oscillating field
Let us consider the motion of a particle subject both to a time-independent
field of potential U and to a force

f=/fi1cos wt+fasinwt (30.1)

which varies in time with a high frequency w (f1, f2 being functions of the
co-ordinates only). By a “high” frequency we mean one such that w > 1/7,
where T is the order of magnitude of the period of the motion which the
particle would execute in the field U alone. The magnitude of f is not assumed
small in comparison with the forces due to the field U, but we shall assume
that the oscillation (denoted below by £) of the particle as a result of this
force is small.

To simplify the calculations, let us first consider motion in one dimension
in a field depending only on the space co-ordinate x. Then the equation of
motion of the particle ist

mii = —dUjdx+f. (30.2)

It is evident, from the nature of the field in which the particle moves, that
it will traverse a smooth path and at the same time execute small oscillations
of frequency w about that path. Accordingly, we represent the function x(t)
as a sum:

x(t) = X(£)+£(2), (30.3)

where £(f) corresponds to these small oscillations.

The mean value of the function £(#) over its period 2m/w is zero, and the
function X(¢) changes only slightly in that time. Denoting this average by a
bar, we therefore have & = X(t), i.e. X(#) describes the “‘smooth’ motion of

+ The co-ordinate x need not be Cartesian, and the coefficient m is therefore not neces-
sarily the mass of the particle, nor need it be constant as has been assumed in (30.2). This
assumption, however, does not affect the final result (see the last footnote to this section).
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the particle averaged over the rapid oscillations. We shall derive an equation
which determines the function X(¢).1

Substituting (30.3) in (30.2) and expanding in powers of ¢ as far as the
first-order terms, we obtain

. dU dzUu
mX+mé = ———fdxz +AX, 1)+ ¢ f

9
— 30.4
dx 0X (304)
This equation involves both oscillatory and “smooth” terms, which must
evidently be separately equal. For the oscillating terms we can put simply

mé = f(X, t); (30.5)

the other terms contain the small factor £ and are therefore of a higher order
of smallness (but the derivative { is proportional to the large quantity w?
and so is not small). Integrating equation (30.5) with the function f given by
(30.1) (regarding X as a constant), we have

¢ = —flma?. (30.6)

Next, we average equation (30.4) with respect to time (in the sense discussed
above). Since the mean values of the first powers of fand £ are zero, the result
is

. dU 0 dU 1 9
o QUL T U1 T
dX X dX me? 0X
which involves only the function X(#). This equation can be written
mX = —dUepn/dX, (30.7)

where the “‘effective potential energy’ is defined as}

Uet = U+f_2-/2mw2
= U+ (fi+fe?) [4mat. (30.8)

Comparing this expression with (30.6), we easily see that the term added to
U is just the mean kinetic energy of the oscillatory motion:

Uett = U+3mé2. (30.9)

Thus the motion of the particle averaged over the oscillations is the same
as if the constant potential U were augmented by a constant quantity pro-
portional to the squared amplitude of the variable field.

+ The principle of this derivation is due to P. L. Karrtza (1951).
1 By means of somewhat more lengthy calculations it is easy to show that formulae (30.7)
and (30.8) remain valid even if m is a function of x.
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The result can easily be generalised to the case of a system with any number
of degrees of freedom, described by generalised co-ordinates g;. The effective
potential energy is then given not by (30.8), but by

1 -
Uett = U+ —— D alufife
2w2 i,k

U+ daubits, (30.10)
(A

where the quantities a1, which are in general functions of the co-ordinates,
are the elements of the matrix inverse to the matrix of the coefficients ayx in
the kinetic energy (5.5) of the system.

PROBLEMS

PROBLEM 1. Determine the positions of stable equilibrium of a pendulum whose point of
support oscillates vertically with a high frequency y (> +/(g/])).

SoLutioN. From the Lagrangian derived in §5, Problem 3(c), we see that in this case the
variable force is f = —mlay® cos ytsin ¢ (the quantity x being here represented by the angle
#). The “effective potential energy’’ is therefore Uent = mgl[—cos ¢-+(a%y?[4g]) sin2¢$]. The
positions of stable equilibrium correspond to the minima of this function. The vertically
downward position (¢ = 0) is always stable. If the condition a?y2 > 2gl holds, the vertically
upward position (¢ = =) is also stable.

PROBLEM 2. 'The same as Problem 1, but for a pendulum whose point of support oscillates
horizontally.

SorutioN. From the Lagrangian derived in §5, Problem 3(b), we find f = mlay? cos yt
cos ¢ and Ukt = mgl[—cos ¢+(a2y?/4gl) cos?$]. If a%y? < 2gl, the position ¢ = 0 is stable.
If a®y® > 2gI, on the other hand, the stable equilibrium position is given by cos ¢ = 2glla%y?,



CHAPTER VI
MOTION OF A RIGID BODY

§31. Angular velocity

A rigid body may be defined in mechanics as a system of particles such that
the distances between the particles do not vary. This condition can, of course,
be satisfied only approximately by systems which actually exist in nature.
The majority of solid bodies, however, change so little in shape and size
under ordinary conditions that these changes may be entirely neglected in
considering the laws of motion of the body as a whole.

In what follows, we shall often simplify the derivations by regarding a
rigid body as a discrete set of particles, but this in no way invalidates the
assertion that solid bodies may usually be regarded in mechanics as continu-
ous, and their internal structure disregarded. The passage from the formulae
which involve a summation over discrete particles to those for a continuous
body is effected by simply replacing the mass of each particle by the mass
p dV contained in a volume element dV (p being the density) and the sum-
mation by an integration over the volume of the body.

To describe the motion of a rigid body, we use two systems of co-ordinates:
a “fixed” (i.e. inertial) system XYZ, and a moving system x1 = x, x2 = ¥,
x3 = 2z which is supposed to be rigidly fixed in the body and to participate
in its motion. The origin of the moving system may conveniently be taken
to coincide with the centre of mass of the body.

The position of the body with respect to the fixed system of co-ordinates
is completely determined if the position of the moving system is specified.
Let the origin O of the moving system have the radius vector R (Fig. 35).
The orientation of the axes of that system relative to the fixed system is given
by three independent angles, which together with the three components of
the vector R make six co-ordinates. Thus a rigid body is a mechanical system
with six degrees of freedom.

Let us consider an arbitrary infinitesimal displacement of a rigid body.
It can be represented as the sum of two parts. One of these is an infinitesimal
translation of the body, whereby the centre of mass moves to its final position,
but the orientation of the axes of the moving system of co-ordinates is un-
changed. The other is an infinitesimal rotation about the centre of mass,
whereby the remainder of the body moves to its final position.

Let r be the radius vector of an arbitrary point P in a rigid body in the
moving system, and t the radius vector of the same point in the fixed system
(Fig. 35). Then the infinitesimal displacement dt of P consists of a displace-
ment dR, equal to that of the centre of mass, and a displacement d$ xr

96
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relative to the centre of mass resulting from a rotation through an infinitesimal
angle d¢ (see (9.1)): dt = dR+d¢ xr. Dividing this equation by the tlme
dt during which the displacement occurs, and puttingf

dr/dt =v, dR/dt=V, de/dt =, (31.1)

we obtain the relation

v=V+Qxr. (31.2)
z
X3
7 %
r
(0]
kJ
Rk
y
X
F1c. 35

The vector V is the velocity of the centre of mass of the body, and is also
the translational velocity of the body. The vector  is called the angular
velocity of the rotation of the body; its direction, like that of d¢, is along the
axis of rotation. Thus the velocity v of any point in the body relative to the
fixed system of co-ordinates can be expressed in terms of the translational
velocity of the body and its angular velocity of rotation.

It should be emphasised that, in deriving formula (31.2), no use has been
made of the fact that the origin is located at the centre of mass. The advan-
tages of this choice of origin will become evident when we come to calculate
the energy of the moving body.

Let us now assume that the system of co-ordinates fixed in the body is
such that its origin is not at the centre of mass O, but at some point O’ at
a distance a from O. Let the velocity of O’ be V', and the angular velocity
of the new system of co-ordinates be '. We again consider some point P
in the body, and denote by r' its radius vector with respect to O’. Then
r = r'+a, and substitution in (31.2) gives v = V+Qxa+Qxrt’. The
definition of V' and Q' shows that v = V'+Q'xr’. Hence it follows that

V =V+Qxa, Q= Q. (31.3)

The second of these equations is very important. We see that the angular
velocity of rotation, at any instant, of a system of co-ordinates fixed in
the body is independent of the particular system chosen. All such systems

1 To avoid any misunderstanding, it should be noted that this way of expressing the angular
velocity is somewhat arbitrary: the vector 8¢ exists only for an infinitesimal rotation, and not
for all finite rotations.

4*
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rotate with angular velocities £ which are equal in magnitude and parallel
in direction. This enables us to call & the angular velocity of the body. The
velocity of the translational motion, however, does not have this “absolute”
property.

It is seen from the first formula (31.3) that, if V and L are, at any given
instant, perpendicular for some choice of the origin O, then V' and &' are
perpendicular for any other origin O'. Formula (31.2) shows that in this case
the velocities v of all points in the body are perpendicular to . It is then
always possiblet to choose an origin O" whose velocity V' is zero, so that the
motion of the body at the instant considered is a pure rotation about an axis
through O'. This axis is called the instantaneous axis of rotation.}

In what follows we shall always suppose that the origin of the moving
system is taken to be at the centre of mass of the body, and so the axis of
rotation passes through the centre of mass. In general both the magnitude
and the direction of & vary during the motion.

§32. The inertia tensor

To calculate the kinetic energy of a rigid body, we may consider it as a
discrete system of particles and put 7' = X {mo2, where the summation is
taken over all the particles in the body. Here, and in what follows, we simplify
the notation by omitting the suffix which denumerates the particles.

Substitution of (31.2) gives

T=>im(V+Qxr)?2 =3 tmV2+> mV « Qxr+ > im(Q xr)2.

The velocities V and Q are the same for every point in the body. In the first
term, therefore, 472 can be taken outside the summation sign, and Xm is
just the mass of the body, which we denote by u. In the second term we put
2mV . Qxr = Zmr. VX = VxQ - Zmr. Since we take the origin of the
moving system to be at the centre of mass, this term is zero, because Xmr = 0.
Finally, in the third term we expand the squared vector product. The result
is

T = jul2+3 S m[QerP— (R - 1)2]. (32.1)

Thus the kinetic energy of a rigid body can be written as the sum of two
parts. The first term in (32.1) is the kinetic energy of the translational motion,
and is of the same form as if the whole mass of the body were concentrated
at the centre of mass. The second term is the kinetic energy of the rotation
with angular velocity & about an axis passing through the centre of mass.
It should be emphasised that this division of the kinetic energy into two parts
is possible only because the origin of the co-ordinate system fixed in the
body has been taken to be at its centre of mass.

1 O’ may, of course, lie outside the body.

* In the general case where V and £ are not perpendicular, the origin may be chosen so
as to make V and  parallel, i.e. so that the motion consists (at the instant in question) of a
rotation about some axis together with a translation along that axis.
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We may rewrite the kinetic energy of rotation in tensor form, i.e. in terms
of the componentst x; and Q; of the vectors r and Q. We have

Trot = § », m(Q:2x2 — Qi Q)
. % Z m(QiQ]gSikxlz— QiQkxixk)
= % QiQ]c Z m(x128¢k—x¢xk).

Here we have used the identity Q; = 8;Q, where & is the unit tensor,
whose components are unity for 7 = k and zero for ¢ # k. In terms of the
tensor

Iik = Z m(xlz&-k - xixk) (322)

we have finally the following expression for the kinetic energy of a rigid
body:

T = 32+ Q. (32.3)

The Lagrangian for a rigid body is obtained from (32.3) by subtracting
the potential energy:

L = %}LVZ—E-%—IinQk—— U. (324‘)

The potential energy is in general a function of the six variables which define
the position of the rigid body, e.g. the three co-ordinates X, Y, Z of the
centre of mass and the three angles which specify the relative orientation of
the moving and fixed co-ordinate axes.
The tensor I;; is called the inertia tensor of the body. It is symmetrical,
ie.
Iy = Iy, (32.5)

as is evident from the definition (32.2). For clarity, we may give its com-
ponents explicitly:

> m(y2+2?%)  — > mxy —> mxz
Iy = —> myx >om(x2+22)  — > myz . (32.6)
—> max —~> mzy > m(x2+y2)

The components Ipz, Iyy, I, are called the moments of inertia about the
corresponding axes.

The inertia tensor is evidently additive: the moments of inertia of a body
are the sums of those of its parts.

t In this chapter, the letters 7, %, [ are tensor suffixes and take the values 1, 2, 3. The
summation rule will always be used, i.e. summation signs are omitted, but summation over
the values 1, 2, 3 is implied whenever a suffix occurs twice in any expression. Such a suffix is
called a dummy suffix. For example, 4:B; = A + B, 4,2 = 4;4; = A?, etc. It is obvious that
dummy suffixes can be replaced by any other like suffixes, except ones which already appear
elsewhere in the expression concerned.
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If the body is regarded as continuous, the sum in the definition (32.2)
becomes an integral over the volume of the body:

Im = f p(x1281k—xixk) dv. (327)

Like any symmetrical tensor of rank two, the inertia tensor can be reduced
to diagonal form by an appropriate choice of the directions of the axes
x1, X2, x3. These directions are called the principal axes of inertia, and the
corresponding values of the diagonal components of the tensor are called the
principal moments of inertia; we shall denote them by Iy, Iz, Is. When the
axes x1, X2, x3 are so chosen, the kinetic energy of rotation takes the very
simple form

Trot = 312+ Q%+ 13037). (32.8)

None of the three principal moments of inertia can exceed the sum of the
other two. For instance,

L+ = zm(x12+x22+2x32) > Zm(x12+x22) = I3. (32.9)

A body whose three principal moments of inertia are all different is called
an asymmetrical top. If two are equal (I1 = I # I3), we have a symmetrical
top. In this case the direction of one of the principal axes in the x1xp-plane
may be chosen arbitrarily. If all three principal moments of inertia are equal,
the body is called a spherical top, and the three axes of inertia may be chosen
arbitrarily as any three mutually perpendicular axes.

The determination of the principal axes of inertia is much simplified if
the body is symmetrical, for it is clear that the position of the centre of mass
and the directions of the principal axes must have the same symmetry as
the body. For example, if the body has a plane of symmetry, the centre of
mass must lie in that plane, which also contains two of the principal axes of
inertia, while the third is perpendicular to the plane. An obvious case of this
kind is a coplanar system of particles. Here there is a simple relation between
the three principal moments of inertia. If the plane of the system is taken as
the xyxo-plane, then x3 = 0 for every particle, andso I = Simxo?, Iy = 2mx:2,
I3 = Xm(x;2+ x22), whence

Is = i+ 1. (32.10)

If a body has an axis of symmetry of any order, the centre of mass must lie
on that axis, which is also one of the principal axes of inertia, while the other
two are perpendicular to it. If the axis is of order higher than the second,
the body is 2 symmetrical top. For any principal axis perpendicular to the
axis of symmetry can be turned through an angle different from 180° about the
latter, i.e. the choice of the perpendicular axes is not unique, and this can
happen only if the body is a symmetrical top.

A particular case here is a collinear system of particles. If the line of the
system is taken as the xg-axis, then x; = x2 = 0 for every particle, and so
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two of the principal moments of inertia are equal and the third is zero:
L = I = mxg I3 =0. (32.11)

Such a system is called a rotator. The characteristic property which distin-
guishes a rotator from other bodies is that it has only two, not three, rotational
degrees of freedom, corresponding to rotations about the x; and xp axes: it
is clearly meaningless to speak of the rotation of a straight line about itself.

Finally, we may note one further result concerning the calculation of the
inertia tensor. Although this tensor has been defined with respect to a system
of co-ordinates whose origin is at the centre of mass (as is necessary if the
fundamental formula (32.3) is to be valid), it may sometimes be more con-
veniently found by first calculating a similar tensor I'sx = Xm(x"28u— x'1x' k),
defined with respect to some other origin 0. If the distance OO’ is repre-
sented by a vector a, then r = t’+a, x; = x'i+ay; since, by the definition
of O, Zmr = 0, we have

'y = Tuc+ (@i — aiar). (32.12)

Using this formula, we can easily calculate I if I'; is known.

PROBLEMS

ProbLeEM 1. Determine the principal moments of inertia for the following types of mole-
cule, regarded as systems of particles at fixed distances apart: (a) a molecule of collinear
atoms, (b) a triatomic molecule which is an isosceles triangle (Fig. 36), (¢) a tetratomic
molecule which is an equilateral-based tetrahedron (Fig. 37).
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SoLuTION. (a)

1
L=5L= —Z mamplay?,  Is =0,
K’ asdb

where mg is the mass of the ath atom, [y the distance between the ath and bth atoms, and
the summation includes one term for every pair of atoms in the molecule.

For a diatomic molecule there is only one term in the sum, and the result is obvious: it is
the product of the reduced mass of the two atoms and the square of the distance between
them: &1 = In = mumal?/(mi+ms).

(b) The centre of mass is on the axis of symmetry of the triangle, at a distance Xz = msh/u
from its base (% being the height of the triangle). The moments of inertia are Iy = 2mimah®/u,
Iy = ma?, I = L+ 1.

(c) The centre of mass is on the axis of symmetry of the tetrahedron, at a distance
X3 = mah/p from its base (& being the height of the tetrahedron). The moments of inertia
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are Iy = Ip = 3mimoh?/u+3tmia?, Is = mia2. If m1 = m2, h = 1/(2/3)a, the molecule is a
regular tetrahedron and [1 = Iy = I3 = ma®

ProBLEM 2. Determine the principal moments of inertia for the following homogeneous
bodies: (a) a thin rod of length [, (b) a sphere of radius R, (¢) a circular cylinder of radius R
and height %, (d) a rectangular parallelepiped of sides a, b, and ¢, (e) a circular cone of height
h and base radius R, (f) an ellipsoid of semiaxes a, b, c.

SoLuTION. (a) i = Iz = t5pul?, I3 = 0 (we neglect the thickness of the rod).

(b) I = Iz = I3 = §uR? (found by calculating the sum L+Ip+13 = 2p[r2dV).

(c) I = Iz = }pu(R2+342), Is = }uR? (where the x3z-axis is along the axis of the cylinder).

(d) L1 = t5u(b2+c?), L = tyu(a®+c?), I3 = tspu(a®+b2) (where the axes x1, x2, X3 are
along the sides a, b, ¢ respectively). :

(e) We first calculate the tensor I’;x with respect to axes whose origin is at the vertex of
the cone (Fig. 38). The calculation is simple if cylindrical co-ordinates are used, and the result
is I'n = I's = $u(3R2+h?), I's = HpR2. The centre of mass is easily shown to be on the
axis of the cone and at a distance a = 44 from the vertex. Formula (32.12) therefore gives
L =TI = In—pa® = fu(R2+3k?), Is = I's = 5uR2.
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(f) The centre of mass is at the centre of the ellipsoid, and the principal axes of inertia are
along the axes of the ellipsoid. The integration over the volume of the ellipsoid can be reduced
to one over a sphere by the transformation x = af, ¥y = by, 2 = ¢{, which converts the equa-
tion of the surface of the ellipsoid x2/a?+32/b2+422/c?2 = 1 into that of the unit sphere
Edptl=1.

For example, the moment of inertia about the x-axis is

5L = p [[f (2+2%) dx dy d=
= pabe [{f (B2n2+c2(2) dé dn dl
= }abcl’(b%+c2),
where I’ is the moment of inertia of a sphere of unit radius. Since the volume of the ellipsoid
is 4mabc/3, we find the moments of inertia Iy = $u(b2+c?), Iz = tu(a®+c?), Is = $u(a2+b2).

ProBLEM 3. Determine the frequency of small oscillations of a compound pendulum (a
rigid body swinging about a fixed horizontal axis in a gravitational field).

SoLutioN. Let ! be the distance between the centre of mass of the pendulum and the axis
about which it rotates, and «, 8, ¥ the angles between the principal axes of inertia and the
axis of rotation. We take as the variable co-ordinate the angle ¢ between the vertical
and a line through the centre of mass perpendicular to the axis of rotation. The velocity of
the centre of mass is V = I$, and the components of the angular velocity along the principal
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axes of inertia are ¢ cos ¢, ¢ cos B, ¢ cos y. Assuming the angle ¢ to be small, we find the
potential energy U = pgl(1—cos ¢) ¥ 3pgl¢?. The Lagrangian is therefore

L = $ul?? 4+ }(I1 cos?a+TIz cos?B+Is cos2y)d2 —3ugld?.
The frequency of the oscillations is consequently
w? = pgl/(ul2+I; cos?a+15 cos?B+1Is cos?y).

ProBLEM 4. Find the kinetic energy of the system shown in Fig. 39: OA4 and 4B are thin
uniform rods of length / hinged together at 4. The rod OA4 rotates (in the plane of the diagram)
about O, while the end B of the rod 4B slides along Ox.

1y
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SoLUTION. The velocity of the centre of mass of the rod OA (which is at the middle of
the rod) is 3/$, where ¢ is the angle AOB. The kinetic energy of the rod OA is therefore
Ty = $ul2$2+ 3142, where p is the mass of each rod.

The Cartesian co-ordinates of the centre of mass of the rod AB are X = I/ cos¢, Y
= 3/ sin ¢. Since the angular velocity of rotation of this rod is also ¢, its kinetic energy is
T = 3u(X24+Y2)+31¢2 = $pl2(148 sin2¢)$2+3I42. The total kinetic energy of this
system is therefore T' = §ul2(1+3 sin2$)d2, since I = 7ypl? (see Problem 2(a)).

ProBLEM 5. Find the kinetic energy of a cylinder of radius R rolling on a plane, if the mass
of the cylinder is so distributed that one of the principal axes of inertia is parallel to the axis
of the cylinder and at a distance a from it, and the moment of inertia about that principal
axis is 1.

SoruTioN. Let ¢ be the angle between the vertical and a line from the centre of mass
perpendicular to the axis of the cylinder (Fig. 40). The motion of the cylinder at any instant

Fi1c. 40

may be regarded as a pure rotation about an instantaneous axis which coincides with the
line where the cylinder touches the plane. The angular velocity of this rotation is ¢, since
the angular velocity of rotation about all parallel axes is the same. The centre of mass is at a
distance +/(a2+R2—2aR cos ¢) from the instantaneous axis, and its velocity is therefore
V = ¢4/ (a®+R2—2aR cos $). The total kinetic energy is

T = iu(a®+R2—2aR cos $)$2+3I$2.
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ProBLEM 6. Find the kinetic energy of a homogeneous cylinder of radius a rolling inside
a cylindrical surface of radius R (Fig. 41).

SoLuTION. We use the angle ¢ between the vertical and the line joining the centres of the
cylinders. The centre of mass of the rolling cylinder is on the axis, and its velocity is ¥V =
#(R—a). We can calculate the angular velocity as that of a pure rotation about an instantaneous
axis which coincides with the line of contact of the cylinders; it is Q = V/a = ¢(R—a)/a.
If I3 is the moment of inertia about the axis of the cylinder, then

T = 3u(R—a)*$2+3I3(R—a)*$?[a® = 3u(R—a)?f?,
I3 being given by Problem 2(c).

ProsrEm 7. Find the kinetic energy of a homogeneous cone rolling on a plane.

SoLuTioN. We denote by 6 the angle between the line O4 in which the cone touches the
plane and some fixed direction in the plane (Fig. 42). The centre of mass is on the axis of the
cone, and its velocity ¥V = afl cos «, where 2« is the vertical angle of the cone and a the

z
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distance of the centre of mass from the vertex. The angular velocity can be calculated as
that of a pure rotation about the instantaneous axis O4: Q = V/a sin @ = § cot . One of
the principal axes of inertia (¥3) is along the axis of the cone, and we take another (x2) perpen-
dicular to the axis of the cone and to the line OA. Then the components of the vector Q
(which is parallel to O.4) along the principal axes of inertia are Qsin «, 0, Q cos «. The kinetic

energy is thus
costa

T = }pa26? cos®a+ 31102 cos?a-+3Ia62

sinZa
= 3uh202(1+5 cos?x)/40,
where £ is the height of the cone, and I1, I3 and a have been given in Problem 2(e).

ProBLEM 8. Find the kinetic energy of a homogeneous cone whose base rolls on a plane
and whose vertex is fixed at a height above the plane equal to the radius of the base, so that
the axis of the cone is parallel to the plane.

SoLuTiON. We use the angle 8 between a fixed direction in the plane and the projection
of the axis of the cone on the plane (Fig. 43). Then the velocity of the centre of mass is V' = af,
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the notation being as in Problem 7, The instantaneous axis of rotation is the generator 04
which passes through the point where the cone touches the plane. The centre of mass is at a
distance @ sin « from this axis, and so Q = V/a sin « = 8/sin «. The components of the
vector £ along the principal axes of inertia are, if the x3-axis is taken perpendicular to the
axis of the cone and to the line 04, Q sin @ = §, 0, Q cos & = 0 cot «. The kinetic energy
is therefore
T = $ua202 43662 +31502 cot®a
= 3uh2f(sec?a+5)/40.

Fic. 43

ProBLEM 9. Find the kinetic energy of a homogeneous ellipsoid which rotates about one
of its axes (4B in Fig. 44) while that axis itself rotates about a line CD perpendicular to it
and passing through the centre of the ellipsoid.

SoLuTION. Let the angle of rotation about CD be 6, and that about AB (i.e. the angle
between CD and the x1-axis of inertia, which is perpendicular to 4B) be ¢. Then the com-
ponents of Q along the axes of inertia are § cos ¢, § sin ¢, ¢, if the xs-axis is AB. Since the
centre of mass, at the centre of the ellipsoid, is at rest, the kinetic energy is

T = }(I1 cos?$+ Iz sin2¢) 62+ 11342
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ProBLEM 10. The same as Problem 9, but for the case where the axis 4B is not perpendicu-
lar to CD and is an axis of symmetry of the ellipsoid (Fig. 45).

SoLutioN. ‘The components of  along the axis 4B and the other two principal axes of
inertia, which are perpendicular to AB but otherwise arbitrary, are fcos acos¢, 8 cos ax
xsin ¢, ¢+8 sin a. The kinetic energy is T = 35162 cos?a+3I3(¢+0 sin «)2.

§33. Angular momentum of a rigid body

The value of the angular momentum of a system depends, as we know, on
the point with respect to which it is defined. In the mechanics of a rigid body,
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the most appropriate point to choose for this purpose is the origin of the
moving system of co-ordinates, i.e. the centre of mass of the body, and in
what follows we shall denote by M the angular momentum so defined.

According to formula (9.6), when the origin is taken at the centre of mass
of the body, the angular momentum M is equal to the “intrinsic” angular
momentum resulting from the motion relative to the centre of mass. In the
definition M = Jmrx v we therefore replace v by Qxr:

M =>mrx (Qxr) =) m[r2Q—r(r-Q)],
or, in tensor notation,
M; = Zm(xlzﬂi—-xixkﬂk) = Qp Zm(xzzb‘m—xixk).
Finally, using the definition (32.2) of the inertia tensor, we have
M; = IipQ. (33.1)

If the axes x1, x2, x3 are the same as the principal axes of inertia, formula
(33.1) gives

My = Iy, My = IQs, M3 = I3Qs3. (33.2)

In particular, for a spherical top, where all three principal moments of inertia
are equal, we have simply
M = IQ, (33.3)

i.e. the angular momentum vector is proportional to, and in the same direc-
tion as, the angular velocity vector. For an arbitrary body, however, the
vector M is not in general in the same direction as ; this happens only
when the body is rotating about one of its principal axes of inertia.

Let us consider a rigid body moving freely, i.e. not subject to any external
forces. We suppose that any uniform translational motion, which is of no
interest, is removed, leaving a free rotation of the body.

As in any closed system, the angular momentum of the freely rotating body
is constant. For a spherical top the condition M = constant gives & = con-
stant; that is, the most general free rotation of a spherical top is a uniform
rotation about an axis fixed in space.

The case of a rotator is equally simple. Here also M = I, and the vector
Q is perpendicular to the axis of the rotator. Hence a free rotation of a rotator
is a uniform rotation in one plane about an axis perpendicular to that plane.

The law of conservation of angular momentum also suffices to determine
the more complex free rotation of a symmetrical top. Using the fact that the
principal axes of inertia x1, xo (perpendicular to the axis of symmetry (x3)
of the top) may be chosen arbitrarily, we take the xz-axis perpendicular to
the plane containing the constant vector M and the instantaneous position
of the xg-axis. Then My = 0, and formulae (33.2) show that Qs = 0. This
means that the directions of M, & and the axis of the top are at every instant
in one plane (Fig. 46). Hence, in turn, it follows that the velocity v = Qxr
of every point on the axis of the top is at every instant perpendicular to that
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plane. That is, the axis of the top rotates uniformly (see below) about the
direction of M, describing a circular cone. This is called regular precession
of the top. At the same time the top rotates uniformly about its own axis.

Fic. 46

The angular velocities of these two rotations can easily be expressed in
terms of the given angular momentum M and the angle 6 between the axis
of the top and the direction of M. The angular velocity of the top about its
own axis is just the component Qg of the vector £ along the axis:

Qg = M3/13 = (M/I3) COs 9. (334)

To determine the rate of precession Qpr, the vector Q must be resolved into
components along x3 and along M. The first of these gives no displacement
of the axis of the top, and the second component is therefore the required
angular velocity of precession. Fig. 46 shows that Qpr sin 6 = Q3, and, since
Q1 = My/I = (M/I1) sin 6, we have

Qpr = M/Il. (33.5)

§34. The equations of motion of a rigid body

Since a rigid body has, in general, six degrees of freedom, the general
equations of motion must be six in number. They can be put in a form which
gives the time derivatives of two vectors, the momentum and the angular
momentum of the body.

The first equation is obtained by simply summing the equations p = f
for each particle in the body, p being the momentum of the particle and f the
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force acting on it. In terms of the total momentum of the body P = Zp = uV
and total force acting on it F = Zf, we have

dP/dt = F. (34.1)

Although F has been defined as the sum of all the forces f acting on the
various particles, including the forces due to other particles, F actually
includes only external forces: the forces of interaction between the particles
composing the body must cancel out, since if there are no external forces
the momentum of the body, like that of any closed system, must be conserved,
i.e. we must have F = 0.

" If U is the potential energy of a rigid body in an external field, the force
F is obtained by differentiating U with respect to the co-ordinates of the
centre of mass of the body:

F = —0U/dR. (34.2)
For, when the body undergoes a translation through a distance SR, the radius

vector t of every point in the body changes by 6R, and so the change in the
potential energy is

8U = Y (oUfor) - 8¢ = SR - > 3U[or = —8R - > f= —F-8R.
It may be noted that equation (34.1) can also be obtained as Lagrange’s
equation for the co-ordinates of the centre of mass, (d/df)oL/oV = OL/oR,
with the Lagrangian (32.4), for which

OLJoV = uV = P,  OLJ0R = —3U/oR = F.

Let us now derive the second equation of motion, which gives the time
derivative of the angular momentum M. To simplify the derivation, it is
convenient to choose the “fixed” (inertial) frame of reference in such a way
that the centre of mass is at rest in that frame at the instant considered.

We have M = (d/dt)Zrxp = Z#xp+Xrxp. Our choice of the frame of
reference (with V = 0) means that the value of & at the instant considered is
the same as v = #. Since the vectors v and p = mv are parallel, ¥xp = 0.
Replacing p by the force f, we have finally

dM/dt = K, (34.3)
where
K = Z rxf. (34.4)

Since M has been defined as the angular momentum about the centre of
mass (see the beginning of §33), it is unchanged when we go from one inertial
frame to another. This is seen from formula (9.5) with R = 0. We can there-
fore deduce that the equation of motion (34.3), though derived for a particular
frame of reference, is valid in any other inertial frame, by Galileo’s relativity
principle.

The vector rxf is called the moment of the force f, and so K is the total
torque, i.e. the sum of the moments of all the forces acting on the body. Like
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the total force F, the sum (34.4) need include only the external forces: by
the law of conservation of angular momentum, the sum of the moments of
the internal forces in a closed system must be zero.

The moment of a force, like the angular momentum, in general depends on
the choice of the origin about which it is defined. In (34.3) and (34.4) the
moments are defined with respect to the centre of mass of the body.

When the origin is moved a distance a, the new radius vector 1’ of each
point in the body is equal to r—a. Hence K = Zrxf = Zr' xf+Xaxf or

K = K'+axF. (34.5)

Hence we see, in particular, that the value of the torque is independent of
the choice of origin if the total force F = 0. In this case the body is said to
be acted on by a couple.

Equation (34.3) may be regarded as Lagrange’s equation (d/dt) oL[oS2
= 3L[3¢ for the “rotational co-ordinates”. Differentiating the Lagrangian
(32.4) with respect to the components of the vector Q, we obtain 0L[0Q
— I;;Q; = M;. The change in the potential energy resulting from an
infinitesimal rotation 8¢ of the body is 8U = — Xf-8¢ = —2f-3pxr
= —8¢.2rxf = —K.8¢, whence

K = —oUjod, (34.6)

so that 0L/ép = —oU[d$ = K.
Let us assume that the vectors F and K are perpendicular. Then a vector a
can always be found such that K’ given by formula (34.5) is zero and

K = axF. (34.7)

The choice of a is not unique, since the addition to a of any vector parallel
to F does not affect equation (34.7). The condition K’ = 0 thus givesa straight
line, not a point, in the moving system of co-ordinates. When K is perpendi-
cular to F, the effect of all the applied forces can therefore be reduced to that
of a single force F acting along this line.

Such a case is that of a uniform field of force, in which the force on a particle
isf = ¢E, with E a constant vector characterising the field and e characterising
the properties of a particle with respect to the field.t Then F = EZe,
K = YerxE. Assuming that Ze # 0, we define a radius vector rp such that

ro=yer/)e (34.8)
Then the total torque is simply
K =roxF. (34.9)

Thus, when a rigid body moves in a uniform field, the effect of the field
reduces to the action of a single force F applied at the point whose radius
vector is (34.8). The position of this point is entirely determined by the

t For example, in a uniform electric field E is the field strength and e the charge; in a
uniform gravitational field E is the acceleration g due to gravity and e is the mass m.
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properties of the body itself. In a gravitational field, for example, it is the
centre of mass.

§35. Eulerian angles

As has already been mentioned, the motion of a rigid body can be described
by means of the three co-ordinates of its centre of mass and any three angles
which determine the orientation of the axes x;, x2, x3 in the moving system of
co-ordinates relative to the fixed system X, Y, Z. These angles may often be
conveniently taken as what are called Eulerian angles.

., -’
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Since we are here interested only in the angles between the co-ordinate
axes, we may take the origins of the two systems to coincide (Fig. 47). The
moving x1x2-plane intersects the fixed X Y-plane in some line ON, called the
line of nodes. This line is evidently perpendicular to both the Z-axis and the
xg-axis; we take its positive direction as that of the vector product zxx3
(where z and x3 are unit vectors along the Z and xj3 axes).

We take, as the quantities defining the position of the axes x1, x2, x3
relative to the axes X, Y, Z the angle f between the Z and x3 axes, the angle ¢
between the X-axis and ON, and the angle i between the x;-axis and ON.
The angles ¢ and ¢ are measured round the Z and x3 axes respectively in the
direction given by the corkscrew rule. The angle 6 takes values from 0 to =,
and ¢ and ¢ from 0 to 27.1

t The angles 0 and ¢ —3%m are respectively the polar angle and azimuth of the direction
x3 with respect to the axes X, Y, Z. The angles 0 and 47— are respectively the polar angle
and azimuth of the direction Z with respect to the axes x1, x2, xs.
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Let us now express the components of the angular velocity vector £2 along
the moving axes x1, X2, x3 in terms of the Eulerian angles and their derivatives.
To do this, we must find the components along those axes of the angular
velocities 6, ¢, ¢. The angular velocity 6 is along the line of nodes ON, and
its components are f; = § cos ¢, 02 = —0siny, 3 = 0. The angular velo-
city ¢ is along the Z-axis; its component along the x3-axis is 3 = ¢ cos 6, and
in the xyxo-plane ¢ sin 0. Resolving the latter along the x1 and xa axes, we
have ¢1 = ¢ sin 0 sin i, ¢2 = ¢ sin 0 cos . Finally, the angular velocity ¢
is along the x3-axis.

Collecting the components along each axis, we have

Q) = ¢ sinf siny+ 6 cosy,
Qp = ¢ sinf cosyp— 0 siny, (35.1)
Qs = q§ cosﬂ+z,l}.

If the axes 1, x2, x3 are taken to be the principal axes of inertia of the body,
the rotational kinetic energy in terms of the Eulerian angles is obtained by
substituting (35.1) in (32.8).

For a symmetrical top (Iy = Iz # Is), a simple reduction gives

Trot = LI1(#2 sin260 + 62) + 1 Is(¢ cos 0+ )2 (35.2)

This expression can also be more simply obtained by using the fact that the
choice of directions of the principal axes x1, ¥z is arbitrary for a symmetrical
top. If the #; axis is taken along the line of nodes ON, i.e. ¢ = 0, the compo-
nents of the angular velocity are simply

Q1 =0, Qy=d¢sind, Qz=ccosb+y. (35.3)

As a simple example of the use of the Eulerian angles, we shall use them
to determine the free motion of a symmetrical top, already found in §33.
We take the Z-axis of the fixed system of co-ordinates in the direction of the
constant angular momentum M of the top. The x3-axis of the moving system
is along the axis of the top; let the x;-axis coincide with the line of nodes at
the instant considered. Then the components of the vector M are, by
formulae (353), M1 = 1191 = Ilé, Mg = Ilgz = Ilgl; sin 0, M3 = Igﬁg
=1I3(¢ cos 6+4). Since the x1-axis is perpendicular to the Z-axis, we have
My = 0, My = Msin 6, M3 = M cos §. Comparison gives

=0, Iip=M,  Isdcosf+y)= M cosf. (35.4)

The first of these equations gives § = constant, i.e. the angle between the
axis of the top and the direction of M is constant. The second equation gives
the angular velocity of precession ¢ = M/I1, in agreement with (33.5).
Finally, the third equation gives the angular velocity with which the top
rotates about its own axis: Q3 = (M/I3) cos 6.
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PROBLEMS

PRrOBLEM 1. Reduce to quadratures the problem of the motion of a heavy symmetrical
top whose lowest point is fixed (Fig. 48).

SoLuTioN. We take the common origin of the moving and fixed systems of co-ordinates
at the fixed point O of the top, and the Z-axis vertical. The Lagrangian of the top in a gravita-
tional field is L = §(Z, + pl?) (62 + §2 sin20) + 4T3 + & cos 6)2— pgl cos 6, where p is the mass
of the top and [ the distance from its fixed point to the centre of mass.

z
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The co-ordinates ¢ and ¢ are cyclic. Hence we have two integrals of the motion:
by = 0L/ &} = Is(f+¢ cos 6) = constant = M3 1
pe = OL/8d= (I'1 sin20+T5 cos20)d+ I} cos 8 = constant = M, 2)

where I’y = I1+pi?; the quantities py and p, are the components of the rotational angular
momentum about O along the x3 and Z axes respectively. The energy

E = 3I'1(62442 sin?0) +3I3(f +¢ cos 8)2+ gl cos 8 3)

is also conserved.
From equations (1) and (2) we find

é = (M,—Ms cos 0)/I'; sin2, @
M; M, —Ms cos 8
= T cosgr 23008 T 5
s e A oy ®

Eliminating ¢ and 4 from the energy (3) by means of equations (4) and (5), we obtain
E = %1'192-}- Ult(8),

where
Ms2
' —ngl,
B =E- o e 6)
M, —M: 9)2
Uett = ———————( d 3 08 6) —pgl(1—cos 0).

211 sin20
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Thus we have
. f de )
I VQRIE = Ue(0)/I'1}’

this is an elliptic integral. The angles ¢ and ¢ are then expressed in terms of by means of
integrals obtained from equations (4) and (5).

The range of variation of 8 during the motion is determined by the condition E’ = Ue(6).
The function Uege(6) tends to infinity (if Ma = M:) when 0 tends to 0 or #, and has a minimum
between these values. Hence the equation E’ = Uk:(6) has two roots, which determine the
limiting values 61 and 62 of the inclination of the axis of the top to the vertical.

When 8 varies from 6 to 03, the derivative ¢ changes sign if and only if the difference
M, —Ms3 cos 8 changes sign in that range of 8. If it does not change sign, the axis of the top
precesses monotonically about the vertical, at the same time oscillating up and down. The
latter oscillation is called nutation; see Fig. 49a, where the curve shows the track of the axis
on the surface of a sphere whose centre is at the fixed point of the top. If ¢ does change sign,
the direction of precession is opposite on the two limiting circles, and so the axis of the top
describes loops as it moves round the vertical (Fig. 49b). Finally, if one of 61, 62 is a zero of
M, —Mj3 cos 8, ¢ and ¢ vanish together on the corresponding limiting circle, and the path
of the axis is of the kind shown in Fig. 49c.

)

{a) (b) ()
Fic. 49

ProBrEM 2. Find the condition for the rotation of a top about a vertical axis to be stable.

SorutioN. For 8 = 0, the x3 and Z axes coincide, so that M3 = M;, E’ = 0. Rotation
about this axis is stable if § = 0 is a minimum of the function Uet(6). For small § we have
Uetr = (M32/8I'1—3pgl)82, whence the condition for stability is Ms2 > 4I1pugl or 5®
> 4I1uglIs%.

ProBLEM 3. Determine the motion of a top when the kinetic energy of its rotation about
its axis is large compared with its energy in the gravitational field (called a “fast’’ top).

SoruTioN. In a first approximation, neglecting gravity, there is a free precession of the
axis of the top about the direction of the angular momentum M, corresponding in this case
to the nutation of the top; according to (33.5), the angular velocity of this precession is

nu = Mll,l» (1)

In the next approximation, there is a slow precession of the angular momentum M about
the vertical (Fig. 50). Too determine the rate of this precession, we average the exact equation
of motion (34.3) dM/dt = K over the nutation period. The moment of the force of gravity
on the top is K=plnsgx g, where ns is a unit vector along the axis of the top. It is evident
from symmetry that the result of averaging K over the “nutation cone” is to replace ns by
its component (M/M) cos « in the direction of M, where « is the angle between M and the
axis of the top. Thus we have dM/dt = —(ul/M)gxM cos «. This shows that the vector M
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precesses about the direction of g (i.e. the vertical) with a mean angular velocity

Qe = —(ul/M)g cos « @)

which is small compared with 2ny.

In this approximation the quantities M and cos « in formulae (1) and (2) are constants,
although they are not exact integrals of the motion. To the same accuracy they are related
to the strictly conserved quantities E and M3 by Mz = M cos «,

cos2o sinZa )

Ex 2
%M( I3 I

§36. Euler’s equations

The equations of motion given in §34 relate to the fixed system of co-
ordinates: the derivatives dP/d# and dM/d¢ in equations (34.1) and (34.3)
are the rates of change of the vectors P and M with respect to that system.
The simplest relation between the components of the rotational angular
momentum M of a rigid body and the components of the angular velocity
occurs, however, in the moving system of co-ordinates whose axes are the
principal axes of inertia. In order to use this relation, we must first transform
the equations of motion to the moving co-ordinates x;, x2, x3.

Let dA/dt be the rate of change of any vector A with respect to the fixed
system of co-ordinates. If the vector A does not change in the moving system,
its rate of change in the fixed system is due only to the rotation, so that
dA/dt = QxA; see §9, where it has been pointed out that formulae such as
(9.1) and (9.2) are valid for any vector. In the general case, the right-hand
side includes also the rate of change of the vector A with respect to the moving
system. Denoting this rate of change by d’A/d¢, we obtain

@ = d—?+9 xA. (36.1)
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Using this general formula, we can immediately write equations (34.1) and
(34.3) in the form

7 ’

P oxp=-F “M.oxM-K 36.2)
_ % = s X = . .
dt dz (

Since the differentiation with respect to time is here performed in the moving
system of co-ordinates, we can take the components of equations (36.2) along
the axes of that system, putting (d'P/dt); = dPy/dt, ..., (I'M/dt); = dMa/de,
..., where the suffixes 1, 2, 3 denote the components along the axes x1, x2, ¥3.
In the first equation we replace P by uV, obtaining

- dV;
;L(—dt—1+QzV3—QaVz) = Fy, W

av.
,L( dt2+93V1—91V3) = F, (36.3)

dVs
y,(—c—lt—+ Q1 Ve~ Qng) = F3.

If the axes x3, X2, x3 are the principal axes of inertia, we can put M; = IQ,
etc., in the second equation (36.2), obtaining

I dQy/dt + (I3 — I2)Q:Q3 = K,
I dQq/dt + (I1 — I3)Q3Q; = K, ¢ (36.4)
I3 dQ3/dt + (1o — I1)Q1Qs = Ks.
These are Euler’s equations.
In free rotation, K = 0, so that Euler’s equations become
dQ,/dt+ (Is— 2)Q2Q3/1 = 0,
dQy/dt + (I1 — I3)Q3Q /1> = 0, (36.5)
dQg/dt + (I — L)1 QI3 = 0.
As an example, let us apply these equations to the free rotation of a sym-
metrical top, which has already been discussed. Putting I; = Iz, we find from

the third equation Qg = 0, i.e. Q3 = constant. We then write the first two
equations as (1 = —wQs, Qs = wQ), where

w = Qy(ls—L)/T (36.6)

is a constant. Multiplying the second equation by 7 and adding, we have
d(Q +1Qp)/dt = iw(Q+iQs), so that Q1 +iQp = A exp(iwt), where 4 is a
constant, which may be made real by a suitable choice of the origin of time.
Thus

Q; = A coswt Qo = A sin wt. (36.7)
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This result shows that the component of the angular velocity perpendicular
to the axis of the top rotates with an angular velocity w, remaining of constant
magnitude 4 = 4/(;2+ Qs2). Since the component Q3 along the axis of the
top is also constant, we conclude that the vector & rotates uniformly with
angular velocity w about the axis of the top, remaining unchanged in magni-
tude. On account of the relations My = Ly, My = L,Qs, Mz = I3Q3 be-
tween the components of £ and M, the angular momentum vector M evidently
executes a similar motion with respect to the axis of the top.

This description is naturally only a different view of the motion already
discussed in §33 and §35, where it was referred to the fixed system of co-
ordinates. In particular, the angular velocity of the vector M (the Z-axis in
Fig. 48, §35) about the x3-axis is, in terms of Eulerian angles, the same as
the angular velocity —y. Using equations (35.4), we have

Mcos® 1 1
—¢cosf = McosB(-—-———-),
Is I

or —y = Qg(I3—11)/I4, in agreement with (36.6).

§37. The asymmetrical top

We shall now apply Euler’s equations to the still more complex problem
of the free rotation of an asymmetrical top, for which all three moments of
inertia are different. We assume for definiteness that

13 > Ig > Il. (371)
Two integrals of Euler’s equations are known already from the laws of
conservation of energy and angular momentum:
L1032+ 15002+ I3Q32 = 2E,
I2Q42 4 12Q02 + I32Q52 = M2,

where the energy E and the magnitude M of the angular momentum are given
constants. These two equations, written in terms of the components of the
vector M, are

(37.2)

M2 N M2 N M3?
I Iy I3
M2+ M2+ M32 = M2, (37.4)

~ 2E, (37.3)

From these equations we can already draw some conclusions concerning
the nature of the motion. To do so, we notice that equations (37.3) and (37.4),
regarded as involving co-ordinates Mj, M, Ms, are respectively the equation
of an ellipsoid with semiaxes 4/(2EIL), 1/(2EIL), 4/(2EI3) and that of a sphere
of radius M. When the vector M moves relative to the axes of inertia of the
top, its terminus moves along the line of intersection of these two surfaces.
Fig. 51 shows a number of such lines of intersection of an ellipsoid with
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spheres of various radii. The existence of an intersection is ensured by the
obviously valid inequalities
2EL < M? < 2EI;3, (37.5)

which signify that the radius of the sphere (37.4) lies between the least and
greatest semiaxes of the ellipsoid (37.3).

FiG. 51

Let us examine the way in which these “paths”t of the terminus of the
vector M change as M varies (for a given value of E). When M2 is only slightly
greater than 2ET, the sphere intersects the ellipsoid in two small closed curves
round the x;-axis near the corresponding poles of the ellipsoid ; as M2 — 2EI,
these curves shrink to points at the poles. When M2 increases, the curves
become larger, and for M2 = 2EI, they become two plane curves (ellipses)
which intersect at the poles of the ellipsoid on the xp-axis. When M?2 increases
further, two separate closed paths again appear, but now round the poles on
the xg-axis; as M2 - 2EI3 they shrink to points at these poles.

First of all, we may note that, since the paths are closed, the motion of the
vector M relative to the top must be periodic; during one period the vector
M describes some conical surface and returns to its original position.

Next, an essential difference in the nature of the paths near the various
poles of the ellipsoid should be noted. Near the x; and x3 axes, the paths lie
entirely in the neighbourhood of the corresponding poles, but the paths which
pass near the poles on the xs-axis go elsewhere to great distances from those
poles. This difference corresponds to a difference in the stability of the rota-
tion of the top about its three axes of inertia. Rotation about the x; and «x3
axes (corresponding to the least and greatest of the three moments of inertia)

1 The corresponding curves described by the terminus of the vector € are called polkodes.
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is stable, in the sense that, if the top is made to deviate slightly from such a
state, the resulting motion is close to the original one. A rotation about the
xg-axis, however, is unstable: a small deviation is sufficient to give rise to a
motion which takes the top to positions far from its original one.

To determine the time dependence of the components of & (or of the com-
ponents of M, which are proportional to those of &) we use Euler’s equations
(36.5). We express £ and Q3 in terms of Qp by means of equations (37.2)
and (37.3):

02 = [(2EI3— M?2)— Iy(I3— I3)Q2]/[1(I3— Ih),
Q32 = [(M2—2ELL)— Ix(I>— )22 /I3(I3— I),
and substitute in the second equation (36.5), obtaining
sz/dt = (13—,[1)9.193/12
= VA[(2EI3— M?2)— Iy(I3— I3)Q92] x
x [((M2—2EL)— Iy(Iz— 1I;)Q2]}/ o2/ (I113). (37.7)

Integration of this equation gives the function #({2;) as an elliptic integral.
In reducing it to a standard form we shall suppose for definiteness that
M?2 > 2FEI; if this inequality is reversed, the suffixes 1 and 3 are interchanged
in the following formulae. Using instead of ¢ and , the new variables

7 = ty/[(Is— L)(M2—2EL)/ I, 1,15,

(37.6)

37.8
s = Qon/[Io(I3— I2)/(2EL3— M?)], (37.8)

and defining a positive parameter 22 < 1 by
k2 = (I— L)(2EI3— M?)/(I3— I3)(M2—2EI), (37.9)

we obtain

: ds
’ =0f VI=2)(1—Rs)]

the origin of time being taken at an instant when Qy = 0. When this integral
is inverted we have a Jacobian elliptic function s = sn 7, and this gives Qp
as a function of time; Q;(¢) and Qg(¢) are algebraic functions of Qy(f) given
by (37.6). Using the definitions cn 7 = 4/(1—sn?7), dn 7 = 4/(1 — k2 sn27),
we find

Qg = '\/[(ZEI:;— MZ)/Iz(Ig - Iz)] snT,
Q3 = +/[(M2—2EL)/I3(I3—11)] dn.
These are periodic functions, and their period in the variable 7 is 4K,
where K is a complete elliptic integral of the first kind:
. ds d du
K= bf A/[(1—s2)(1—k%52)] - of +/(1— k2 sin?u)

Ql = «\/[(2EI3—M2)/11(13——11)] cnT,
} (37.10)

(37.11)



§37 The asymmetrical top 119

The period in # is therefore
T = 4K+/[LW1o13/(I3— I2)(M? - 2ELL)]. (37.12)

After a time T the vector  returns to its original position relative to the
axes of the top. The top itself, however, does not return to its original position
relative to the fixed system of co-ordinates; see below.

For I; = I», of course, formulae (37.10) reduce to those obtained in §36
for a symmetrical top: as I; — I, the parameter k2 — 0, and the elliptic
functions degenerate to circular functions: sn7 —sin7, cnT —>cos T,
dn 7 — 1, and we return to formulae (36.7).

When M2 = 2EI; we have Q; = Qy = 0, Q3 = constant, i.e. the vector
is always parallel to the xs-axis. This case corresponds to uniform rotation of
the top about the xs-axis. Similarly, for M2 = 2EL (when 7 = 0) we have
uniform rotation about the x;-axis.

Let us now determine the absolute motion of the top in space (i.e. its
motion relative to the fixed system of co-ordinates X, Y, Z). To do so, we
use the Eulerian angles i, ¢, 0, between the axes x), x2, x3 of the top and the
axes X, Y, Z, taking the fixed Z-axis in the direction of the constant vector M.
Since the polar angle and azimuth of the Z-axis with respect to the axes
x1, Xg, 3 are respectively 6 and 7 —i (see the footnote to §35), we obtain on
taking the components of M along the axes x1, x2, x3

Msinfsing = My = Ly,
M sinf cosyp = My = I s, (37.13)
M cos@ = Mg = I3Qs.
Hence
cosd = I3Q3/M, tanyy = 1Q1/1>Qs, (37.14)
and from formulae (37.10)
cos = +/[I3(M?2—-2EL)/M2(I3— )] dnr,
tany = +/[[i(lz3— I2)/I2(Is—I1)] en7/snT,

which give the angles 6 and ¥ as functions of time; like the components of the
vector Q, they are periodic functions, with period (37.12).

The angle ¢ does not appear in formulae (37.13), and to calculate it we
must return to formulae (35.1), which express the components of & in terms
of the time derivatives of the Eulerian angles. Eliminating 6 from the equa-
tions Q) = ¢sin Osin+0cosh, Qp = fsin fcosp—bGsiny, we obtain
é = (Qq sin p+ Qg cos )/sin 6, and then, using formulae (37.13),

d(ﬁ/dt = (11912 + Izsz)M/(Ilzglz + 122922). (3716)

(37.15)

The function ¢(¢) is obtained by integration, but the integrand involves
elliptic functions in a complicated way. By means of some fairly complex
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transformations, the integral can be expressed in terms of theta functions;
we shall not give the calculations,} but only the final result.

The function ¢(¢) can be represented (apart from an arbitrary additive
constant) as a sum of two terms:

$(t) = $1(2)+ (), (37.17)
one of which is given by
. 2t . 2t
exp[2id(2)] = 901(—;—1oc) / 301(?+zo:>, (37.18)
where 9¢; is a theta function and « a real constant such that
sn(2iaK) = iy/[Is(M2—2EI)/,(2EIs— M?)]; (37.19)

K and T are given by (37.11) and (37.12). The function on the right-hand side
of (37.18) is periodic, with period 47, so that ¢y(¢) varies by 27 during a time
T. The second term in (37.17) is given by
M i Yo1'(in)

T 22, oT %u(ia)
This function increases by 27 during a time 7”. Thus the motion in ¢ is a
combination of two periodic motions, one of the periods (7") being the same
as the period of variation of the angles ¢ and 6, while the other (7") is incom-

mensurable with 7. This incommensurability has the result that the top does
not at any time return exactly to its original position.

do(t) = 2mt|T",

(37.20)

PROBLEMS

ProBLEM 1. Determine the free rotation of a top about an axis near the xs-axis or the
x1-axis.

SoLuTION. Let the x3-axis be near the direction of M. Then the components M1 and Ma
are small quantities, and the component M3z = M (apart from quantities of the second and
higher orders of smallness). To the same accuracy the first two Euler’s equations (36.5) can
be written dMi/dt = QoMa(1—1Is/lz), dMz/dt = QoMy(Is/l1~—1), where Qo = M/[I3. As
usual we seek solutions for M1 and Mz proportional to exp(iwt), obtaining for the frequency w

- o[-}

The values of M3 and Mz are
I I
M = MaA/(Ta -1 )cos wt, M= MaA/(T3 —1) sin wt, 2)

2 1

where a is an arbitrary small constant. These formulae give the motion of the vector M
relative to the top. In Fig. 51, the terminus of the vector M describes, with frequency w,
a small ellipse about the pole on the xz-axis.

To determine the absolute motion of the top in space, we calculate its Eulerian angles.
In the present case the angle 8 between the x3-axis and the Z-axis (direction of M) is small,

t These are given by E. T. WHITTARER, A Treatise on the Analytical Dynamics of Particles
and Rigid Bodies, 4th ed., Chapter VI, Dover, New York 1944.
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and by formulae (37.14) tan § = Mj/Mz, 62 x 2(1 —cos 0) = 2(1 —M3/M) ~ (M12+M>2)/M?;
substituting (2), we obtain

tan ¢ = +/ [h(lz—L)/I2(Is—1)] cot wt,

I I
02 = a2[(T: —1) cosZwt+ (73 —1) sinzwt].

1

©)

To find ¢, we note that, by the third formula (35.1), we have, for 6 < 1, Qo & Q3 & ¥+4.
Hence
$ = Qot—y, )
omitting an arbitrary constant of integration.
A clearer idea of the nature of the motion of the top is obtained if we consider the change
in direction of the three axes of inertia. Let nj, n2, n3 be unit vectors along these axes. The
vectors ny and ng rotate uniformly in the X Y-plane with frequency o, and at the same time

execute small transverse oscillations with frequency w. These oscillations are given by the
Z-components of the vectors:

niz % Mi/M = a'\/(Ia/Iz-—l) cos wi,
nez X Mz/M = av/(I3/[1—1) sin wt.

For the vector ng we have, to the same accuracy, naz & 0 sin ¢, n3y ~ —6 cos ¢, n3; ~ 1.
(The polar angle and azimuth of n3g with respect to the axes X, Y, Z are 8 and ¢ —4n; see
the footnote to §35.) We also write, using formulae (37.13),

naz = 0 sin(Qot—4¢)
= @ sin Qot cos Y—0 cos Qot sin
= (M2/M) sin Qot—(M1/M) cos Qot

aA/ (—1—3 —1) sin Qot sin wt—al\/ (ﬁ —-1) cos Qot cos wt
il . I

I I

= -—%a[A/ (—3 -——1)+A/(—a —1)] cos(Qo+ w)t+
n I
I3 I3
1 28 1) - = —
sl ) )] et

Similarly

R T e
+§a[,\/ (% _1)_A/(§—z -—1)] sin(Qo — w)t.

From this we see that the motion of n3 is a superposition of two rotations about the Z-axis
with frequencies Qo=+ w.

I

ProBLEM 2. Determine the free rotation of a top for which M? = 2EIs.

SoLutioN. This case corresponds to the movement of the terminus of M along a curve
through the pole on the xgz-axis (Fig. 51). Equation (37.7) becomes ds/dr = 1—s2,
7 =t/ [(lz—I)(Is —I2)[ 113]}Q0, s = Q3/Qp, where Qo = M/Ir = 2E/M. Integration of
this equation and the use of formulae (37.6) gives

Q1 = Qo [L(Is—I)/i(Is—11)] sech 7,
Qg = Qo tanh 7, } (¢))
Q3 = Qov/[Le(l2—11)/I3(Is3—11)] sech 7.

To describe the absolute motion of the top, we use Eulerian angles, defining 6 as the angle
between the Z-axis (direction of M) and the x2-axis (not the x3-axis as previously). In formulae
(37.14) and (37.16), which relate the components of the vector § to the Eulerian angles, we

5
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must cyclically permute the suffixes 1, 2, 3 to 3, 1, 2. Substitution of (1) in these formulae
then gives cos § = tanh 7, ¢ = Qoz+constant, tan = +/ [I3(La—I)/(I[3—13)].

It is seen from these formulae that, as ¢ — 0, the vector & asymptotically approaches the
xg-axis, which itself asymptotically approaches the Z-axis.

§38. Rigid bodies in contact

The equations of motion (34.1) and (34.3) show that the conditions of
equilibrium for a rigid body can be written as the vanishing of the total force
and total torque on the body:

F=>f=0, K=Srxf=0. (38.1)

Here the summation is over all the external forces acting on the body, and r
is the radius vector of the “point of application”; the origin with respect to
which the torque is defined may be chosen arbitrarily, since if F = 0 the
value of K does not depend on this choice (see (34.5)).

If we have a system of rigid bodies in contact, the conditions (38.1) for
each body separately must hold in equilibrium. The forces considered must
include those exerted on each body by those with which it is in contact. These
forces at the points of contact are called reactions. It is obvious that the mutual
reactions of any two bodies are equal in magnitude and opposite in direction.

In general, both the magnitudes and the directions of the reactions are
found by solving simultaneously the equations of equilibrium (38.1) for all the
bodies. In some cases, however, their directions are given by the conditions
of the problem. For example, if two bodies can slide freely on each other, the
reaction between them is normal to the surface.

If two bodies in contact are in relative motion, dissipative forces of friction
arise, in addition to the reaction.

There are two possible types of motion of bodies in contact—sliding and
rolling. In sliding, the reaction is perpendicular to the surfaces in contact,
and the friction is tangential. Pure rolling, on the other hand, is characterised
by the fact that there is no relative motion of the bodies at the point of
contact; that is, a rolling body is at every instant as it were fixed to the point
of contact. The reaction may be in any direction, i.e. it need not be normal
to the surfaces in contact. The friction in rolling appears as an additional
torque which opposes rolling.

If the friction in sliding is negligibly small, the surfaces concerned are
said to be perfectly smooth. If, on the other hand, only pure rolling without
sliding is possible, and the friction in rolling can be neglected, the surfaces
are said to be perfectly rough.

In both these cases the frictional forces do not appear explicitly in the pro-
blem, which is therefore purely one of mechanics. If, on the other hand, the
properties of the friction play an essential part in determining the motion,
then the latter is not a purely mechanical process (cf. §25).

Contact between two bodies reduces the number of their degrees of freedom
as compared with the case of free motion. Hitherto, in discussing such
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problems, we have taken this reduction into account by using co-ordinates
which correspond directly to the actual number of degrees of freedom. In
rolling, however, such a choice of co-ordinates may be impossible.

The condition imposed on the motion of rolling bodies is that the velocities
of the points in contact should be equal; for example, when a body rolls on a
fixed surface, the velocity of the point of contact must be zero. In the general
case, this condition is expressed by the equations of constraint, of the form

z Caiq'i = O, (38.2)
i

where the c,; are functions of the co-ordinates only, and the suffix « denumer-
ates the equations. If the left-hand sides of these equations are not the total
time derivatives of some functions of the co-ordinates, the equations cannot
be integrated. In other words, they cannot be reduced to relations between the
co-ordinates only, which could be used to express the position of the bodies
in terms of fewer co-ordinates, corresponding to the actual number of degrees
of freedom. Such constraints are said to be non-holonomic, as opposed to
holonomic constraints, which impose relations between the co-ordinates only.

Let us consider, for example, the rolling of a sphere on a plane. As usual,
we denote by V the translational velocity (the velocity of the centre of the
sphere), and by & the angular velocity of rotation. The velocity of the point
of contact with the plane is found by putting r = —an in the general formula
v = V4+Qxr; a is the radius of the sphere and n a unit vector along the
normal to the plane. The required condition is that there should be no sliding
at the point of contact, i.e.

V—aQxn = 0. (38.3)

This cannot be integrated: although the velocity V is the total time derivative
of the radius vector of the centre of the sphere, the angular velocity is not in
general the total time derivative of any co-ordinate. The constraint (38.3) is
therefore non-holonomic.

Since the equations of non-holonomic constraints cannot be used to reduce
the number of co-ordinates, when such constraints are present it is necessary
to use co-ordinates which are not all independent. To derive the correspond-
ing Lagrange’s equations, we return to the principle of least action.

The existence of the constraints (38.2) places certain restrictions on the
possible values of the variations of the co-ordinates: multiplying equations
(38.2) by &¢, we find that the variations 8¢; are not independent, but are
related by

> caidgs = 0. (38.4)
i

t It may be noted that the similar constraint in the rolling of a cylinder s holonomic. In
that case the axis of rotation has a fixed direction in space, and hence Q = d¢/d¢ is the total
derivative of the angle ¢ of rotation of the cylinder about its axis. The condition (38.3) can
therefore be integrated, and gives a relation between the angle ¢ and the co-ordinate of the
centre of mass.
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This must be taken into account in varying the action. According to
Lagrange’s method of finding conditional extrema, we must add to the inte-
grand in the variation of the action

oL d
85 = | Sogi|——~ dz
J 3l alz)]

the left-hand sides of equations (38.4) multiplied by undetermined coeffici-
ents A, (functions of the co-ordinates), and then equate the integral to zero.
In so doing the variations 8¢; are regarded as entirely independent, and the
result is

d oL\ ¢L A 38.5
&t (3%) 2a; Z wbat: (38-5)
These equations, together with the constraint equations (38.2), form a com-
plete set of equations for the unknowns ¢; and A,.

The reaction forces do not appear in this treatment, and the contact of
the bodies is fully allowed for by means of the constraint equations. There
is, however, another method of deriving the equations of motion for bodies in
contact, in which the reactions are introduced explicitly. The essential feature
of this method, which is sometimes called d’ Alembert’s principle, is to write
for each of the bodies in contact the equations.

dPdt = > f,  dMJdt = 3 rxf, (38.6)

wherein the forces f acting on each body include the reactions. The latter
are initially unknown and are determined, together with the motion of the
body, by solving the equations. This method is equally applicable for both
holonomic and non-holonomic constraints.

PROBLEMS

ProBLEM 1. Using d’Alembert’s principle, find the equations of motion of a homogeneous
sphere rolling on a plane under an external force F and torque K.

SoLuTiON. The constraint equation is (38.3). Denoting the reaction force at the point of
contact between the sphere and the plane by R, we have equations (38.6) in the form

ndV/dz = F+R, )

1d82/dt = K—an xR, 2)

where we have used the facts that P = uV and, for a spherical top, M = IQ. Differentiating

the constraint equation (38.3) with respect to time, we have V =aQxn. Substituting in

equation (1) and eliminating € by means of (2), we obtain (I/ap)(F+R) = Kxn—aR+

-+an(n- R), which relates R, F and K. Writing this equation in components and substitut-
ing I = %pa? (§32, Problem 2(b)), we have

5 2
Rx = %Ky—;Fx, Ry = —7'_aKx— ;7Fy, Rz = _Fz,

where the plane is taken as the xy-plane. Finally, substituting these expressions in (1), we
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obtain the equations of motion involving only the given external force and torque:

dVe 5( Ky)
— = =|F ,
dt  7u =t

dVy_S( Kx)
dt 7\"Y o/

The components Qz, Qy of the angular velocity are given in terms of V7, Vy by the constraint

equation (38.3); for Q; we have the equation $ua? dQ./dt = K, the z-component of equa-
tion (2).

PrROBLEM 2. A uniform rod BD of weight P and length [ rests against a wall as shown in

Fig. 52 and its lower end B is held by a string 4B. Find the reaction of the wall and the ten-
sion in the string.

Fie. 52

SoLuTION. The weight of the rod can be represented by a force P vertically downwards,
applied at its midpoint. The reactions R and R¢ are respectively vertically upwards and
perpendicular to the rod; the tension T in the string is directed from B to 4. The solution
of the equations of equilibrium gives R¢ = (PI[4h)sin 2¢, Rp = P—Rcsin «, T = R¢ cos .

PrROBLEM 3. A rod of weight P has one end A4 on a vertical plane and the other end B on
a horizontal plane (Fig. 53), and is held in position by two horizontal strings AD and BC,

)
o

F1c. 53
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the latter being in the same vertical plane as AB. Determine the reactions of the planes and
the tensions in the strings.

SoLuTioN. The tensions T4 and T are from A to D and from B to C respectively. The
reactions R4 and Rp are perpendicular to the corresponding planes. The solution of the
equations of equilibrium gives Rg = P, Tp = }P cot a, Ra = Trsin B, Ta = Tg cos §.

ProBLEM 4. T'wo rods of length [ and negligible weight are hinged together, and their ends
are connected by a string AB (Fig. 54). They stand on a plane, and a force F is applied
at the midpoint of one rod. Determine the reactions.

Fic. 54

SoLuTION. The tension T acts at 4 from A to B, and at B from B to A. The reactions R4
and Rp at 4 and B are perpendicular to the plane. Let R¢ be the reaction on the rod AC at
the hinge ; then a reaction —R¢ acts on the rod BC. The condition that the sum of the moments
of the forces Rp, T and —Rc acting on the rod BC should be zero shows that R¢ acts along
BC. The remaining conditions of equilibrium (for the two rods separately) give R4 = %F,
Rp = }F, R¢ = 4F cosec o, T = }F cot «, where a is the angle CAB.

§39. Motion in a non-inertial frame of reference

Up to this point we have always used inertial frames of reference in discuss-
ing the motion of mechanical systems. For example, the Lagrangian

Lo = imve®— U, (39.1)

and the corresponding equation of motion m dvg/dt = — 9U/0or, for a single
particle in an external field are valid only in an inertial frame. (In this section
the suffix 0 denotes quantities pertaining to an inertial frame.)

Let us now consider what the equations of motion will be in a non-inertial
frame of reference. The basis of the solution of this problem is again the
principle of least action, whose validity does not depend on the frame of
reference chosen. Lagrange’s equations

d /oL oL
——(—) = — (39.2)
de \ ov or

are likewise valid, but the Lagrangian is no longer of the form (39.1), and to
derive it we must carry out the necessary transformation of the function Ly.
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This transformation is done in two steps. Let us first consider a frame of
reference K’ which moves with a translational velocity V() relative to the
inertial frame Kjg. The velocities vo and v’ of a particle in the frames Ko and
K' respectively are related by

vo = v + V(). (39.3)
Substitution of this in (39.1) gives the Lagrangian in K':
L' = imv'2+mv' - V+imV2—U.

Now V2(t) is a given function of time, and can be written as the total deriva-
tive with respect to ¢ of some other function; the third term in L’ can there-
fore be omitted. Next, v/ = dr’/dt, where r’ is the radius vector of the par-
ticle in the frame K’. Hence

mV(t)-v' = mV-dr'/dt = d(mV.r')/dt—mr'-dV/dt.

Substituting in the Lagrangian and again omitting the total time derivative,
we have finally

L' = lmv'2—mW(t)-t'— U, (394)

where W = dV/dt is the translational acceleration of the frame K’.
The Lagrange’s equation derived from (39.4) is

dv’ oU
M— = ———mW(). (39.5)
T

Thus an accelerated translational motion of a frame of reference is equivalent,
as regards its effect on the equations of motion of a particle, to the application
of a uniform field of force equal to the mass of the particle multiplied by the
acceleration W, in the direction opposite to this acceleration.

Let us now bring in a further frame of reference K, whose origin coincides
with that of K’, but which rotates relative to K’ with angular velocity (z).
Thus K executes both a translational and a rotational motion relative to the
inertial frame K.

The velocity v’ of the particle relative to K’ is composed of its velocity v
relative to K and the velocity Qxr of its rotation with K: v = v+ Qxr
(since the radius vectors r and 1’ in the frames K and K’ coincide). Substitut-
ing this in the Lagrangian (39.4), we obtain

L =im2+mv-Qxr+im(Q xr)2—mW.r—U. (39.6)

This is the general form of the Lagrangian of a particle in an arbitrary, not
necessarily inertial, frame of reference. The rotation of the frame leads to the
appearance in the Lagrangian of a term linear in the velocity of the particle.

To calculate the derivatives appearing in Lagrange’s equation, we write
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the total differential
dL = mv.dv+mdv-Q xr+mv-Q xdr+ -
+m(2 xr)-(R xdr)—mW.dr— (0U/or)-dr
= mv-dv+mdv.-Q xr+mdr.v xQ+
+m(Q xr) xQ.dr —mW.dr—(0U/or).dr.
The terms in dv and dr give
OL[ov = mv+mQ xr,
OL|or = mv xQ+m( xr) x Q2—mW —oU/or.
Substitution of these expressions in (39.2) gives the required equation of
motion:
mdv/dt = —oU/[or—mW +mr x Q+2mv xQ+mQ x(rx ). (39.7)

We see that the “inertia forces” due to the rotation of the frame consist
of three terms. The force mrx £ is due to the non-uniformity of the rotation,
but the other two terms appear even if the rotation is uniform. The force
2mv x L is called the Coriolis force; unlike any other (non-dissipative) force
hitherto considered, it depends on the velocity of the particle. ‘The force
mQx (rx Q) is called the centrifugal force. It lies in the plane through r and
L, is perpendicular to the axis of rotation (i.e. to ), and is directed away
from the axis. The magnitude of this force is mpQ2, where p is the distance
of the particle from the axis of rotation.

Let us now consider the particular case of a uniformly rotating frame with

no translational acceleration. Putting in (39.6) and (39.7) & = constant,
W = 0, we obtain the Lagrangian
L =tm2+mv-Qxr+im(Q xr)2— U (39.8)
and the equation of motion
mdv/dt = —oU/or+2mv X Q+mQ x(r x Q). (39.9)
The energy of the particle in this case is obtained by substituting
p = OL/ov = mv+mQ xr (39.10)
in E = p.-v—L, which gives
E = }mv?—im(Q xr)2+ U. (39.11)

It should be noticed that the energy contains no term linear in the velocity.
The rotation of the frame simply adds to the energy a term depending only
on the co-ordinates of the particle and proportional to the square of the
angular velocity. This additional term —4m(Qxr)? is called the centrifugal
potential energy.

The velocity v of the particle relative to the uniformly rotating frame of
reference is related to its velocity vy relative to the inertial frame Ko by

Vo = v+ QXr. (39.12)
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The momentum p (39.10) of the particle in the frame K is therefore the same
as its momentum pg = mve in the frame Kp. The angular momenta
My = rxpo and M = rxp are likewise equal. The energies of the particle
in the two frames are not the same, however. Substituting v from (39.12) in
(39.11), we obtain E = {mvo®—mvo- Qxr+U = Imve2+ U—mrx vy« Q.
The first two terms are the energy Eo in the frame Kj. Using the angular
momentum M, we have

E = E;—M-Q. (39.13)

This formula gives the law of transformation of energy when we change to a
uniformly rotating frame. Although it has been derived for a single particle,
the derivation can evidently be generalised immediately to any system of
particles, and the same formula (39.13) is obtained.

PROBLEMS

Prosrem 1. Find the deflection of a freely falling body from the vertical caused by the
Earth’s rotation, assuming the angular velocity of this rotation to be small.

SoLutioN. In a gravitational field U = —mg. r, where g is the gravity acceleration
vector; neglecting the centrifugal force in equation (39.9) as containing the square of 2, we
have the equation of motion

v =2vxQ+g (1)

This equation may be solved by successive approximations. To do so, we put v = vi+ve,
where v is the solution of the equation ¥1 = g, i.e. V1 = gt-+Vo (Vo being the initial velocity).
Substituting v = vi-+vzin (1) and retaining only v1 on the right, we have for va the equation
Vo = 2vixQ = 2tgx QR +2vo x Q. Integration gives

r = h{vot+3g2+313g x Q+12vo XL, )

where h is the initial radius vector of the particle.

Let the 2-axis be vertically upwards, and the x-axis towards the pole; then gz = gy = 0,
g: = —g; Qz = Qcos A, Qy = 0, Q; = Qsin A, where 2 is the latitude (which for definite-
ness we take to be north). Putting vo = 0in (2), we find x = 0, y = —$£3%gQ cos A. Substitu-
tion of the time of fall £ & 4/ (2k/g) gives finally x = 0,y = — }(2A/g)?/2gQ cos A, the negative
value indicating an eastwaid deflection.

ProBLEM 2. Determine the deflection from coplanarity of the path of a particle thrown
from the Earth’s surface with velocity vo.

SoLuTioN. Let the xz-plane be such as to contain the velocity vo. The initial altitude
k = 0. The lateral deviation is given by (2), Problem 1: y = —3#3gQ;+13(Qzv0: —Q.v0z)
or, substituting the time of flight ¢ & 2v0z/g, ¥ = 4v02(}v0:Qz —v0zQz)/g2.

ProBLEM 3. Determine the effect of the Earth’s rotation on small oscillations of a pendulum
(the problem of Foucault’s pendulum).

SorutioN. Neglecting the vertical displacement of the pendulum, as being a quantity
of the second order of smallness, we can regard the motion as taking place in the horizontal
xy-plane. Omitting terms in Q2, we have the equations of motion X+ w?x = 2Q.y, J+ oy
= —2Q,%, where wis the frequency of oscillation of the pendulum if the Earth’s rotation is
neglected. Multiplying the second equation by 7 and adding, we obtain a single equation
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z+2i{2;f. + w?¢ = 0 for the complex quantity ¢{ = x+iy. For Q; <€ w, the solution of this
equation is
¢ = exp(—iQat)[A1 exp(iwt) + A2 exp(—iwt)]
or
x-+iy = (xo+iyo) exp(—iQ.t),

where the functions xo(t), yo(¢) give the path of the pendulum when the Earth’s rotation is
neglected. The effect of this rotation is therefore to turn the path about the vertical with
angular velocity Q..



CHAPTER VII
THE CANONICAL EQUATIONS}

§40. Hamilton’s equations

THE formulation of the laws of mechanics in terms of the Lagrangian, and
of Lagrange’s equations derived from it, presupposes that the mechanical
state of a system is described by specifying its generalised co-ordinates and
velocities. This is not the only possible mode of description, however. A
number of advantages, especially in the study of certain general problems of
mechanics, attach to a description in terms of the generalised co-ordinates
and momenta of the system. The question therefore arises of the form of
the equations of motion corresponding to that formulation of mechanics.

The passage from one set of independent variables to another can be
effected by means of what is called in mathematics Legendre’s transformation.
In the present case this transformation is as follows. The total differential
of the Lagrangian as a function of co-ordinates and velocities is

ar, = iIiquzi{'—dq'i.
, 0qq : o4;
This expression may be written
dL = 3 pidgi+ D, pidds (40.1)

since the derivatives dL/0g; are, by definition, the generalised momenta, and
0L|dq; = pi by Lagrange’s equations. Writing the second term in (40.1) as
Xps dg; = d(Zpigs) — Xgi dps, taking the differential d(Xpigs) to the left-hand
side, and reversing the signs, we obtain from (40.1)

d(3 pigi—L) = — 2> padgi+ 2, gs dps.
The argument of the differential is the energy of the system (cf. §6);

expressed in terms of co-ordinates and momenta, it is called the Hamilton’s
function or Hamiltonian of the system:

Hp g, 1) = ;piq‘z—L. (40.2)

¥ 'The reader may find useful the following table showing certain differences between the
nomenclature used in this book and that which is generally used in the English literature.

Here Elsewhere
Principle of least action Hamilton’s principle
Principle of least action

e .
Maupertuis’ principle Maupertuis’ principle

Action Hamilton’s principal function
Abbreviated action Action
—Translators.

131
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From the equation in differentials

dH = — Z pidgi+ Z ¢ dps, (40.3)
in which the independent variables are the co-ordinates and momenta, we
have the equations

Gi= oHap, i = —oHog. (40.4)

These are the required equations of motion in the variables p and ¢, and
are called Hamilton’s equations. They form a set of 2s first-order differential
equations for the 2s unknown functions p;(¢) and ¢(t), replacing the s second-
order equations in the Lagrangian treatment. Because of their simplicity and
symmetry of form, they are also called canonical equations.

The total time derivative of the Hamiltonian is

dH oH oH
= o +Z 3 Qz‘f'z api

Substitution of ¢; and p; from equations (40.4) shows that the last two terms
cancel, and so

dH/dt = aH/ot. (40.5)

In particular, if the Hamiltonian does not depend explicitly on time, then
dH|d¢ = 0, and we have the law of conservation of energy.

As well as the dynamical variables g, § or ¢, p, the Lagrangian and the
Hamiltonian involve various parameters which relate to the properties of the
mechanical system itself, or to the external forces on it. Let A be one such
parameter. Regarding it as a variable, we have instead of (40.1)

dL = > psdgi+ 3 pi dgi+(2L[0N) dA,
and (40.3) becomes
dH = — sz dqi+ 2 gi dpi— (3L/3/\) dA.
Hence
(0H[0N)p,g = —(9L[N)g,q, (40.6)
which relates the derivatives of the Lagrangian and the Hamiltonian with
respect to the parameter A. The suffixes to the derivatives show the quantities
which are to be kept constant in the differentiation.
This result can be put in another way. Let the Lagrangian be of the form
L = Lo+ L', where L' is a small correction to the function Lg. Then the
corresponding addition H’ in the Hamiltonian H = Ho+ H' is related to L’
by
H)pa= —L)de (40.7)

It may be noticed that, in transforming (40.1) into (40.3), we did not
include a term in d¢ to take account of a possible explicit time-dependence
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of the Lagrangian, since the time would there be only a parameter which
would not be involved in the transformation. Analogously to formula (40.6),
the partial time derivatives of L and H are related by
(0H|0t)p,q = —(0L[0t)4,q. (40.8)
PROBLEMS

ProBLEM 1. Find the Hamiltonian for a single particle in Cartesian, cylindrical and
spherical co-ordinates.

SoruTtioN. In Cartesian co-ordinates x, ¥, 2,

= (Pzz +p42 405+ Ulx, 3, 2);
in cylindrical co-ordinates 7, ¢, 2,

1 2
H = —-—(sz‘l' g‘{" +p22) +U(1‘, ¢’ Z);
2m r?

in spherical co-ordinates 7, 8, ¢,

1 po? D¢

H=——(p2+25 + )+00, 0, 4.

72 sin20
ProBLEM 2. Find the Hamiltonian for a particle in a uniformly rotating frame of reference.

SoLuTioN. Expressing the velocity v in the energy (39.11) in terms of the momentum p
by (39.10), we have H = p2/2m—Q - rxp+U.

ProBrLEM 3. Find the Hamiltonian for a system comprising one particle of mass M and »
particles each of mass m, excluding the motion of the centre of mass (see §13, Problem).

SorurioN. The energy E is obtained from the Lagrangian found in §13, Problem, by
changing the sign of U. The generalised momenta are

Pa = 3L/ ov,

= mv, — (m?/p) Z Ve.

m Zva — (nm?[p) Zva
(mMIw) D v,

Vo = palm + (1/M) D pe.

H__zpaum(zm)?

§41. The Routhian

In some cases it is convenient, in changing to new variables, to replace
only some, and not all, of the generalised velocities by momenta. The trans-
formation is entirely similar to that given in §40.

To simplify the formulae, let us at first suppose that there are only two
co-ordinates ¢ and £, say, and transform from the variables g, ¢, ¢, £ to
¢, & P, £, where p is the generalised momentum corresponding to the co-
ordinate q.

Hence

S

Substitution in E gives
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The differential of the Lagrangian L(g, ¢, ¢, £) is
dL = (0L/dq) dg+(3L/24) dg+(oL[o£) dé + (0L[o¢) A€
= p dg+p dg+(L/d¢) d§+ (0L[0¢) dg,

d(L—pg) = p dg—¢ dp+(0Ljo¢) A+ (aL[0€) dé.
If we define the Routhian as
R(g, p, & &) = pi—1L, (41.1)

in which the velocity ¢ is expressed in terms of the momentum p by means
of the equation p = 0L/dg, then its differential is

whence

dR = —p dg+¢ dp—(OL/o¢) d¢ — (aL[a¢€) d€. (41.2)

Hence ¢ = 0R/op, p = —0R]/dq, (41.3)

o0L[o¢ = —OR|9¢, OL|0¢ = —oR/0¢. (41.4)

Substituting these equations in the Lagrangian for the co-ordinate £, we have
d /oR oR

wl@) % s

Thus the Routhian is a Hamiltonian with respect to the co-ordinate ¢
(equations (41.3)) and a Lagrangian with respect to the co-ordinate ¢ (equation
(41.5)).

According to the general definition the energy of the system is

E = ¢oL|3j+ ¢ dL|0—L = pg+ ¢ oLoé— L.
In terms of the Routhian it is
E = R—£ 0RJ2¢, (41.6)
as we find by substituting (41.1) and (41.4).

The generalisation of the above formulae to the case of several co-ordinates
g and ¢ is evident.

The use of the Routhian may be convenient, in particular, when some of
the co-ordinates are cyclic. If the co-ordinates ¢ are cyclic, they do not appear
in the Lagrangian, nor therefore in the Routhian, so that the latter is a func-
tion of p, ¢ and £. The momenta p corresponding to cyclic co-ordinates are
constant, as follows also from the second equation (41.3), which in this sense
contains no new information. When the momenta p are replaced by their
given constant values, equations (41.5) (d/d?) dR(p, &, £)/0€ = OR(p, &, £)/0¢
become equations containing only the co-ordinates ¢, so that the cyclic co-
ordinates are entirely eliminated. If these equations are solved for the func-
tions &(f), substitution of the latter on the right-hand sides of the equations
g = OR(p, &, £)/0p gives the functions ¢(f) by direct integration.

PROBLEM

Find the Routhian for a symmetrical top in an external field U(¢, 8), eliminating the cyclic
co-ordinate ¢ (where ¥, ¢, 0 are Eulerian angles).
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SorutioN. The Lagrangian is L = $I'1(§2+¢2sin%0) +3I3() +¢ cos 0)2—U($, 6); see
§35, Problem 1. The Routhian is

R =pyp—L ="— —pwi cos O —4I'1(82+¢2 sin20) + U(4, 6);
the first term is a constant and may be omitted.

§42. Poisson brackets

Let f(p, g, t) be some function of co-ordinates, momenta and time. Its
total time derivative is

L = ﬁ+2(—3]i%+——?k)
k

de ot ogx Opx
Substitution of the values of ¢x and px given by Hamilton’s equations (40.4)
leads to the expression
df/dt = ofjot+[H, f], (42.1)
where oH of oH of
[H,f]= 2( - ) (42.2)
~\ Opr Oqx  Oqx Opx

This expression is called the Poisson bracket of the quantities H and f.

Those functions of the dynamical variables which remain constant during
the motion of the system are, as we know, called integrals of the motion.
We see from (42.1) that the condition for the quantity f to be an integral of
the motion (df/d¢ = 0) can be written

of[or+[H, f1=0. (42.3)
If the integral of the motion is not explicitly dependent on the time, then
[H,f]1=0, (42.4)

i.e. the Poisson bracket of the integral and the Hamiltonian must be zero.
For any two quantities f and g, the Poisson bracket is defined analogously

to (42.2):
[f,g]EZ( ¥y % 4 % ) (42.5)
k

31)]; aq]g 3q]g Bpk

The Poisson bracket has the following properties, which are easily derived
from its definition.

If the two functions are interchanged, the bracket changes sign; if one of
the functions is a constant ¢, the bracket is zero:

[fgl=-[&f] (42.6)

[f, c] = 0. (42.7)

Also Lfitfe gl = [f1, £]+[fe &), (42.8)
[fife, £] = filfe, gl +1el 1 £]- (42.9)

Taking the partial derivative of (42.5) with respect to time, we obtain

—[ﬁg] [af ]+[ﬁ—z‘§—]. (42.10)
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If one of the functions f and g is one of the momenta or co-ordinates, the
Poisson bracket reduces to a partial derivative:

[f gk = &f/opr (42.11)

[f, ox] = — of/ogu. (42.12)

Formula (42.11), for example, may be obtained by putting g = g in (42.5);

the sum reduces to a single term, since dqx/0q; = 6x; and dgx/0p; = 0. Put-

ting in (42.11) and (42.12) the function f equal to ¢; and p; we have, in parti-
cular,

[96 g1 = 0, [P px] =0, [pi, x] = Sar. (42.13)
The relation

U/ L& Al) + & A f11+ (A [f 211 = 0, (42.14)

known as Jacobi’s identity, holds between the Poisson brackets formed from
three functions f, g and 4. To prove it, we first note the following result.
According to the definition (42.5), the Poisson bracket [ f, g] is a bilinear
homogeneous function of the first derivatives of f and g. Hence the bracket
[, [ f, £]], for example, is a linear homogeneous function of the second
derivatives of f and g. The left-hand side of equation (42.14) is therefore a
linear homogeneous function of the second derivatives of all three functions
f, & and h. Let us collect the terms involving the second derivatives of f.
The first bracket contains no such terms, since it involves only the first
derivatives of f. The sum of the second and third brackets may be symboli-
cally written in terms of the linear differential operators D; and Do, defined by

Di(¢) = [g, ¢], Da($) = [h, $]. Then
e, [ f11+[h 18] = [& [h F11-[R [, f1]

= Dy[Ds(f)]—Do[D1(f)]
= (D1Ds— D2Dy)f.

It is easy to see that this combination of linear differential operators cannot
involve the second derivatives of f. The general form of the linear differential
operators is

where & and 7 are arbitrary functions of the variables xy, xa,.... Then
oy 0
DDy = _
1Do Zf}cm ot Z&c .

02 o0& 0
DoD; = z'l’]kfl +2"7 ——l——
Bl k.l

ax'k 8xl Bxk ax;

and the difference of these,
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oy o6\ 0
D1D2—~D3Dy = %( fk% - ﬂk—a‘;;) _é;c?

is again an operator involving only single differentiations. Thus the terms in
the second derivatives of f on the left-hand side of equation (42.14) cancel
and, since the same is of course true of g and %, the whole expression is identi-
cally zero.

An important property of the Poisson bracket is that, if f and g are two
integrals of the motion, their Poisson bracket is likewise an integral of the
motion:

[f,£] = constant. (42.15)

This is Poisson’s theorem. The proof is very simple if f and g do not depend
explicitly on the time. Putting 2 = H in Jacobi’s identity, we obtain

(4, [f. 8]l + 1/, [¢, H]] + ¢, [H,f]] = 0.
Hence, if [H,g] = 0 and [H,f] = 0, then [H, [f, £]] = 0, which is the
required result.

If the integrals f and g of the motion are explicitly time-dependent, we
put, from (42.1),

d 0

Using formula (42.10) and expressing the bracket [H, [ f, g]] in terms of two -
others by means of Jacobi’s identity, we find

8= [ L] 4[] -t s D15, )
_ i%ft-;-[H,f],g] + [f, —2%+[H, g]]
= %—,g] + [ﬁ %]’ (42.16)

which evidently proves Poisson’s theorem.

Of course, Poisson’s theorem does not always supply further integrals of
the motion, since there are only 25— 1 of these (s being the number of degrees
of freedom). In some cases the result is trivial, the Poisson bracket being a
constant. In other cases the integral obtained is simply a function of the ori-
ginal integrals f and g. If neither of these two possibilities occurs, however,
then the Poisson bracket is a further integral of the motion.

PROBLEMS

ProBLEM 1. Determine the Poisson brackets formed from the Cartesian components of
the momentum p and the angular momentum M = rxp of a particle.

SorutioN. Formula (42.12) gives [My, py] = —0M:/3y = —d(yps—2zpy)/dy = —ps,
and similarly [Mz, pz] = 0, [Mz, p:] = py. The remaining brackets are obtained by cyclically
permuting the suffixes x, ¥, =.

6
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ProBLEM 2. Determine the Poisson brackets formed from the components of M.

SoLuTION. A direct calculation from formula (42.5) gives [Mz, Myl = —M,, [My, M.]
= —Mx, [Mz, Mz] = —My.

Since the momenta and co-ordinates of different particles are mutually independent variables,
it is easy to see that the formulae derived in Problems 1 and 2 are valid also for the total
momentum and angular momentum of any system of particles.

ProBLEM 3. Show that [¢, M.] = 0, where ¢ is any function, spherically symmetrical
about the origin, of the co-ordinates and momentum of a particle.

SoLuTION. Such a function ¢ can depend on the components of the vectors r and p only
through the combinations 12, p?, r- p. Hence
0 o a
I P
or  o(r?) dp-r)
and similarly for 0¢/0p. The required relation may be verified by direct calculation from
formula (42.5), using these formulae for the partial derivatives.

P

ProBLEM 4. Show that [f, M,;] = n xf, where f is a vector function of the co-ordinates
and momentum of a particle, and n is a unit vector parallel to the z-axis.

SOLUTION. An arbitrary vector f(r, p) may be written as f = ré14péa-+r xpés, where
1, b2, 3 are scalar functions. The required relation may be verified by direct calculation
from formulae (42.9), (42.11), (42.12) and the formula of Problem 3.

§#43. The action as a function of the co-ordinates
In formulating the principle of least action, we have considered the integral

ta
S=[La, (43.1)
131
taken along a path between two given positions ¢ and ¢® which the system
occupies at given instants #; and #3. In varying the action, we compared the
values of this integral for neighbouring paths with the same values of g(t1)
and ¢(t2). Only one of these paths corresponds to the actual motion, namely
the path for which the integral S has its minimum value.

Let us now consider another aspect of the concept of action, regarding S
as a quantity characterising the motion along the actual path, and compare
the values of S for paths having a common beginning at ¢(t1) = ¢, but
passing through different points at time f2. In other words, we consider the
action integral for the true path as a function of the co-ordinates at the upper
limit of integration.

The change in the action from one path to a neighbouring path is given
(if there is one degree of freedom) by the expression (2.5):

ta

58 [3L3]t2+ f(aL d aL)a dt
= e, og dr aq) 1

Since the paths of actual motion satisfy Lagrange’s equations, the integral
in 8S is zero. In the first term we put 8¢(#1) = 0, and denote the value of
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8q(t2) by 8q simply. Replacing 8L/d¢ by p, we have finally 8S = pdq or, in
the general case of any number of degrees of freedom,

8S = 2 pidqs. (43.2)

From this relation it follows that the partial derivatives of the action with
respect to the co-ordinates are equal to the corresponding momenta:

aS/oq = pu. (43.3)

The action may similarly be regarded as an explicit function of time, by
considering paths starting at a given instant #; and at a given point ¢%), and
ending at a given point ¢ at various times # = £. The partial derivative
3.5/4t thus obtained may be found by an appropriate variation of the integral.
It is simpler, however, to use formula (43.3), proceeding as follows.

From the definition of the action, its total time derivative along the path is

dsjdt = L. (43.4)

Next, regarding S as a function of co-ordinates and time, in the sense des-
cribed above, and using formula (43.3), we have

ds oS oS oS
i —a‘t—-l-zi:a—qiéi = —a;+21>iét-
A comparison gives 3.5/0t = L—2pigs or
oSjot = —H. (43.5)
Formulae (43.3) and (43.5) may be represented by the expression
ds = Ei: pidgi—H dt (43.6)

for the total differential of the action as a function of co-ordinates and time
at the upper limit of integration in (43.1). Let us now suppose that the co-
ordinates (and time) at the beginning of the motion, as well as at the end,
are variable. It is evident that the corresponding change in S will be given
by the difference of the expressions (43.6) for the beginning and end of the
path, i.e.

dsS = Z i@ dg®— H® d¢@ Z iV dg/ ¥+ HD diD, 43.7)

This relation shows that, whatever the external forces on the system during
its motion, its final state cannot be an arbitrary function of its initial state;
only those motions are possible for which the expression on the right-hand
side of equation (43.7) is a perfect differential. Thus the existence of the
principle of least action, quite apart from any particular form of the Lagran-
gian, imposes certain restrictions on the range of possible motions. In parti-
cular, it is possible to derive a number of general properties, independent
of the external fields, for beams of particles diverging from given points in
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space. The study of these properties forms a part of the subject of geometrical
optics.t

It is of interest to note that Hamilton’s equations can be formally derived
from the condition of minimum action in the form

§ = [ (3 pidgi—H ), (43.8)

which follows from (43.6), if the co-ordinates and momenta are varied inde-
pendently. Again assuming for simplicity that there is only one co-ordinate
and momentum, we write the variation of the action as

8S = f[8p dg+p dég— (0H/0q)8q dt — (0H[op)sp dt].

An integration by parts in the second term gives

85 = [ 8p{dg— (aH]0p) dt}+[pSq]— [ Sa{dp+(2H/og) d}.

At the limits of integration we must put 8¢ = 0, so that the integrated term
is zero. The remaining expression can be zero only if the two integrands
vanish separately, since the variations 8p and 8¢ are independent and arbitrary:
dg = (0H/2op) dt, dp = —(0H][dq) dt, which, after division by dt, are
Hamilton’s equations.

$44. Maupertuis’ principle

"The motion of a mechanical system is entirely determined by the principle
of least action: by solving the equations of motion which follow from that
principle, we can find both the form of the path and the position on the path
as a function of time.

If the problem is the more restricted one of determining only the path,
without reference to time, a simplified form of the principle of least action
may be used. We assume that the Lagrangian, and therefore the Hamilton-
ian, do not involve the time explicitly, so that the energy of the system is
conserved: H(p, q) = E = constant. According to the principle of least action,
the variation of the action, for given initial and final co-ordinates and times
(to and ¢, say), is zero. If, however, we allow a variation of the final time ¢,
the initial and final co-ordinates remaining fixed, we have (cf.(43.7))

8S = —Hst. (44.1)

We now compare, not all virtual motions of the system, but only those
which satisfy the law of conservation of energy. For such paths we can
replace H in (44.1) by a constant E, which gives

8S+Est = 0. (44.2)

t See The Classical Theory of Fields, Chapter 7, Pergamon Press, Oxford 1962.
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Writing the action in the form (43.8) and again replacing H by E, we have
S=f;m@rﬂhm. (44.3)

The first term in this expression,
So = [ .71 dge (44.4)

is sometimes called the abbreviated action.
Substituting (44.3) in (44.2), we find that

8Sp = 0. . (44.5)

Thus the abbreviated action has a minimum with respect to all paths which
satisfy the law of conservation of energy and pass through the final point
at any instant. In order to use such a variational principle, the momenta
(and so the whole integrand in (44.4)) must be expressed in terms of the
co-ordinates g and their differentials dg. To do this, we use the definition of

momentum:
0 dg
, = —L{ g, — 44.6
bi 241 (q a ) ( )
and the law of conservation of energy:
dg
E(¢q,—) = E. 4.7
@m) (D

Expressing the differential dt in terms of the co-ordinates g and their differen-
tials dg by means of (44.7) and substituting in (44.6), we have the momenta
in terms of ¢ and dg, with the energy E as a parameter. The variational prin-
ciple so obtained determines the path of the system, and is usually called
Maupertuis’ principle, although its precise formulation is due to EULER and
LAGRANGE.

The above calculations may be carried out explicitly when the Lagrangian
takes its usual form (5.5) as the difference of the kinetic and potential energies:

L = % 2 aik(q)q‘i(?k— U(q)'
The momenta are ’
pi = 0L|0g; = D, au(q)dr>
¥
and the energy is

E =} > au(g)dugr+ Ulg)-
ik
The last equation gives

dt = /[Saw dgs dgp/2(E~ U)]; (44.8)
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substituting this in
qu
> pidg = > aw— dgi,
1 ok dt

we find the abbreviated action:
So = [ VI 2AE-U) T au dgi dge]. (44.9)
Tk

In particular, for a single particle the kinetic energy is T' = % m(d//dt)?,
where m is the mass of the particle and d/an element of its path; the variational
principle which determines the path is

8[v/[2m(E-U)] dl = 0, (44.10)

where the integral is taken between two given points in space. This form is
due to JACOBI.

In free motion of the particle, U = 0, and (44.10) gives the trivial result
8 [ dl = 0, i.e. the particle moves along the shortest path between the two
given points, i.e. in a straight line.

Let us return now to the expression (44.3) for the action and vary it with
respect to the parameter E. We have

55 = 250 SE_(1— 10)5E— Eot;
= oF 0 )

substituting in (44.2), we obtain

0So/OE = t—to. (44.11)
When the abbreviated action has the form (44.9), this gives
[ V(Zau dgi dgsf2(E—- V)] = t—1o, (44.12)

which is just the integral of equation (44.8). Together with the equation of
the path, it entirely determines the motion.

PROBLEM
Derive the differential equation of the path from the variational principle (44.10).

SoLurioN. Effecting the variation, we have
oU 3r
3 E-U [RENR N S —
f\/( )l Jl or  2V(E-U)

In the second term we have used the fact that d/2 = dr? and therefore d/d3/ = dr- ddr.
Integrating this term by parts and then equating to zero the coefficient of 3r in the integrand,
we obtain the differential equation of the path:

dr
[—V(E—U)>. dsr).
d-VE-U) er

2\/(E—U)—:l—[ \/(E—U)%] = —oUjar.
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Expanding the derivative on the left-hand side and putting the force F = —aU/dr gives
d?e/dl2 = [F—(F- t)t]/2(E-U),

where t = dr/dl is a unit vector tangential to the path. The difference F—(F- t)tis the com-
ponent Fp of the force normal to the path. The derivative d2r/dl2 = dt/d! is known from
differential geometry to be n/R, where R is the radius of curvature of the path and n the unit
vector along the principal normal. Replacing E—U by tmwv?, we have (mv2/R)n = Fy, in
agreement with the familar expression for the normal acceleration in motion in a curved
path.

§45. Canonical transformations

The choice of the generalised co-ordinates ¢ is subject to no restriction;
they may be any s quantities which uniquely define the position of the system
in space. The formal appearance of Lagrange’s equations (2.6) does not
depend on this choice, and in that sense the equations may be said to be
invariant with respect to a transformation from the co-ordinates g1, ge, .-
to any other independent quantities Q1, Q2, ... . The new co-ordinates Q are
functions of g, and we shall assume that they may explicitly depend on the
time, i.e. that the transformation is of the form

0: = Qig, 1) (45.1)

(sometimes called a point transformation).

Since Lagrange’s equations are unchanged by the transformation (45.1),
Hamilton’s equations (40.4) are also unchanged. The latter equations, how-
ever, in fact allow a much wider range of transformations. This is, of course,
because in the Hamiltonian treatment the momenta p are variables inde-
pendent of and on an equal footing with the co-ordinates g. Hence the trans-
formation may be extended to include all the 2s independent variables p
and ¢:

Qi = Qi(p, ¢, 1), P; = Pi(p, g, 1)- (45.2)

This enlargement of the class of possible transformations is one of the im-
portant advantages of the Hamiltonian treatment.

The equations of motion do not, however, retain their canonical form
under all transformations of the form (45.2). Let us derive the conditions
which must be satisfied if the equations of motion in the new variables P, O
are to be of the form :

Q; = oH'[2P;, Py = —oH'[2Q; (45.3)

with some Hamiltonian H'(P, Q). When this happens the transformation is
said to be canonical.

The formulae for canonical transformations can be obtained as follows. It
has been shown at the end of §43 that Hamilton’s equations can be derived
from the principle of least action in the form

8 f (; pidgi—H dt) = 0, (45.4)
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in which the variation is applied to all the co-ordinates and momenta inde-
pendently. If the new variables P and Q also satisfy Hamilton’s equations,
the principle of least action

8[(3 P dQi—H' dt) = 0 (45.5)

must hold. The two forms (45.4) and (45.5) are equivalent only if their inte-
grands are the same apart from the total differential of some function F of
co-ordinates, momenta and time.} The difference between the two integrals
is then a constant, namely the difference of the values of F at the limits of
integration, which does not affect the variation. Thus we must have

Spidgi—Hdt = 3 P;dQ;— H’ dt+dF.

Each canonical transformation is characterised by a particular function F,
called the generating function of the transformation.
Writing this relation as

dF = Z bi dqi—z P;dQ;+(H'—H) dt, (45.6)
we see that
pi = 0F[og;, P; = —0F[0Q;, H' = H+ 0F|ot; (45.7)

here it is assumed that the generating function is given as a function of the
old and new co-ordinates and the time: F = F(g, O, t). When F is known,
formulae (45.7) give the relation between p, ¢ and P, Q as well as the new
Hamiltonian.

It may be convenient to express the generating function not in terms of the
variables ¢ and Q but in terms of the old co-ordinates ¢ and the new momenta
P. To derive the formulae for canonical transformations in this case, we must
effect the appropriate Legendre’s transformation in (45.6), rewriting it as

d(F+2 PiQi) = > pidgi+ > Qi dPy+(H' —H) dt.

The argument of the differential on the left-hand side, expressed in terms of
the variables ¢ and P, is a new generating function ®(g, P, t), say. Thent

pi= 00Jdq, Qi = 0[P,  H' = H+od[ot. (45.8)

We can similarly obtain the formulae for canonical transformations in-
volving generating functions which depend on the variables p and Q, or
p and P.

1 We do not consider such trivial transformations as P; = api, Q; = qi,H’ = aH, with a an
arbitrary constant, whereby the integrands in (45.4) and (45.5) differ only by a constant
factor.

} If the generating function is ® = Xfi(q, £)Pi, where the f; are arbitrary functions, we
obtain a transformation in which the new co-ordinates are Q¢ = fi(g, ), i.e. are expressed
in terms of the old co-ordinates only (and not the momenta). This is a point transformation,
and is of course a particular canonical transformation.




§45 Canonical transformations 145

The relation between the two Hamiltonians is always of the same form:
the difference H'— H is the partial derivative of the generating function with
respect to time. In particular, if the generating function is independent of
time, then H' = H, i.e. the new Hamiltonian is obtained by simply substitut-
ing for p, ¢ in H their values in terms of the new variables P, Q.

The wide range of the canonical transformations in the Hamiltonian treat-
ment deprives the generalised co-ordinates and momenta of a considerable
part of their original meaning. Since the transformations (45.2) relate each
of the quantities P, Q to both the co-ordinates ¢ and the momenta p, the
variables Q are no longer purely spatial co-ordinates, and the distinction
between Q and P becomes essentially one of nomenclature. This is very
clearly seen, for example, from the transformationt Q; = pi, Pi = —¢s,
which obviously does not affect the canonical form of the equations and
amounts simply to calling the co-ordinates momenta and wvice versa.

On account of this arbitrariness of nomenclature, the variables p and ¢ in
the Hamiltonian treatment are often called simply canonically conjugate
quantities. The conditions relating such quantities can be expressed in terms
of Poisson brackets. To do this, we shall first prove a general theorem on the
invariance of Poisson brackets with respect to canonical transformations.

Let [ f, glp.q be the Poisson bracket, for two quantities f and g, in which
the differentiation is with respect to the variables p and g, and [ f, g]p,q that
in which the differentiation is with respect to P and Q. Then

f, gl = [fs glP.e (45.9)

The truth of this statement can be seen by direct calculation, using the for-
mulae of the canonical transformation. It can also be demonstrated by the
following argument.

First of all, it may be noticed that the time appears as a parameter in the
canonical transformations (45.7) and (45.8). It is therefore sufficient to prove
(45.9) for quantities which do not depend explicitly on time. Let us now
formally regard g as the Hamiltonian of some fictitious system. Then, by
formula (42.1), [, glp.¢ = df/dt. The derivative df/d¢ can depend only on
the properties of the motion of the fictitious system, and not on the particular
choice of variables. Hence the Poisson bracket [ f, g] is unaltered by the
passage from one set of canonical variables to another.

Formulae (42.13) and (45.9) give

[0i, Oklog = 0, [Pi, Pelpg = 0, [Py, Qklpg = Oar.  (45.10)

These are the conditions, written in terms of Poisson brackets, which must
be satisfied by the new variables if the transformation p, ¢ — P, Q is canonical.

It is of interest to observe that the change in the quantities p, ¢ during the
motion may itself be regarded as a series of canonical transformations. The
meaning of this statement is as follows. Let g;, p; be the values of the canonical

t Whose generating function is F = Z¢iQs.
6*
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variables at time #, and g4, pt+- their values at another time ¢+7. The latter
are some functions of the former (and involve 7 as a parameter):
Gt = 946 Pt 7). Ptir = P(qn Pts 7)-

If these formulae are regarded as a transformation from the variables ¢, p;
to @+, Pt+,, then this transformation is canonical. This is evident from the
expression d.S = Z(ps+,dgs+, —prdg;) for the differential of the action S(g;,,,
q;) taken along the true path, passing through the points ¢; and g, , at given
times zand ¢ + 7 (cf. (43.7)). A comparison of this formula with (45.6) shows
that—.S is the generating function of the transformation.

§46. Liouville’s theorem

For the geometrical interpretation of mechanical phenomena, use is often
‘made of phase space. This is a space of 2s dimensions, whose co-ordinate axes
correspond to the s generalised co-ordinates and s momenta of the system
concerned. Each point in phase space corresponds to a definite state of the
system. When the system moves, the point representing it describes a curve
called the phase path.

The product of differentials dI' = dg; ... dg.dp; ... dps may be regarded
as an element of volume in phase space. Let us now consider the integral
§ dI" taken over some region of phase space, and representing the volume of
that region. We shall show that this integral is invariant with respect to
canonical transformations; that is, if the variables p, ¢ are replaced by
P, O by a canonical transformation, then the volumes of the corresponding
regions of the spaces of p, ¢ and P, Q are equal:

[-[ dg1...dgs dpy...dps = [ .. [ dQ1...dQs dPr...dPs.  (46.1)
The transformation of variables in a multiple integral is effected by the
formula f...[dQ,..dQs;dP;...dPs = {...[ Ddg...dgs dpi ... dps,

where

D 01, .oy Os, P1, ..., Py)
(q1, ey G5y P1, oy Ps)
is the Jacobian of the transformation. The proof of (46.1) therefore amounts
to proving that the Jacobian of every canonical transformation is unity:
D=1 (46.3)

We shall use a well-known property of Jacobians whereby they can be
treated somewhat like fractions. “Dividing numerator and denominator” by

o(q1, ..+, gs, P1, ..., Ps), we obtain
. 3(91’ seey QS) Plr seey PS) a(qu eeey sy ply veey Ps)
0(q1y +ees gsy P1, ooy Ps) 0(q1y o5 @sy Py ooy Ps)'

Another property of Jacobians is that, when the same quantities appear in
both the partial differentials, the Jacobian reduces to one in fewer variables,

(46.2)
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in which these repeated quantities are regarded as constant in carrying out
the differentiations. Hence

D [ A(Q1y «evs Qs)} /{ o(p1, s Ps) }
a(QI, ey 93) ") P=constant 3(P1; eeey Ps) g=constant ’

The Jacobian in the numerator is, by definition, a determinant of order s
whose element in the ith row and kth column is Q;/0gx. Representing the
canonical transformation in terms of the generating function ®(g, P) as in
(45.8), we have 0Q;/0qr = 02®/0qr0P;. In the same way we find that the
ik-element of the determinant in the denominator of (46.4) is 02®/9q40Py.
This means that the two determinants differ only by the interchange of rows
and columns; they are therefore equal, so that the ratio (46.4) is equal to
unity. This completes the proof.

Let us now suppose that each point in the region of phase space considered
moves in the course of time in accordance with the equations of motion of the
mechanical system. The region as a whole therefore moves also, but its volume
remains unchanged:

(46.4)

f dI' = constant. (46.5)

This result, known as Liouville’s theorem, follows at once from the invariance
of the volume in phase space under canonical transformations and from the
fact that the change in p and g during the motion may, as we showed at the end
of §45, be regarded as a canonical transformation.

In an entirely similar manner the integrals

f f ; dg: dps, ”H gkd% dp; dgi dpr, ... »

in which the integration is over manifolds of two, four, etc. dimensions in
phase space, may be shown to be invariant.

§47. The Hamilton-Jacobi equation

In §43 the action has been considered as a function of co-ordinates and
time, and it has been shown that the partial derivative with respect to time
of this function S(g, ¢#) is related to the Hamiltonian by

8S/ot+H(g, p, 1) = O,
and its partial derivatives with respect to the co-ordinates are the momenta.
Accordingly replacing the momenta p in the Hamiltonian by the derivatives
0S/0q, we have the equation

oS oS oS
—+H(q1, vvey 55 = seey —3 t) =0
ot o 0gs
which must be satisfied by the function S(g, t). This first-order partial
differential equation is called the Hamilton—Jacobi equation.

(47.1)
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Like Lagrange’s equations and the canonical equations, the Hamilton-
Jacobi equation is the basis of a general method of integrating the equations
of motion.

Before describing this method, we should recall the fact that every first-
order partial differential equation has a solution depending on an arbitrary
function; such a solution is called the gemeral integral of the equation. In
mechanical applications, the general integral of the Hamilton-Jacobi equation
is less important than a complete integral, which contains as many independent
arbitrary constants as there are independent variables.

The independent variables in the Hamilton—Jacobi equation are the time
and the co-ordinates. For a system with s degrees of freedom, therefore, a
complete integral of this equation must contain s+1 arbitrary constants.
Since the function S enters the equation only through its derivatives, one
of these constants is additive, so that a complete integral of the Hamilton—
Jacobi equation is

S = f(t, q1, oy 53 %1, oovy %)+ A4, (47.2)

where «y, ..., as and A are arbitrary constants.}

Let us now ascertain the relation between a complete integral of the
Hamilton—Jacobi equation and the solution of the equations of motion which
is of interest. To do this, we effect a canonical transformation from the
variables ¢, p to new variables, taking the function f(z,g; ) as the
generating function, and the quantities «y, &3, ..., &5 as the new momenta.
Let the new co-ordinates be Bi, fBa, ..., Bs. Since the generating function
depends on the old co-ordinates and the new momenta, we use formulae
(45.8): pi = Of/0qs, By = Offdas, H' = H+0f/0t. But since the function f
satisfies the Hamilton—Jacobi equation, we see that the new Hamiltonian is
zero: H' = H+0f[ot = H+0S[0t = 0. Hence the canonical equations in
the new variables are ¢; = 0, §; = 0, whence

a4 = constant, Bi = constant. (47.3)

By means of the s equations 9f/0a; = B, the s co-ordinates g can be expressed
in terms of the time and the 2s constants « and B. This gives the general
integral of the equations of motion.

1 Although the general integral of the Hamilton—Jacobi equation is not needed here, we
may show how it can be found from a complete integral. To do this, we regard 4 as an arbi-
trary function of the remaining constants: S = f(¢, g1, ..., ¢s; %1, ..., &) +A(1, ..., *s). Re-
placing the «; by functions of co-ordinates and time given by the s conditions 8S/d = 0,
we obtain the general integral in terms of the arbitrary function A(a, ..., @s). For, when the
function S is obtained in this manner, we have

oS oS oS\ co oS
= )20~ (:
ogi oqi/ a " Qor/q Ogi 0q1/ a
The quantities (9.S/2gs)« satisfy the Hamilton-Jacobi equation, since the function S(t, ¢; )

is assumed to be a complete integral of that equation. The quantities dS/2g¢ therefore satisfy
the same equation.
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Thus the solution of the problem of the motion of a mechanical system by
the Hamilton—Jacobi method proceeds as follows. From the Hamiltonian,
we form the Hamilton-Jacobi equation, and find its complete integral (47.2).
Differentiating this with respect to the arbitrary constants « and equating
the derivatives to new constants 8, we obtain s algebraic equations

0S/00s = B, 474

whose solution gives the co-ordinates ¢ as functions of time and of the 2s
arbitrary constants. The momenta as functions of time may then be found
from the equations p; = 0S/0g;.

If we have an incomplete integral of the Hamilton—Jacobi equation, depend-
ing on fewer than s arbitrary constants, it cannot give the general integral
of the equations of motion, but it can be used to simplify the finding of the
general integral. For example, if a function S involving one arbitrary con-
stant o« is known, the relation 0S/0x = constant gives one equation between
q1, -, ¢s and ¢.

The Hamilton—Jacobi equation takes a somewhat simpler form if the func-
tion H does not involve the time explicitly, i.e. if the system is conservative.
The time-dependence of the action is given by a term — Et:

S = So(q)—Et (47.5)

(see §44), and substitution in (47.1) gives for the abbreviated action So(q)
the Hamilton—Jacobi equation in the form

0So BSO) _

— ) = E. 47.6
" o (47.6)

§48. Separation of the variables

In a number of important cases, a complete integral of the Hamilton—
Jacobi equation can be found by “‘separating the variables”, a name given to
the following method.

Let us assume that some co-ordinate, g; say, and the corresponding
derivative 0S/0g; appear in the Hamilton-Jacobi equation only in some
combination ¢(q1, 9S/¢1) which does not involve the other co-ordinates, time,
or derivatives, i.e. the equation is of the form

oS oS oS

® y by — — sy = O) .
% oq; Ot ¢(Q1 391) } (#8.1)

where ¢; denotes all the co-ordinates except ¢;.
We seek a solution in the form of a sum:

S = S(qi, £)+ S1(q1); (48.2)
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substituting this in equation (48.1), we obtain

q){ ; oS’ o8’ s dSl)} 0 48.3
qi) ’3gi ’ 8t b (91, dql - . ( . )

Let us suppose that the solution (48.2) has been found. Then, when it is
substituted in equation (48.3), the latter must become an identity, valid (in
particular) for any value of the co-ordinate ;. When g1 changes, only the
function ¢ is affected, and so, if equation (48.3) is an identity, ¢ must be a
constant. Thus equation (48.3) gives the two equations

$(q1, dS1/dg1) = a1, (48.4)
®{qi, t, 0S’/gs, dS'[0t, 1} = O, (48.5)

where o is an arbitrary constant. The first of these is an ordinary differential
equation, and the function Si(g1) is obtained from it by simple integration.
The remaining partial differential equation (48.5) involves fewer independent
variables.

If we can successively separate in this way all the s co-ordinates and the
time, the finding of a complete integral of the Hamilton-Jacobi equation is
reduced to quadratures. For a conservative system we have in practice to
separate only s variables (the co-ordinates) in equation (47.6), and when this
separation is complete the required integral is

S = > Sk(gr; 01, 42, -vvy %) — E0t1, ey %), (48.6)
k

where each of the functions Sy depends on only one co-ordinate; the energy
E, as a function of the arbitrary constants ay, ..., os, is obtained by substituting
So = XSy in equation (47.6).

A particular case is the separation of a cyclic variable. A cyclic co-ordinate
¢1 does not appear explicitly in the Hamiltonian, nor therefore in the Hamilton-
Jacobi equation. The function ¢(g1, 9S/0g1) reduces to 95/dq; simply, and
from equation (48.4) we have simply S1 = w141, so that

S = S'(gqi, 1) +ouqu. (48.7)

The constant «; is just the constant value of the momentum p; = 9.5/dgy
corresponding to the cyclic co-ordinate.

The appearance of the time in the term — Et for a conservative system
corresponds to the separation of the ‘“‘cyclic variable” z.

Thus all the cases previously considered of the simplification of the integra-
tion of the equations of motion by the use of cyclic variables are embraced
by the method of separating the variables in the Hamilton-Jacobi equation.
To those cases are added others in which the variables can be separated even
though they are not cyclic. The Hamilton—Jacobi treatment is consequently
the most powerful method of finding the general integral of the equations of
motion.
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To make the variables separable in the Hamilton—Jacobi equation the
co-ordinates must be appropriately chosen. We shall consider some examples
of separating the variables in different co-ordinates, which may be of
physical interest in connection with problems of the motion of a particle in
various external fields.

(1) Spherical co-ordinates. In these co-ordinates (7, 0, ¢), the Hamiltonian is

1 P02 42 )
= 2 U 9) )
a Zm(pr * r2 12 sin2f +U 6 4)
and the variables can be separated if
b( ), _$)
U = a(n+

. b
72 sin20

where a(r), b(0), c($) are arbitrary functions. The last term in this expression
for U is unlikely to be of physical interest, and we shall therefore take

U = a(r)+b(0)/r. (48.8)

In this case the Hamilton—Jacobi equation for the function Sp is

1 3So)z+ ( 1 [ 3S0) + 2mb(0 ] 1 95’0)
Zm( or )+ 2mr? ( o0 @+ 2mr? sin26 (845
Since the co-ordinate ¢ is cyclic, we seek a solution in the form Sp

= pyd+ S1(r) + S2(0), obtaining for the functions S1(r) andS o(f) the equations
P¢

(dSz) +2mb(0) +—
do

s
( dr

2m

) +a(r)+ zrz = E.

Integration gives finally
S = —Et+ph+ J.\/[B —2mb(6) — p,2/sin20] d6 +
+ [v/2m[E~a(r)] 12} dr.

The arbitrary constants in (48.9) are p,, B and E; on differentiating with
respect to these and equating the results to other constants, we have the
general solution of the equations of motion.

(2) Parabolic co-ordinates. 'The passage from cylindrical co-ordinates
(here denoted by p, ¢, 2) to parabolic co-ordinates £, 7, ¢ is effected by the
formulae

(48.9)

2 = 3(¢—n)» p = V/(én). (48.10)

The co-ordinates ¢ and 7 take values from O to co; the surfaces of constant
¢ and 7 are easily seen to be two families of paraboloids of revolution, with
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the z-axis as the axis of symmetry. The equations (48.10) can also be written,
in terms of

r = /(2+p?) = §{+7) (48.11)
(i.e. the radius in spherical co-ordinates), as
£ =r+z, N =r—=z. (48.12)

Let us now derive the Lagrangian of a particle in the co-ordinates £, 7, ¢.
Differentiating the expressions (48.10) with respect to time and substituting
in the Lagrangian in cylindrical co-ordinates

L = ym(p?+ p?§2+ 22)— U(p, ¢, %),
we obtain
23

L = $m(¢ +n)(§—+%2) +iménd?— U(¢, m, ¢). (48.13)

The momenta are p; = jm(£+n)é/é, p, = dm(é+n)i[n, py = méng, and
the Hamiltonian is

__2_§P§2+77P1/ pqi
m €49 27'1{"/1

The physically interesting cases of separable variables in these co-ordinates
correspond to a potential energy of the form

a(€)+b(n) _ a(r+2)+b(r—z)
47 2r '

H=

+ U, 1, b). (48.14)

U =

(48.15)

The equation for Sp is

The cyclic co-ordinate ¢ can be separated as a term py$. Multiplying the equa-
tion by m(¢+ 7) and rearranging, we then have

So p¢2 _
25( g) +ma()—mE¢ + 22 = +2n( 8n) +mbla) = mEn + 4 = 0

Putting So = pyé+ S1(€) + Sa(n), we obtain the two equations

25( % ) +ma(§)—mEf+2§ ~ B

a4, P
"l 7
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integration of which gives finally

= —Et+p¢¢+L/[§ mE + ___@Q_gqf] dé+

L/[ ——_%’-)——i;‘:] dn. (48.16)

Here the arbitrary constants are py, B and E.
(3) Elliptic co-ordinates. These are £, 7, ¢, defined by

p=oViE@-1)1-7)) == (48.17)
The constant o is a parameter of the transformation. The co-ordinate { takes
values from 1 to o, and % from —1 to +1. The definitions which are geo-
metrically clearestt are obtained in terms of the distances 7; and 73 to points
A; and A4s on the z-axis for which 2z = to: 7 = 4/[(3—0)2+p%,
rs =+/[(3+ 0)2+ p?]. Substitution of (48.17) gives

rn=oé-m), ra=o+n)
= (r2+n)f20, 7 = (r2—n1)/20.

Transforming the Lagrangian from cylindrical to elliptic co-ordinates, we
find

(48.18)

2 -9
L = ymo(£2— )( £ U )+
1 —n?
+3mo2(£2—-1)(1— n2)¢2— U(¢, n, ¢). (48.19)
The Hamiltonian is therefore

2_1)p2+(1— .,72)?”2+(§21 - 1 )P¢2] +

+ U(f, Uh 75) (4820)

The physically interesting cases of separable variables correspond to a
potential energy

U= “(gji”) - r‘i {a(”;”)w('zz"g”)}, (48.21)

where a(£) and b(z) are arbitrary functions. The result of separating the
variables in the Hamilton-Jacobi equation is

o 1
 2mo¥E—nP) [(f

S = —Et+p¢¢>+fA/[2mazE+Bﬁ;:z_azla(g)— (521?21)2 ] dé+
N f A/[szZE—ﬁJ“:‘T‘:;”(") i p,,:z)z] .

(48.22)

+ The surfaces of constant £ are the ellipsoids 22/02¢2+p2/0%(§2—1) = 1, of which 41 and
As are the foci; the surfaces of constant 7 are the hyperboloids 2%/02n2—p?[0%(1 —%2) = 1,
also with foci 41 and As.
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PROBLEMS

ProBLEM 1. Find a complete integral of the Hamilton—Jacobi equation for motion of a
particle in a field U = «/r—Fz (a combination of a uniform field and a Coulomb field).

SoLuTIoN. The field is of the type (48.15), with a(¢) = a—3FE2, b(n) = a+4Fy2, Formula
(48.16) gives

S = —Et+p¢¢+fA/ [%mE— ’”"2‘;‘3 - %‘; " l’f_f] e+

ma-+f  pe? an]
+f‘/[émE_ 2y 47?2 4 dm,

with arbitrary constants b4 E, B. The constant B has in this case the significance that the one-
valued function of the co-ordinates and momenta of the particle

B= —m[a—z + &(zpp—ppz)] —3¥mFp?
r m

is conserved. The expression in the brackets is an integral of the motion for a pure Coulomb
field (see §15).

ProBLEM 2. The same as Problem 1, but for a field U = ay/r + ea/ra (the Coulomb field
of two fixed points at a distance 2¢ apart).

Sorurron. This field is of the type (48.21), with a(£) = (u+a2)é/o, b(q) = (o1 —az)n/a.
From formula (48.22) we find

S = —Et+psp+ f J [2m02E+ i L L ]d§+

-1 (£2—1)2
BA2mo(ar—az)y  pg?
+[f [ pp— a -112)2] dn.

The constant 8 here expresses the conservation of the quantity
B = o%po®—M24-2mo(a1 cos 61+ az cos 0z),

where M is the total angular momentum of the particle, and 61 and 02 are the angles shown in
Fig. 55.

F1c. 55

§49. Adiabatic invariants

Let us consider a mechanical system executing a finite motion in one dimen-
sion and characterised by some parameter A which specifies the properties of
the system or of the external field in which it is placed, and let us suppose that
A varies slowly (adiabatically) with time as the result of some external action;
by a “slow” variation we mean one in which A varies only slightly during the
period T of the motion:

T dA/dt < . (49.1)
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Such a system is not closed, and its energy E is not conserved. However, since
X varies only slowly, the rate of change E of the energy is proportional to the
rate of change A of the parameter. This means that the energy of the system
behaves as some function of A when the latter varies. In other words, there
is some combination of E and A which remains constant during the motion.
This quantity is called an adiabatic invariant.

Let H(p, ¢; A) be the Hamiltonian of the system, which depends on the
parameter A. According to formula (40.5), the total time derivative of the
energy of the system is dE/dt = 0H/dt = (9H/0X)(dA/d?). In averaging this
equation over the period of the motion, we need not average the second
factor, since A (and therefore A) varies only slowly: dE/dt = (dA/d#)(0H[oA),
and in the averaged function dH/[0A we can regard only p and ¢, and not A, as
variable. That is, the averaging is taken over the motion which would occur
if A remained constant.

The averaging may be explicitly written

4E a1 TaHdt
dt'EZTO an

According to Hamilton’s equation § = 0H|op, or dt = dg+(2H|0p). The
integration with respect to time can therefore be replaced by one with respect
to the co-ordinate, with the period 7" written as

T
T= [dt= $ dg -+ (2H]op);
0

here the § sign denotes an integration over the complete range of variation
(“there and back”) of the co-ordinate during the period.t Thus

dE  d) §(0H)a) dg/(2H|2p)
d:  dt  §dg/(eH|op)
As has already been mentioned, the integrations in this formula must be
_taken over the path for a given constant value of A. Along such a path the
Hamiltonian has a constant value E, and the momentum is a definite function
of the variable co-ordinate g and of the two independent constant parameters
E and ). Putting therefore p = p(¢; E, A) and differentiating with respect
to A the equation H(p, ¢; A) = E, we have OH|oX+ (0H|[0p)(0p[oA) = O, or
oHjox  op
eH|op X

(49.2)

t If the motion of the system is a rotation, and the co-ordinate ¢ is an angle of rotation ¢,
the integration with respect to ¢ must be taken over a “‘complete rotation’’, i.e. from 0 to 2.
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Substituting this in the numerator of (49.2) and writing the integrand in the
denominator as dp/0E, we obtain

dE A (dp/a)) dg
da ~ T dtf(ap/oB) g (#9

or —_—
op dE  0OpdA
—— ——— — — d =
f(aE dt o dt)
Finally, this may be written as

dI/dt = o, (49.4)

where
I= §pdgf2m, (49.5)

the integral being taken over the path for given E and A. This shows that, in
the approximation here considered, J remains constant when the parameter A
varies, i.e. I is an adiabatic invariant.}

The quantity I is a function of the energy of the system (and of the para-
meter A). The partial derivative with respect to energy is given by 2 0I/0E
= § (9p/9E) dg (i.e. the integral in the denominator in (49.3)) and is, apart from
a factor 2, the period of the motion:

o 2w 0IJOE = T.: (49.6)

The integral (49.5) has a geometrical significance in terms of the phase
path of the system. In the case considered (one degree of freedom), the phase
space reduces to a two-dimensional space (i.e. a plane) with co-ordinates
2, g, and the phase path of a system executing a periodic motion is a closed
curve in the plane. The integral (49.5) taken round this curve is the area
enclosed. It can evidently be written equally well as the line integral
I = —§ g dp/2m and as the area integral I = {[ dp dg/2m.

As an example, let us determine the adiabatic invariant for a one-dimen-
sional oscillator. The Hamiltonian is H = {p2/m+ Imw?q?, where w is the
frequency of the oscillator. The equation of the phase path is given by the
law of conservation of energy H(p, g) = E. The path is an ellipse with semi-
axes 4/(2mE) and +/(2E/mw?), and its area, divided by 2, is

I = Elw. (49.7)

T It can be shown that, if the function A(£) has no singularities, the difference of I from a
constant value is exponentially small.




§49 Adiabatic invariants 157

The adiabatic invariance of I signifies that, when the parameters of the
oscillator vary slowly, the energy is proportional to the frequency.{

The equations of motion of a closed system with constant parameters
may be reformulated in terms of I. Let us effect a canonical transformation
of the variables p and g, taking I as the new “momentum”. The generating
function is the abbreviated action Sp, expressed as a function of ¢ and I. For
Sy is defined for a given energy of the system; in a closed system, [ is a func-
tion of the energy alone, and so Sp can equally well be written as a function
So(g, I). The partial derivative (0So/dg)r is the same as the derivative
(0S0/q) 1 for constant I. Hence

P = S, 1)/, (49.8)

corresponding to the first of the formulae (45.8) for a canonical trans-
formation. The second of these formulae gives the new ‘‘co-ordinate”,
which we denote by w:

w = 0So(g, I)/01. (49.9)
The variables I and w are called canonical variables; I is called the action
variable and w the angle variable.

Since the generating function So(g, I) does not depend explicitly on time,
the new Hamiltonian H’ is just H expressed in terms of the new variables.
In other words, H' is the energy E(I), expressed as a function of the action
variable. Accordingly, Hamilton’s equations in canonical variables are

I=0, % = dE(I)/dI. (49.10)
The first of these shows that I is constant, as it should be; the energy is
constant, and I is so too. From the second equation we see that the angle
variable is a linear function of time:
w = (dE/dI)t+ constant. (49.11)
The action So(g, I) is 2 many-valued function of the co-ordinate. During
each period this function increases by
ASy = 2nl, (49.12)
as is evident from the formula Sp = [ p dg and the definition (49.5). During
the same time the angle variable therefore increases by

Aw = A8Sofol) = d(ASo)/ol = 2, (49.13)

1 The exactness with which the adiabatic invariant (49.7) is conserved can be determined by
establishing the relation between the coefficients ¢ in the asymptotic (¢ = + 00) expressions
q = re[cs exp(iwst)] for the solution of the oscillator equation of motion § + «?(z) ¢ = 0.
Here the frequency w is a slowly varying function of time, tending to constant limits w. as
t — =+ c0. The limiting values of I are given in terms of these coefficients by I, = fw.lcs|2
The solution is known from quantum mechanics, on account of the formal resemblance
between the above equation of motion and SCHRODINGER’S equation " + k2{x) J = 0 for
one-dimensional motion of a particle above a slowly varying (quasi-classical) ‘‘potential
barrier”’. The problem of finding the relation between the asymptotic (x — + c0) expressions
for ¢ is equivalent to that of finding the “‘reflection coefficient’” of the potential barrier; see
Quantum Mechanics, §52, Pergamon Press, Oxford 1965.

This method of determining the exactness of conservation of the adiabatic invariant for an
oscillator is due to L. P. Prraevskil. The relevant calculations are given by A. M. DYKHNE,
Soviet Physics JETP 11, 411, 1960. The analysis for the general case of an arbitrary finite
motion in one dimension is given by A.A. SLUTSKIN, Soviet Physics JETP 18, 676, 1964.
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as may also be seen directly from formula (49.11) and the expression (49.6)
for the period.

Conversely, if we express ¢ and p, or any one-valued function F(p, q) of
them, in terms of the canonical variables, then they remain unchanged when
w increases by 2 (with I constant). That is, any one-valued function F(p, g),
when expressed in terms of the canonical variables, is a periodic function of @
with period 27.

§50. General properties of motion in s dimensions

Let us consider a system with any number of degrees of freedom, executing
a motion finite in all the co-ordinates, and assume that the variables can be
completely separated in the Hamilton—Jacobi treatment. This means that,
when the co-ordinates are appropriately chosen, the abbreviated action
can be written in the form

So = Z Si(gi) (50.1)

as a sum of functions each depending on only one co-ordinate.
Since the generalised momenta are p; = 0Sp/0g; = d.S;/dg;, each function
S; can be written

Si = [ pidgu (50.2)

These are many-valued functions. Since the motion is finite, each co-ordinate
can take values only in a finite range. When ¢; varies ‘“‘there and back” in this
range, the action increases by

ASy = AS; = 21, (50.3)
where
L = § py dgif2m, (50.4)

the integral being taken over the variation of ¢; just mentioned.t

Let us now effect a canonical transformation similar to that used in §49,
for the case of a single degree of freedom. The new variables are ‘“‘action vari-
ables” I; and ‘‘angle variables”

w; = 3So(g, I)/oL; = > 8S(gw, I)/0;, (50.5)
k

1 It should be emphasised, however, that this refers to the formal variation of the co-
ordinate g; over the whole possible range of values, not to its variation during the period of
the actual motion as in the case of motion in one dimension. An actual finite motion of a
system with several degrees of freedom not only is not in general periodic as a whole, but
does not even involve a periodic time variation of each co-ordinate separately (see below).
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where the generating function is again the action expressed as a function of
the co-ordinates and the I;. The equations of motion in these variables are
I; = 0, w = 9E(I)/0I,;, which give

I; = constant, (50.6)
w; = [0E(I)/0I;}t+ constant. (50.7)

We also find, analogously to (49.13), that a variation “‘there and back” of
the co-ordinate g¢; corresponds to a change of 27 in w;:

Aw; = 2. (50.8)

In other words, the quantities w;(g, I) are many-valued functions of the co-
ordinates: when the latter vary and return to their original values, the w;
may vary by any integral multiple of 2. This property may also be formulated
as a property of the function w;(p, ¢), expressed in terms of the co-ordinates
and momenta, in the phase space of the system. Since the Ij, expressed in
terms of p and ¢, are one-valued functions, substitution of I;(p, ) in wi(q, I)
gives a function wy(p, ¢) which may vary by any integral multiple of 2=
(including zero) on passing round any closed path in phase space.

Hence it follows that any one-valued functiont F(p, ¢) of the state of the
system, if expressed in terms of the canonical variables, is a periodic function
of the angle variables, and its period in each variable is 2. It can be expanded
as a multiple Fourier series:

F= 3 3 Ay explilhont .. +lw), (50.9)

where U, o, ..., [s are integers. Substituting the angle variables as functions
of time, we find that the time dependence of F is given by a sum of the form

0 oE OF
F= S .3 A, exp{it(ll———+ +ls—~—)}. (50.10)

e 15 ol oI,
Each term in this sum is a periodic function of time, with frequency
LOE[o + ... +15 0E[0I;. (50.11)

Since these frequencies are not in general commensurable, the sum itself is
not a periodic function, nor, in particular, are the co-ordinates ¢ and
momenta p of the system.

Thus the motion of the system is in general not strictly periodic either as a
whole or in any co-ordinate. This means that, having passed through a given
state, the system does not return to that state in a finite time. We can say,

1 Rotational co-ordinates ¢ (see the first footnote to §49) are not in one-to-one relation
with the state of the system, since the position of the latter is the same for all values of ¢
differing by an integral multiple of 2#. If the co-ordinates ¢ include such angles, therefore,
these can appear in the function F(p, ¢) only in such expressions as cos ¢ and sin ¢, which
are in one-to-one relation with the state of the system.
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however, that in the course of a sufficient time the system passes arbitrarily
close to the given state. For this reason such a motion is said to be conditionally
periodic.

In certain particular cases, two or more of the fundamental frequencies
w; = 0E/0I; are commensurable for arbitrary values of the I;. This is called
degeneracy, and if all s frequencies are commensurable, the motion of the
system is said to be completely degenerate. In the latter case the motion is
evidently periodic, and the path of every particle is closed.

The existence of degeneracy leads, first of all, to a reduction in the number
of independent quantities I; on which the energy of the system depends.
If two frequencies w1 and wg are such that

m@E(2l; = nydE|ol,, (50.12)

where n1 and 7 are integers, then it follows that J1 and I, appear in the energy
only as the sum nolh +n1l5.

A very important property of degenerate motion is the increase in the
number of one-valued integrals of the motion over their number for a general
non-degenerate system with the same number of degrees of freedom. In the
latter case, of the 2s—1 integrals of the motion, only s functions of the state
of the system are one-valued; these may be, for example, the s quantities I;.
The remaining s— 1 integrals may be written as differences

widE| 8T, — widE| 01, (50.13)

The constancy of these quantities follows immediately from formula (50.7),
but they are not one-valued functions of the state of the system, because the
angle variables are not one-valued.

When there is degeneracy, the situation is different. For example, the rela-
tion (50.12) shows that, although the integral

wWwing — wang (50. 14)

is not one-valued, it is so except for the addition of an arbitrary integral
multiple of 2. Hence we need only take a trigonometrical function of this
quantity to obtain a further one-valued integral of the motion.

An example of degeneracy is motion in a field U = — «/r (see Problem).
There is consequently a further one-valued integral of the motion (15.17)
peculiar to this field, besides the two (since the motion is two-dimensional)
ordinary one-valued integrals, the angular momentum M and the energy E,
which hold for motion in any central field.

It may also be noted that the existence of further one-valued integrals
leads in turn to another property of degenerate motions: they allow a complete
separation of the variables for several (and not only onet) choices of the co-

t We ignore such trivial changes in the co-ordinates as q1” = g1’(q1), 2" = ¢2'(g2).
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ordinates. For the quantities J; are one-valued integrals of the motion in
co-ordinates which allow separation of the variables. When degeneracy occurs,
the number of one-valued integrals exceeds s, and so the choice of those
which are the desired I; is no longer unique.

As an example, we may again mention Keplerian motion, which allows
separation of the variables in both spherical and parabolic co-ordinates.

In §49 it has been shown that, for finite motion in one dimension, the
action variable is an adiabatic invariant. This statement holds also for systems
with more than one degree of freedom. Here we shall give a proof valid
for the general case.

Let A(#) be again a slowly varying parameter of the system.} In the canonical
transformation from the variables p, ¢ to I, w, the generating function is, as we
know, the action So(g, ). This depends on A as a parameter and, if Ais a func-
tion of time, the function So(g, I; A(#)) depends explicitly on time. In such a
case the new Hamiltonian H’ is not the same as H, i.e. the energy E(I), and
by the general formulae (45.8) for the canonical transformation we have
H' = E(I)+0So/0t = E(I)+A}, where A = (0So/0X);. Hamilton’s equations
give

Iy = —0H'|ow; = — (8A[dwi)A. (50.15)

We average this equation over a time large compared with the fundamental
periods of the system but small compared with the time during which the
parameter A varies appreciably. Because of the latter condition we need not
average A on the right-hand side, and in averaging the quantities 0A/dw; we
may regard the motion of the system as taking place at a constant value of A
and therefore as having the properties of conditionally periodic motion
described above.

The action Sy is not a one-valued function of the co-ordinates: when ¢
returns to its initial value, Sy increases by an integral multiple of 27J;. The
derivative A = (8So/0A)1 is a one-valued function, since the differentiation
is effected for constant I;, and there is therefore no increase in Sg. Hence A,
expressed as a function of the angle variables w;, is periodic. The mean value
of the derivatives dA/0w; of such a function is zero, and therefore by (50.15)
we have also

ol;jot = —(0A[owg)r A = 0,

which shows that the quantities I; are adiabatic invariants.

Finally, we may briefly discuss the properties of finite motion of closed
systems with s degrees of freedom in the most general case, where the vari-
ables in the Hamilton—Jacobi equation are not assumed to be separable.

The fundamental property of systems with separable variables is that the
integrals of the motion J;, whose number is equal to the number of degrees

t To simplify the formulae we assume that there is only one such parameter, but the proof
is valid for any number.



162 ,_ The Canonical Equations §50

of freedom, are one-valued. In the general case where the variables are not
separable, however, the one-valued integrals of the motion include only
those whose constancy is derived from the homogeneity and isotropy of space
and time, namely energy, momentum and angular momentum.

The phase path of the system traverses those regions of phase space which
are defined by the given constant values of the one-valued integrals of the
motion. For a system with separable variables and s one-valued integrals,
these conditions define an s-dimensional manifold (hypersurface) in phase
space. During a sufficient time, the path of the system passes arbitrarily close
to every point on this hypersurface.

In a system where the variables are not separable, however, the number
of one-valued integrals is less than s, and the phase path occupies, completely
or partly, a manifold of more than s dimensions in phase space.

In degenerate systems, on the other hand, which have more than s integrals
of the motion, the phase path occupies a manifold of fewer than s dimensions.

If the Hamiltonian of the system differs only by small terms from one which
allows separation of the variables, then the properties of the motion are close
to those of a conditionally periodic motion, and the difference between the
two is of a much higher order of smallness than that of the additional terms in
the Hamiltonian.

PROBLEM
Calculate the action variables for elliptic motion in a field U = —a/r.

SoruTiON. In polar co-ordinates 7, ¢ in the plane of the motion we have
1
Io=o [psds =M,
27T
0

max

bt ] [onfer ) 2]

"min
= —M+aV/(m/2|El).

Hence the energy, expressed in terms of the action variables, is E = —ma2/2(L;+1,)% It
depends only on the sum Ir +I¢, and the motion is therefore degenerate; the two funda-
mental frequencies (in » and in ¢) coincide.

The parameters p and e of the orbit (see (15.4)) are related to Ir and I, by

Iy )2
Iy+1. )’

T

Since Ir and I are adiabatic invariants, when the coefficient « or the mass m varies slowly
the eccentr1c1ty of the orbit remains unchanged, while its dimensions vary in inverse propor-
tion to « and to m.
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Acceleration, 1
Action, 2, 138ff.
abbreviated, 141
variable, 157
Additivity of
angular momentum, 19
energy, 14
integrals of the motion, 13
Lagrangians, 4
mass, 17
momentum, 15
Adiabatic invariants, 155, 161
Amplitude, 59
complex, 59
Angle variable, 157
Angular momentum, 19ff.
of rigid body, 105ff.
Angular velocity, 97f.
Area integral, 31n.

Beats, 63
Brackets, Poisson, 135ff.

Canonical equations (VII), 131ff.
Canonical transformation, 143ff.
Canonical variables, 157
Canonically conjugate quantities, 145
Central field, 21, 30

motion in, 30fF.
Centrally symmetric field, 21
Centre of field, 21
Centre of mass, 17

system, 41
Centrifugal force, 128
Centrifugal potential, 32, 128
Characteristic equation, 67
Characteristic frequencies, 67
Closed system, 8
Collisions between particles (IV), 41ff.

elastic, 441T.
Combination frequencies, 85
Complete integral, 148
Conditionally periodic motion, 160
Conservation laws (II), 13ff.
Conservative systems, 14
Conserved quantities, 13
Constraints, 10

equations of, 123

holonomic, 123
Co-ordinates, 1

cyclic, 30

generalised, 1ff.

normal, 68f.

Coriolis force, 128

Couple, 109

Cross-section, effective, for scattering,
491}.

C system, 41

Cyclic co-ordinates, 30

d’Alembert’s principle, 124
Damped oscillations, 741T.
Damping

aperiodic, 76

coefficient, 75

decrement, 75
Degeneracy, 39, 69, 160f.

complete, 160
Degrees of freedom, 1
Disintegration of particles, 41ff.
Dispersion-type absorption, 79
Dissipative function, 76f.
Dummy suffix, 99n.

Eccentricity, 36
Eigenfrequencies, 67
Elastic collision, 44
Elliptic functions, 118f.
Elliptic integrals, 26, 118
Energy, 14, 25f.
centrifugal, 32, 128
internal; 17
kinetic, see Kinetic energy
potential, see Potential energy
Equations of motion (I), 1f.
canonical (VII), 1311F.
integration of (I1I), 25ff.
of rigid body, 107ff.
Eulerian angles, 110ff.
Euler’s equations, 115, 119

Finite motion, 25
Force, 9
generalised, 16
Foucault’s pendulum, 129f,
Frame of reference, 4
inertial, 5f.
non-inertial, 126ff.
Freedom, degrees of, 1
Frequency, 59
circular, 59
combination, 85
Friction, 75, 122

Galilean transformation, 6
Galileo’s relativity principle, 6
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General integral, 148
Generalised
co-ordinates, 1ff.
forces, 16
momenta, 16
velocities, 1ff.
Generating function, 144

Half-width, 79

Hamiltonian, 131f.
Hamilton—Jacobi equation, 147ff.
Hamilton’s equations, 132
Hamilton’s function, 131
Hamilton’s principle, 2ff.
Holonomic constraint, 123

Impact parameter, 48
Inertia
law of, 5
moments of, 99f.
principal, 100fF.
principal axes of, 100
tensor, 99
Inertial frames, 5f.
Infinite motion, 25
Instantaneous axis, 98
Integrals of the motion, 13, 135

Jacobi’s identity, 136

Kepler’s problem, 35ff.

Kepler’s second law, 31

Kepler’s third law, 23

Kinetic energy, 8, 15
of rigid body, 98f.

Laboratory system, 41
Lagrange’s equations, 3f.
Lagrangian, 2ff.
for free motion, 5
of free particle, 6ff.
in non-inertial frame, 127
for one-dimensional motion, 25, 58
of rigid body, 99
for small oscillations, 58, 61, 66, 69, 84
of system of particles, 8ff.
of two bodies, 29
Latus rectum, 36
Least action, principle of, 2ff.
Legendre’s transformation, 131
Liouville’s theorem, 147
L system, 41

Mass, 7

additivity of, 17

centre of, 17

reduced, 29
Mathieu’s equation, 82n.
Maupertuis’ principle, 141

Mechanical similarity, 22fF.
Molecules, vibrations of, 70fF.
Moment

of force, 108

of inertia, 991f.

principal, 100fF.

Momentum, 15f.

angular, see Angular momentum

generalised, 16

moment of, see Angular momentum
Multi-dimensional motion, 158fF.

Newton’s equations, 9
Newton’s third law, 16

Nodes, line of, 110
Non-holonomic constraint, 123
Normal co-ordinates, 68f.
Normal oscillations, 68
Nutation, 113

One-dimensional motion, 25fF., 58fF.
Oscillations, see Small oscillations
Oscillator

one-dimensional, 58n.

space, 32, 70

Particle, 1
Pendulums, 11f., 26, 33ff., 61, 70, 95,
102f., 129f.
compound, 102f.
conical, 34
Foucault’s, 129f.
spherical, 33f.
Perihelion, 36 |
movement of, 40
Phase, 59
path, 146
space, 146
Point transformation, 143
Poisson brackets, 135fF.
Poisson’s theorem, 137
Polhodes, 117n.
Potential energy, 8, 15
centrifugal, 32, 128
effective, 32, 94
from period of oscillation, 27ff.
Potential well, 26, 54f.
Precession, regular, 107

Rapidly oscillating field, motion in, 93ff.

Reactions, 122

Reduced mass, 29

Resonance, 62, 79
in non-linear oscillations, 87fF.
parametric, 80fF.

Rest, system at, 17

Reversibility of motion, 9



Rigid bodies, 96
angular momentum of, 105ff.
in contact, 122ff.
equations of motion of, 10711,
motion of (VI), 96ff.

Rolling, 122

Rotator, 101, 106

Rough surface, 122

Routhian, 134f.

Rutherford’s formula, 53f.

Scattering, 48ff.
cross-section, effective, 49ft.

Rutherford’s formula for, 53f.

small-angle, 55ff.
Sectorial velocity, 31
Separation of variables, 149ff.
Similarity, mechanical, 22ff.
Sliding, 122
Small oscillations, 22, (V) 58ff.

anharmonic, 841f.

damped, 744F.

forced, 61ff., 771,

free, 58ff., 651T.

linear, 84

non-linear, 841f.

normal, 68
Smooth surface, 122

Index

Space
homogeneity of, 5, 15
isotropy of, 5, 18
Space oscillator, 32, 70

Time
homogeneity of, 5, 13f].
isotropy of, 8f.
Top
asymmetrical, 100, 116fF.
“fast”, 113f.
spherical, 100, 106
symmetrical, 100, 106f., 111f,
Torque, 108
Turning points, 25, 32
T'wo-body problem, 29

Uniform field, 10

Variation, 2, 3
first, 3

Velocity, 1
angular, 97f.
sectorial, 31
translational, 97

Virial, 23n.
theorem, 23f.

Well, potential, 26, 54f.
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by L.D. LANDAU and E.M. LIFSHITZ

Institute of Physical Problems, USSR Academy of Sciences

The complete Course of Theoretical Physics by Landau and Lifshitz, recognized as two
of the world’s outstanding physicists, is being published in full by Pergamon Press. It
comprises nine volumes, covering all branches of the subject ; translations from the Russian
are by leading scientists.

Typical of many statements made by experts reviewing the series, are the following :

“The titles of the volumes in this series cover a vast range of topics, and there seems to be
little in physics on which the authors are not very well informed.” Nature
“The remarkable nine-volume Course of Theoretical Physics . .. the clearness and accuracy

of the authors’ treatment of theoretical physics is well maintained.” -
Proceedings of the Physical Society

Of individual volumes, reviewers have written :
MECHANICS

“The entire book is a masterpiece of scientific writing. There is not a superfluous sentence
and the authors know exactly where they are going . . . It is certain that this volume will
be able to hold its own amongst more conventional texts in classical mechanisms, as a
scholarly and economic exposition of the subject.” Science Progress

QUANTUM MECHANICS (Non-relativistic Tﬁeory)

“. .. throughout the five hundred large pages, the authors’ discussion proceeds with the
clarity and succinctness typical of the very best works on theoretical physics.”
Technology

FLUID MECHANICS

“The ground covered includes ideal fluids, viscous fluids, turbulence, boundary layers,
conduction and diffusion, surface phenomena and sound. Compressible fluids are treated
under the headings of shock waves, one-dimensional gas flow and flow past finite bodies.
There is a chapter on the fluid dynamics of combustion while unusual topics discussed are
relativistic fluid dynamics, dynamics of superfluids and fluctuations of fluid dynamics . . . a
valuable addition to any library covering the mechanics of fluids.” Science Progress

THE CLASSICAL THEORY OF FIELDS (Second Edition)

"“This is an excellent and readable volume. It is a valuable and unique addition to the
literature of theoretical physics.” Science

STATISTICAL PHYSICS

“. . . stimulating reading, partly because of the clarity and compactness of some of the
treatments put forward, and partly by reason of contrasts with texts on statistical mechanics
and statistical thermodynamics better known to English sciences . . . Other features

attract attention since they do not always receive comparable mention in other textbooks.”
New Scientist

THEORY OF ELASTICITY

"I shall be surprised if this book does not come to be regarded as a masterpiece.”
Journal of the Royal Institute of Physics

ELECTRODYNAMICS OF CONTINUOUS MEDIA

“Within the volume one finds everything expected of a textbook on classical electricity
and magnetism, and a great deal more. It is quite certain that this book will remain unique
and indispensable for many years to come.” Science Progress
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