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Quick final exam correction
Exercise |
a. By definition, & is spanned by a family of vectors, it is thus a vector space.
It contains all polynomials of the form }; o;A;, that is all P; polynomials, hence
Py C &. The degree of A; is 1 and the degree of A;A,A3 is 3, thus any polynomial
in & has degree less than 3, i.e., & C P;.
To show that dim & = 4, let us find a basis. We already have a generating family,

by definition, {A;,A,43,414243}. We show that it is free. Let us be given o,
i=1,...,4 such that

0 =0y + Ay + a3A3 + A1 A A3.

Evaluating the above equality at A’ yields o;; = 0 for i = 1,...,3. We are thus left

with 0 = oy A1 A A3, which we evaluate at G = (%, %, %), so that % =0oray=0.

b. We first construct p; € & such that p;(A’) = &;; and p;(G) = 0. By the
previous question, we look for

P1 = 0qAL + 00Ay + a3A3 + 0y A 5.
Evaluating again at Al we geta; =1, op = o3 =0, so that
pP1= M+ our A As.

Evaluating at G, we get

so that oy = —9. The polynomial
P1 =M —941AA;
is thus ok. By permutation of indices
P2 =M -3, p3=2A3—-9MAAs.
We proceed in the same way for p4 and obtain oy = o = a3 = 0 and g = 27, so
pa =2TA A2 A5.

We have constructed four basis polynomial that satisfy the duality conditions with
the degrees of freedom, hence the finite element is unisolvent.
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¢. This follows directly from unisolvence, see class notes.

d. Interpolation values at the internal nodes and centers of gravity define a
piecewise-Z? function. The only question is whether this function is continuous
and satisfies the boundary conditions. The key here is to notice that A;A;A3 van-
ishes on the three edges of its triangle. Thus &?-functions are affine on the edges
of the triangles (but not inside). So the reasoning used for P; Lagrange elements
applies here as well.

e. Same as in class: ¢. and d. make it possible to construct hat-functions in
V}, that vanish at all internal vertices except one and at all centers of gravity, and
bubble functions that vanish at all internal vertices and at all centers of gravity
except one. This is a basis of V}, (same proof as always) and the dimension is thus
N; + N; (one center of gravity per triangle).

f.

Exercise 11

a. Wehave A§-& =280 +2816+287 = (& + &)+ 60+ &5 > &7 + &5
b. Apply Lax-Milgram. H'! (Q) is a notorious Hilbert space. The bilinear form
18 continuous, since

du Jdv du Jdv du Jdv du Jdv
< _~ 7 _~ 7 i
|a(u,v)|_/92<‘ax1 oxi + 8x28x1‘+ ox1 8x2‘+2 x> 8x2’>dx

+ [ Juvldx+ /aQWo(u)?’o(V)WG-

Now by Cauchy-Schwarz

Ju dv o<
5 2% < Wl oo

for all i, j,
[ vl < s g ¥

and
/()QWO(M)YO(V)WG < w20 100 260) < C)Z/OHMHHI(Q)HVHHI(Q)

where Cy, is the continuity constant of the trace mapping J: H'(Q) — L?(9Q).
Finally

la(u,v)] < (7+Co) lull @) IV] 1 @)
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The bilinear form is H'(€)-elliptic, since

a(v,v):/AVv-Vvdx+/v2dx+/ w(v) do
Q Q Q

2 _ 2
Z/QVV'VVdX—F/QV dx—Hv”Hl(Q)'

The linear form is continuous, since

() = /Q frdx+ /a _en(v)do

and

L) < 1 2@V llz @) + 8l 200) 1100 | 200)
< (HfHLZ(Q) +C}’0HgHL2(8Q))HVHHl(Q)'

c. Takefirstv= @ € 2(Q) C H'(Q). There are no boundary terms and by IPP

d%u
a(u, @) = /Q <—2Au - 28x18x2 + u) @ dx,

2
0x10x

Taking now the boundary terms into account by using a general v € H'(Q), we
obtain

hence the PDE
—2Au—?2

+u=f.

28u N u n u n
—t—mF+=—n+u=
on  dx 2 0xs ! &

on dQ.
Exercise 111

We work in one space dimension with Q =]0,1[. Let ¢ be a constant such that
¢ > —m%. We consider problem (P)

( Ju d%u
E(xat) - W(xat) +Cu(x7t) =0,

u(0,7) = u(1,t) =0,

u(x,0) = up(x),

\

forx € Qandt € [0,T], up and T being given.

3



Université Pierre et Marie Curie - M1 Mathématiques

a. Let g be the Fourier coefficients of ug (extended to be odd on [—1, 1]), then
u(x,0) = up(x). Moreover, the series of all partial derivatives converge normally
on [0, 1] X [tg,+oo[ for all £o > 0. Thus the series is of class C* on [0, 1] x |0, +oo|
and we can differentiate term by term. Now

2
aa 5 (sin(k7x)e —(Rr oy = g2 p2 gin(kx)e KT O
X
and
E(Sin(k”x)ef(kzﬂzﬂ)t) = — (K7 + ¢) sin(kmx)e” KT )

b. The scheme is implicit since we cannot obtain U/*! without solving a non-
trivial linear system.

¢. The scheme reads

j+1 _ 2y ]+l+ Jj+1

j+1 z+1 Ui 4 j+1 g
u;  —k 2 +kcu; " = uj,

(14 ck) Iy + kAU = (UY);

so that ' '
U = (14 ck) Iy + kAy) U7,

assuming the matrix in parentheses is invertible (back to that later). Since it is
symmetric, its inverse is symmetric and symmetric matrices are obviously normal.

d. Routine calculation with Taylor-Lagrange expansions. The order is one in
time and two in space.

e. The eigenvalues of (14 ck)Ij + kA, are A, = 1 +ck + % 72 sin ( n=

ST
1,...,N. The smallest cigenvalue is thus A; = 1+ ck-+ 35 sin* ("4 ). We can rewrite
it as

A= 1+ck-l— (l—cos (hr))

Rr? pArt ;
= 1+ck+ ( —1+——7+0(h ))
277:4

:1+ck+k(n2—7+0(h4)>

Since ¢ > —n2, we thus have

A > 1—k<%+0(k4)>.
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Now for /4 small, we have % + 0(h4) < 1, thus
A >1—k.

Hence 7, is invertible and

1 k
e =1 <142k
Plh)=A s g =+ =1+

for k small: unconditional stability in the 2,4 norms.
f. Apply the Lax theorem.



