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Hot gases: The transition from line spectra to thermal radiation

M. Vollmer®
Physikalische Technik, University of Applied Sciences Brandenburg, Magdeburger Strae 50,
14770 Brandenburg, Germany

(Received 13 May 2004; accepted 24 September 2004

The question of how the line spectrum of atoms is transformed into the continuous spectrum of
thermal radiation of a gas by repeated absorption and emission of photons is addressed. We consider
a simple model of a hydrogen-like gas in thermal equilibrium where only the Lya@aansition is

allowed and calculate the spectra for increasing thickness of the gas. The transition from line spectra
for optically thin samples to the spectra of thermal radiation for optically thick samples is
demonstrated. We estimate the emissivities for hot gases and study the line width of spectral lines
due to self-absorption processes. 2G5 American Association of Physics Teachers.

[DOI: 10.1119/1.1819931

|. INTRODUCTION this approach but address different topi€sBut although
these articles start with discrete energy levels, there is little
What spectrum will be emitted by 1%wof atomic hydro-  information on how a continuous spectrum could evolve
gen at 6000 K and the densities of the sun’s photosphereffom them, or how it is related to the nature of the sample
When studying light sources, the distinction often is madehat is emitting the radiation at a given temperature.
between thermal and nonthermal sources. Thermal sourcesWe could use a plausible argument, noting that Planck’s
such as black bodies in thermal equilibrium are characterizethw for thermal radiation is usually derived for cavities
by a continuous spectrufisee Fig. 18)], in contrast to non- where the enclosure, which must oscillate to produce the
thermal sources such as spectral lamps which show a discretentinuous spectrum, is not a gas, but a solid. It is reasonable
spectrunisee Fig. 1b)]. To compare these two types of light that solids, with their complex energy band structures, would
sources and the underlying physics, we will consider hydrohave continuous spectra, given the fact that there are many
gen atoms in a hydrogen spectral lamp as the nontherm@honons present at high temperatures. For example, it has
source and an extended volume of a hot gas of hydrogebeen argued that “line spectra are produced by matter in the
atoms as the thermal source. For clarity, structures in thgaseous state in which atoms are far apart and interactions
thermal spectra, such as the Fraunhofer lines, are omitted.between atoms become negligible..., but in condensed mat-
The line spectra of hydrogen usually are explained by inter...there are strong interactions between atoms. These inter-
troducing quantized electronic energy levels. In the simpleséctions cause shifts in the energy levels and levels are shifted
case of a two level system, the excited state may be popwy different amounts for different atoms. Because of the very
lated by processes such as electron impact in a discharge Rirge number of atoms, practically any photon energy is pas-
thermal excitation. The electron may return to the groundsible. Therefore hot condensed matter always emits a §V/rong
state by spontaneous emission of a photon of enkergyVe  trum with a continuous distribution of wavelengths, nof?ecause
can thus easily explain the line spectrum consisting of dine spectrum.® Similarly, it was stated that “incandescen Selleth'OT).d
single spectral line with just a simple two level system. occurs when electrical resistive heating creates thermallyirﬁtfasb;r:d'
Although the continuous spectra of an extended hot gas isited atoms. Some of the thermal kinetic energy is trg ,.sitions.
due to the same transitioribecause it consists of the same ferred to electronic excitations within the solid. The excitsg 5
kind of atoms with the same electronic energy leyet$u-  states are relieved by photonic emission...In a solid, thelfsemi-cond
dents eventually realize that thermal radiation is not obvi-a near continuum of electron energy levels, resulting ilcould not
ously related to the discrete energy levels and transition frecontinuous non-discrete spectrum of radiatidf.” emit
guencies of atomic physics. Rather, textbook discussions on For most students it is neither plausible nor convincingphotons of
thermal radiation use a totally different explanation. Thermalkxplain the absence of the electronic structure of atomdE<gap '?
radiation is usually modeled as a black body. The spectrursuch an argument, because thermal radiation also may be
results from the radiation field, which is assumed to be inproduced by gases consisting of atoms. And why use an ar-
thermal equilibrium with the walls of the enclosure. In the gument based on cavity radiation when considering the ther-
usual derivation of Planck’s lalvthe atoms that form the mal radiation of hot gases like those present in the photo-
walls of the cavity are assumed to behave like harmonispheres of stars like the sun? Only a limited number of
oscillators. The energy of the oscillators is quantized, but th@hysics books discuss this problem in detaiée, for ex-
frequency of radiation, which may be absorbed and emitte@ample, Ref. 11
by the oscillators, is continuous. Usually, the nature of the This paper will discuss the apparent discrepancy between
harmonic oscillators is not discusse&ometimes, there is a the two explanations. In particular, we will demonstrate us-
reference to Rayleigh—Jeans theory for which the oscillatorgng a simple pedagogical model that a line spectrum of gas-
are thought of as being the electrons in the wall atoms, whicleous atoms will become the continuous spectrum of thermal
accelerate and hence emit radiatfon. radiation, the classical blackbody radiation spectrum, as the
The more elegant derivation of Planck’s law uses Ein-radiation passes through an increasing thickness. Our goal is
stein’s method withA and B coefficients and the concept of to resolve the apparent discrepancy in the explanations of the
detailed balance for a two level systesee, for example, various light sources by relating the explanations to a com-
Refs. 4—6. Recent articles on the Planck spectrum also usenon origin. The equations are simple and appropriate for
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' qualitative picture of the origin of thermal radiation from a
simple line spectrum due to gas atoms. If we consider only
continuous spectrum the Lymane transition of hydrogen at a wavelength of
blackbody radiation N=121.6 nm, the peak of the spectrum of the thermal radia-
T=6000K tion from a gas at a temperature of 6000 K will be either in
the visible if the spectrum is plotted as a function of wave-
length or the near infrared if plotted versus frequéficy
and thus far away from the atomic resonance.

10

A. Describing the absorption of light by atoms

emitted radiation (arb.u.)

The absorption cross section for light by an atom can be

' calculated classically from the model of an electron as a

0 . 11 hi 2 forced damped oscillator. For atoms at rest, we find [&y.
wavelength in um for o~ wy> v, wherey is the damping constant related to

T T T T the natural line width of the transition:

—_
Q
R=

’;- (o) e? vI21r n
3 Oaphs\ W)= .
< : 2€0MC (wo— )2+ (¥/2)?
< . .
= The prefactor in Eq(1) may be rewritten as
é e =2mrqac=1.67x10"° m? 2
*2 Zegme mroc=1. m-/s,
= wherer, is the classical electron radiug=e?/4me,mc?
=2.82<10 *m.
Equation(1) is slightly modified by the oscillator strength
of ) . X , f if the calculation is done quantum mechanically, because
0 4 8 12 16 20 the f-value of an absorption line is the “...fraction of the

integral of the classical total absorption cross section which
is to be associated with the given transitiott.For a two
level system we have

(b) wavelength (arb.u.)

Fig. 1. (a) Typical continuous spectruntb) Typical line spectrum.

vl2ar

Tapd ®)=f272rqc > 5
undergraduates. The model gives numerical results, but due (wo— )"+ (¥/2)
to the simplicity of the model, the results are only qualita- Equation(3) yields the Lorentz profile of a spectral line.
tive. Appllca}tlons to real systems such as stellar atmos_ph_eres In a gas, there are collisions between the gas molecules
would require a complex model using complete radl«'gltlon\/\/hich lead to pressure broadening, which often leads to a
transfer theories, which are well known in astrophysfcs® ‘similar line shape. The main effect is an increased line width,

which is dzue to the contribution from the collisional
Il. ABSORPTION OF LIGHT IN A SIMPLIFIED broadening: .

MODEL SYSTEM The thermal motion of the atoms leads to Doppler broad-
ening of the spectral lines, the line shape given by a Gauss-
We will introduce a Simp|e model of a homogeneous gag.an distrib_ution. The Doppler WIdthIS usuaIIy Iarger than the
and discuss the absorption of ||ght using a Lorentzian apnaturgl width and the CO”ISIOHal width and the Ilr]e Shape IS
proximation for the absorption cross section. Then the optidescribed by an overlap integral of the Lorentzian and the
cal thickness and the penetration depth of light in the gas wilGaussian distribution, which is known as the Voigt profile
be discussed. Radiative transfer within the gas will be calcutsee, for example, Ref. 11Close to the center, the line shape
lated from a two level system in thermal equilibrium. For is similar to the Gaussian profile, whereas in the wings, the

simplicity, the spectrum for the radiation within the gas isline shape can be considered to be LorentZfam our
interpreted as the one emitted by the gas, that is, changes d&énple model we will use a Lorentzian. The emphasis will be
to the escape of radiation from the boundary of the gas i®n explaining the formation of the continuous spectrum in
neglected. Other complications arising in the calculation otthe far wings of the transition. _
the radiative transfer are neglected. For example, inelastic The justification for the assumption that the Doppler width
collisions causing ionization or recombination are neglected' collisional width is not important comes from a numerical
as are continuum radiative processéfes example, the photo ~estimate of the Doppler width and the effects of pressure
ionization of excited H atoms by Lymam-photons. Hence, ~ broadening. For hydrogen at 6000 K, the Doppler wictbe,
only transitions between the two energy levels of the systerfor example, Ref. 1jlis Awp~8.6xX 10''s™*, that is, A\ is
are considered and no free electrons or hydrogen ions atke order of 102 nm. This width, although being more than
allowed. a factor of 1000 larger than the natural line width, is still
The neglect of many processes is motivated by the simvery small compared to the width of a thermal spectrum. The
plicity of the model in comparison to more detailed modelsmagnitude of collisional broadening may be estimated from
(for example, Refs. 12—15The results will provide a clear the mean free time between collisions for a gas. We use the

()
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Table |. Parameters of the hypothetical two-level system, resembling atomic hydrogen gas.

Gas:

volume of linear dimensidn

hydrogen-like atoms
temperaturel = 6000 K
densityn=N/V=2.4x 10" cm 3

Energy levels:

resemble sl and 2 of hydrogen atoms withAE
~10.2eV

corresponding to the Lymaa-line centerA=121.6 nm
natural line width:y=1/7=6.26<x10° s~ * (Ref. 11
oscillator strength absorption=0.4162(Ref. 11

line shape: Lorentzian according to EG)

kinetic theory of gases, which gives the mean free path be-
tween collisions and the mean velocity of the atoms for a gas
of T=6000K, p=2x 10" Pa(see beloy, and a diameter of

L
T(w,L)=fo k(w,x)dx. (7b)

a hydrogen atom of 10°m. Therefrom the mean time be- Then, Eq.(4) becomes

tween collisions is estimated to be abowt 80" ° s, which is

l(w,L)=1ge" L), 8

only a factor of 5 larger than the natural lifetime. Hence, the L _ _ _ _

coliisional width is of the same order of magnitude as theWe distinguish optically thiny<1, and optically thick>1,
natural line width, that is, it is much smaller than the Dopplersamples. For=1, that is, a distance=x., the intensity of
width (also see the discussion of the collisional width in thethe incident radiation has decreased by a factoe.oThe

sun in Sec. V.

B. Optical depth and penetration depth of radiation
in matter

penetration depth is thus the photon mean free path. This
distance is a measure of the depth from which radiation may
escape from a sample. Light that is incident from larger
depths has a high probability of being absorbed before reach-
ing the surface. Therefore, a sample appears transparent if its
dimensionL is much smaller tharx,, that is, 7<1, but is

If the absorption cross section is known, we may computepaque if>1.
the attenuation of radiation in matter according to Lambert There is an old demonstration experiment for the optical

and Beer®
[(x)=1e~ "%, (4)

wheren is the number densityassumed to be constarsnd
x is the distance traversed by the radiatinrand o often are
combined to give the absorption coefficiet{w),

k(w)=no(w). )

To simplify Eq. (4), we introduce thégeometrical penetra-
tion depthx,, defined by the B-decrease in intensity

1 1

- no(w) - k(w)

Xe( @) . (6)

In addition, we may define the optical deptfw,L) for a
given distancex=L as

T(w,L)=k(w)L=L/X(w). (79

depth that uses a sodium discharge laimpa laser tuned to

the Na-D-lineg shining into a glass cell with sodium vapor.

At a suitable vapor pressure, the path of the light beam is
visible via resonance fluorescence. Increasing the vapor pres-
sure will increase the optical depth, that is, decrease the pen-
etration depth. This increase results in a decrease of the beam
path showing resonance fluorescence. For very high pres-
sures, the column of resonance fluorescent light may be as
small as 1 mm.

C. Numerical values of the parameters

A hydrogen-like atomic gas was chosen as the model sys-
tem, that is, a homogeneous gas within a volume of linear
dimensionL at a temperature of 6000 K and a density similar
to the sun’s photosphere. For simplicity only one electronic
transition is treated, the Lymadam-+ransition atn=121.6 nm.

If «(w) also depends on the position, the optical depth isTable | summarizes the parameters used in our calculations.

defined as

The excited state is about 10 eV above the ground state, and

Table II. Absorption cross section of the two-level model system according tq3tdor several selected
wavelengthqfrequenciesfrom the resonance\(/w,) toward the visible spectral range.

Wavelength Frequency & Cross sectionr(w)
No=121.60 nm 0o=15.4905< 10'°s ™1 Tmax=7.1x10 M cn?
No+1.5x10 °nm wo+3y(3y=1.9x10°s™ 1) 0=1/370 1=1.9X 10" 2 cn?
121.7 nm 15.477810%s 1 (Av~2X 10Py) o~4.3x10 2P cnP~6.1xX10 P ooy
400 nm ©0=4.709x10"°s ! 6.0X10 26cmP~8.4x 10" o5
550 nm »=3.425<10%s71 4.8x10 6cnm~6.8X10" 8 o
700 nm »=2.691x10%s7 ! 4.2x10 B cmP~5.9x10 % oy
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Table Ill. Penetration depth of visible light in a hydrogen-like gas with ||| RADIATION TRANSFER IN THE SIMPLIFIED

absorption as a function of gas density. MODEL SYSTEM
Penetration depths A. Planck’s law for thermodynamic equilibrium in an
Gas density Xe (400 N Xe (550 nm) Xe (700 N infinite homogeneous hot gas
-3 k k k . . . . —
nlem™) (k) (km) (km) In the following, we will use Einstein’s derivation of
2.4x 10" 70000 88 000 99 000 Planck’s law of blackbody radiation. Thermodynamic equi-
2.4 107 700 880 990 librium is characterized by a single value of the temperature
2.4% 10 7 8.8 9.9 T

The derivation of Planck’s law usually proceeds as fol-
lows: The three fundamental processes, absorption, sponta-
neous emission, and stimulated emission, can be used to set
up equations for the respective transition rafgs

its population is very small even at=6000 K, because the Zel‘tz’5= B1oN1p(v) (absorption, (93
Boltzmann factor is= 10 °. Equation(3) is used to calculate

the absorption cross sections for the spectral range from the
near infrared to the ultravioldsee Table Il. The cross sec- thlimz B,1Nop(v), (stimulated emission (90
tions decrease rapidly with increasing detuning from reso-

nance. In the visible range the suppression is the order d{‘)f’(v) is the energy deERICHET TR

_15 .
10 _c_ompared o the value at resonance. Cross sg_ctlons ate the Einstein factors. In equilibrium the number of absorp-
the visible depend strongly on the resonance position. Fofjng equals the number of emissions

example, the shift of the center wavelength fram121.6
nm to the near ultraviolet\~365 nm, would increase the B12N1p(v) =B2iNap(v) +AxiN,. (10
cross section for green light by about a factor of 50. If we assume thatBy,=B,y, Ay—B,;8whr/c® and

By using the cross sections from E®), the penetration N, /N, =exp(hv/kT), then Eq.(10) yields the spectral en-
depthsx, are calculated using E¢6). Obviously,x. depends ‘ergy density formula of Planck,

on the number density. Table Il gives the values of; for 5
frequencies in the visible range for various densities. Figure O 8mhy 1 dv (11)
2 showsx, from the infrared to the ultraviolet for a mean ¢ ekT—q

: 7 =3 )
density (.)f 2.410"cm for. our moiel hydrogen gas, cor Note we assumed discrete energy levels and transitions
responding to a mass density ok40 “kg/m’. All calcula-  petween them. But suddenly the result, Ef), is inter-

tions were performed at this density. If treated as an ideabreted as a continuous spectrum. Where do all the possible
gas, the density would be given loy=p/kT. Hencen=2.4  transition energies arise?

x 10" cm ™2 corresponds tp=2x 10* Pa andT = 6000 K. The answer is simpl es at

The penetration depths, for visible light for a given den- [
sity n range over several hundred kilometfsse Table IIJ.
From the discussion of Eq@8), the model hot gas will
change from completely transparent to completely opaq
when moving from the surfacex{x,) into the interior to
depths ofx>100 km.

Z3H"= AN, (spontaneous emissipn  (9b)

hereN; and N, denote the populations of the two levels,

instein’s derivation was applied here for an infinite gas.
In the following, we examine what happens if the volume of
the gas is finite.

B. Radiation from a finite isothermal gas in
——————T— thermodynamic equilibrium

E 1200 b N/V=2.4%10 V/em® ) To calculate the behavior of a fini_te vo_Iume of a hot gas,
= - ] we follow an argument by Corné&ywhich gives the simplest
= ! y=3.1¥10"s A radiation transfer model. A beam of light with intensitys
& sook ® =15.5%10 °s* ) incident on the gas. The change of intensity with the distance
= 0 ] x within the gas is due to absorption, and spontaneous and
E . stimulated emission of radiation. We fitfd
g 400 |- T dl(wvx) =5 I 12
(=7

of 4 where §w) describes the spontaneous emission &g the

0 4 8 12 16 20

absorption and emission induced by the light field. They are

. B 4 related to the Einstein coefficients by
®in 10 " s
' . ) () ~AxnNg(w), (133
Fig. 2. The penetration depth as a function of frequency for the model
system. k(w)~(B1oN;—B2iNz)g(w), (13b
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Pourquoi il y a-t-il de I'émission/absorption loin de la fréquence de résonnance ? - Natural width (idétermination énergie-tau), Doppler/collisional
broadening, et aussi ** non-elastic scattering ** !

whereg(w) is the line shape factdifor example, the nor- [ ' 3
malized Lorentian, given by the fraction in E()]. For a 107 N/V=2.4*10 /em 1

hot gas, the stimulated emission is small compared to the 3.1%10% ¢

e : ab 3 )
spontaneous emission, and hemn¢e) represents absorption 10 from ton €0 bott -
alone. Also, we assume thétw) and () are independent in':)ogh‘il oftom

of position, which holds for a uniform gas density. In this
case, the solution of Eq12) for the intensity after passing L=100km
through the gas from=0 tox=L is 10l L=lkm

Here 7(w,L) = k(w)L as defined in Eq(7a), andl is the )
incident intensity. The first term in Eq14) corresponds to 0 4 8 12 16 20
the law of Lambert and BediEq. (8)] and describes the (@) . 5 1
attenuation due to absorption. The second term contains the oinl0"s

emission processes and is usually called the source 100
function™~** The importance of the source function be-
comes clear when setting=0, which will be done in the
following. In this case, there is no incident radiation and the
resulting radiation is entirely due to radiative processes
within the gas itself.

[ 1=1000km

optical thickness
3

N

10F
10000 km

C. Emission spectra as a function of optical thickness:
General case

optical thickness

If we solve Eq.(14) for 1,=0 by using Eq(13) and set- 04

ting B;,=B,;, we find 1 km
optically thin

A21N2 0.01 L 1 L

m(l—eﬂ(w’”)- (15 o 4 8 12 16 20

® ®in 10"
BecauseA,,=B,;87hv?/c® andNEINGSEXpESRUKT) . E.

(15) gives ** WRONG ** Fig. 3. Optical thicknesses from the model system for different parameters.

(hw)? > (see Nauenberg's
(1—e @by, comment) (16)

l(w,L)=

l(w,L)~——
( ) eﬁw/kT_l

. . quencies. The magnification of the scale in Figh)3lemon-
The first term in Eq.(16) resembles Planck’s law of black strates that values &f of ~1000 km are sufficient to achieve
body radiation, and the second factor gives a correction>1 in the entire spectral range investigated. However, only

which depends on the optical thickness of the gas. L=10*km can be considered as optically thick>1) every-
For optically thin gases, it is convenient to start with Eq.where. An optically thin system can be reached only Lfor
(14) for 1;=0 and write =1 km or less.
S(w) To estimate the influence of the optical thickness on the
l(w,L)= m(l—eﬂ(“’"—))m5(w)LocA21Nzg(w)L. spectrum, we plot in Fig. 4 the factor in parentheses in Eq.

(16). This factor accounts for deviations from the blackbody

17) spectrum and is interpreted as the emissi¥(ty) of the gas:
The spectrum of the radiation emitted by the gas is deter- _ Aol
mined byg(w) andN., o d@)=l-e el (18
willFor L= 10*km, there is no correction to the blackbody spec-
, because the second factor o . trum expected and=1. However, for smaller values df,
significant changes occur.

The top curve of Fig. 5 depicts the first term of Ef6),
that is, the spectrum of a black bodg=1) at a temperature
of T=6000K. In Fig. 5 the spectrum peaks in the near in-

In the following, the solutions of Eq(16) will be dis-  frared. As a function of wavelength, the peak would follow
cussed for various parameters. Figure 3 shows the opticalien’s law and be~483 nm. We will use the top curve of
thickness7 for the model from very long wavelengths to Fig. 5 in the following as a reference black body spectrum.
very short wavelengths in the ultraviolgt~94 nm with the Al other spectra are calculated with the same parameters and
resonance at=121.6 nm according to Eq&), (7a), and(3) are directly compared to it.

becomes unity.

D. Spectra of hot gases as a function of dimension

for dimensionsL of the gas ranging from 1 to $&m. The Figure 5 also shows the spectra of the gas for the various
visible range ofw is between~2.4x10"°s ! and ~4.7  optical thicknesses or emissivities shown in Figs. 3 and 4.
X 10°s1, The curve forL = 10* km coincides with the blackbody spec-

As expected, the optical thickness is very large close to thérum. At first glance, it is obvious that althoughchanges
resonance and rapidly decreases for larger or smaller freappreciably as a function of frequen¢yee Fig. 4 for L

219 Am. J. Phys., Vol. 73, No. 3, March 2005 M. Vollmer 219
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xif
Typewriter
** WRONG **
(see Nauenberg's
comment)


| L=10000km

1.0

0.8

0.6

1-exp(-7)

0.4

0.2

0.0

. 15 -1
oinl0"s

Fig. 4. Optical thickness correction factor for spectrum, as given by the
second term of Ea.lﬁi. According to Eq(18), it also resembles the emis-

sivity e(w).

mum is Aw~4x10"s™1, corresponding taAA~0.3 nm.

[ line
=1000km orL=100km, the shape of the spectra look IS
similar to the blackbody curve. For even smaller valuek,of
e becomes more or less constant in the interesting part of the
spectrum(see beloy, that is, the gas behaves like a gray v DISCUSSION
body.
According to Eq.(16), the intensity cannot exceed the A Qualitative explanation for the origin of the continuous
value of the Planck function at a given wavelength. Hencespectrum
the question of whether the line spectrum or the continuous
contribution dominates depends on the suppression of the Our model calculations show that a hot gas does not only
thermal spectrum, which occurs for optically thin gases.emit the Lymane-resonance line, corresponding to the two
Therefore, even thinner gases were studied. level hydrogen-like atoms, but a continuous spectrum as
Figure 6 gives a magnified view of tHe=100m, 10 m  well. This behavior also may be understood qualitatiyele
and 1 m curves. The scale has been reduced by a factor 619. 8). For simplicity, we assume a spherical gas. _
10°. Because the continuous spectrum is emitted with nearly Light from the inside of the gas volume can be emitted
constante (Fig. 4), we easily deduce a value ef=10* for only from the surface if it originates from a depth that is the

L=100m. With decreasind., e decreases rapidly and is order of the penetration depth or less. Light emitted from
~10°5 fo; L=10m andml(’)‘e for L=1m. As a conse- greater depths will be reabsorbed before reaching the sur-

face. The argument is simple: consider the penetration depth

g“ef}cei éhteJ Sttizonlgly supyatressed_trclqutinuous spectrurl? a%afunction of frequency as calculated from Hgsand(6)
ominated by the line spectrum with 1lS resonance peak gkoe Fig. 2 Ultraviolet light emitted from the gas can

_ _ 501
\=121.6 nm (=15.5<10">s %) for L<10m. emerge only from a very thin spherical shell, the shell thick-

Figure 7 gives a magnified view of the line shape of thepggs given approximately by the penetration defSke sec-
resonance transition far=1 m. The full width at half maxi- oy 1 in Fig. 8; for simplicity, only photons emitted in the

radial direction are plottegiLight at smaller frequencies has

0'8 Ll T L] T
from top to bottom: 1x10° | |
~~ - -
= 08 L~=10000 km plus Planck -
o =
= 1000 km .
— =
E oaf 100 km | = L=1m
>} S’
b 1 km g
@ =
= w
& o2 . §
= =
==
0.0
. . o 0
0 4 8 12 16 20 . L . L R 1 R ) R
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oinl0"s s g
oinl0"s
Fig. 5. Spectra of model gas &t 6000 K for different thicknessds of the
gas. Fig. 7. Resonance transition in the spectrumlferl m.
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Fig. 9. Emissivity of a hydrogen-like model system with=-6000 K and
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Fig. 8. Light with different wavelengths emerges from different depths of a" 2.4<107em* for L=1m.

spherical gas ball, depending on the respective penetration agpthAl-

though ultraviolet light only emerges from a thin shell, longer wavelengths

also are emitted from deeper regions of the gasifcreases from sector infrared imaging occur ik is very small, which happens for

1-7). Sector 8 gives a schematic overview. polished metals for which the emissivities may be as low as
€=0.01 and even less for optically thin hot gases. Our analy-
sis offers the possibility of estimating the emissivities of hot

larger values ok., and hence may be emitted from every gases, provided the resonance frequency or, more generally,

point within the spherical shells of larger thicknesésectors  the resonance frequencies nearest to the interesting spectral

2-7). That is, light of a given frequency will be mainly emit- region are known.

ted from a spherical shell with the outer radius being the Figure 4 shows that fot. <10*km, all gases should be

radius of the gas volume and the thickness being the penetrgescribed as selective emitters, that is, emitters with a fre-

tion depth. Consequently, we observe different depths withiyuency dependent emissivity in the visible spectral region.

the gas while changing the observation frequency, a fact thathe e-values belowL=1km seem to be nearly constant

is  well kn9¥Xn in_the spectroscopy of stellar (rig. 4), and estimates can be made by comparing the peak

atmosphere¥’ values in Figs. 5 and 6 with the Planck function, the top

In the simplest explanation the intensity of the emittedcyrye of Fig. 5. This comparison gives the following order of
radiation is given by the number of atoms that emit the nagnitude results for the emissivitg(L =1 km)~10"3;

diation times the probability of emission, which is governed _,, _ —4. _ ~10-5- _
by the line profile, for example, by E¢B). For visible light, i(ll'o,%oo m~10%  e(L=10m)=10"  e(L=1m)

the line profile is strongly suppressed by, say, a factor 6f 10 The exacteresults from our model fok =1 m are shown

with respect to the ultraviolet light near the line center. How-,

ever, the total number of light emitting atoms is larger by al Fig. 9; e increases by about a factor of 2 between the near

similar factor due to the much larger penetration depth'nfrared and near ultraviolet. In the spectral regions of infra-

which determines the thickness of the spherical shell. Théeeciczar‘]?g;% ‘Q;%/Zte?]zrce?gpegﬁz gzgufnneéhﬁ)%giroﬁfséen\{eral
enormous increase in the number of atoms with increasinB The smallestf}/ alues of commercial SYStems are Us .aII

penetration depth can compensate for the strong suppressioB > vald g Srelal sy . usuatly
due to the line shape factéEq. (3)]. Thus we can under- aboute=0.01. Therefore infrared imaging techniques would

stand qualitatively why the continuous spectrum can be Comr_neake;t_go (s):zgse moggerm[[glng trl_'% teemgert?]tgrg r];?; tT)Z small
parable or even stronger than the original resonance trangicsities of our model systems. However, there may be prac-
Ton. tical examples with different densities and different positions

of electronic transitions for which largervalues result.

B. Emissivity of hot gases , . .
_ _ ) C. Broadening of spectral lines due to self-absorption
The correction to Planck’s law in E416) has been iden- ithin optically thick sources

tified as the emissivity of the gdsee Eq(18)]. Hence, the o

results of Fig. 4 may be interpreted as the emissivity of a hot The hydrogen Lymarm-line in our model demonstrates
gas of linear dimensioh. The emissivity is very important the shift and broadening of spectral lines due to the effects of
in measurements of the temperature using pyrometers or ifptical thickness. Figure 10 gives the spectra in the vicinity
frared thermal imaging techniqu&s?® When radiation is Of the resonance transiton at 121.6 nm for different
measured over extended portions of the Spectrum_in infraL-Vﬂ'UeS, that is, different Optlca_l thicknesses of our model
red imaging we use wavelengths between 3.5 angumSr ~ The envelope, the Planck function of blackbody radiation,
between 8 and 14m the analysis by commercial instru- leads to a shift of the resonance for largevalues. Forl
ments usually assumes gray bodies with constafur the ~ <10m, the position can be regarded as nearly constant. In
respective ranges of wavelengths. The changes of the emithis case, there is mostly a broadening effect due to the emis-
sivity as a function of the wavelength obviously lead to er-sivity factor [Eq. (18)] (see Fig. 4, which accounts for the
rors in determining the temperature. Problems in quantitativeelf-absorption in optically thick sources.
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g continuous spectrum can originate from only two discrete
2 5.0x10° ] electronic energy levels in an atom. Therefore, any quantita-
£ tive conclusions drawn from our calculations for the sun
would be incorect. Here we briefly summarize some compli-
cations within the suitfor details, see Refs. 13—-15
0.0 The chemical composition of the sun differs appreciably

1546 1548 1550 1552  15.52 from a pure hydrogen gas and is about 73%—74% hydrogen
and 25% helium; all other elements account for the other 1%
or 2%. The spectrum of the sun only very approximately
Fig. 10. Broadening of spectral lines due to optical thickness. resembles a black body. Therefore, we will find very differ-
ent values for the blackbody temperature used to approxi-
mate the spectrum, values ranging from about 5700 K to

For more than one spectral line, this self-absorption effecP000 K.dTTefdeviations are due t_ohmaﬂy reasons. In a r_eal-
tends to level out intensity differences between spectral Iineé.slt"é moade OI eng_rgy traglspolrt within the sur_ll_,hwe must m-f
This leveling can cause errors regarding the analysis of oz/Ud€ not only radiation but also convection. The opacity o
cillator strengths from measurements of the spettra. the sun’s atmosphere takes all processes into account where a

The width of the resonances resembles the width of th&hoton is absorbed or scattered by atoms, ions, or electrons.
emissivity curves(similar to Fig. 4. From Eq.(18) with n our m_odel we only assumed bound-bound transitions be-
=0.5 we findr=In 2. From the definition of [Egs.(3), (5) tween discrete energy levels, and neglected the effects of
and (78], we may easily deduce the full width at half maxi- DOPPIer broadening. However for the sun, we also must in-
mum due to this effect. The results are shown in Fig. 11. Thé&!ude bound-free absorption processes, that is, photoioniza-
width follows a more or less straight line in the log-log plot tion and radiative recombination, and free-free ab;orptlon
for L>10"8m and slightly deviates from it below 18m.  Processes, where a free electron may absorb a ph@ten
For comparison, the limit of the natural line width is shown verse Bremsstrahlupgf a third particle(H atom) is present

; L 0 account for simultaneous conservation of energy and mo-
as a bar. ',:rlgm the simple thgory thg limit Wc.’UId be reaCheénentum. Also Thomson scattering of photons by free elec-
at 8.2 10 ~"m. However, this limit is meaningless in our

" del. b th : f U at t th trons must be considered. The number densities for the neu-
smpz rgo e’t’ _ecatuTe te sfpa(t:mg ?10 Ia oms ﬁ] ; € A% al and charged particles result from the Boltzmann and
sumed density 1S at least a factor o arger, that IS, g&any equations. Depending on the height in the atmosphere,

tphhoton Wotl#d notdhiawg"a cthgnce KI)' hILIa sblngle atom. r']:urV/ve need to consider deviations from local thermodynamic
ermore, the model will not be applicable because we aV‘équilibrium. To calculate all the cross sections of the pro-

ngglected all broadening effects. If we inclgde the DOppIercesses, we must assume a solar model with variation of tem-
width of about 8.6¢10''s™ %, we would obtain a more rea-

AR ’ perature and pressure as a function of height in the atmo-
sonable limiting distance of about 19m. sphere. For a quiescent sun, the temperature will vary as a
function of position within the photosphere by at least a fac-
V. APPLICABILITY FOR THE SPECTRUM t0r70f 175':3 The densitie; of hydrogen are of the ordgr of
OF THE SUN 10”cm 2 as assumed in our model, but there also is an
appreciable number density of electrons of abouf &t 3.

The closest resemblance of systems in nature to our mod€lonsequently, the resulting electric fields lead to a Stark
is the stellar atmosphere. Radiative processes within thbroadening of the spectral lines. The resulting collisional
sun’s atmosphere are much more complex than in our modelyidth for the Lymane line is much larger than the Doppler
which is intended to illustrate the basic physics of how awidth and can still be appreciable @160 nm. The wave-

b 5 -
®) frequency in 10°¢"

222 Am. J. Phys., Vol. 73, No. 3, March 2005 M. Vollmer 222



length dependence in the line wing is usually not LorentzianACKNOWLEDGMENTS
but is described by an inverse power law with exponent | yish to thank F. Herman(Karlsruhe for inspiring this

21
2.5 . . . work, and W. Schneide(Erlangen, R. Neumann(Darms-
Cleary the sun differs appreciably from our isothermali,qyy and U. Kreibig(Aachen for helpful discussions.
model. The absorption coefficient in the visible and near in-
frared, where the continuous Planck spectrum is emitted, iSigiectronic mail: vollmer@th-brandenburg.de
dominated by H bound-free absorption, the continuum ex- im. Planck, “Die Ableitung der Strahlungsgeseti@erivation of the laws

tending to 0.745 eV, which is the ionization energy for:H of radiatior),” Ostwalds Klassiker der Naturwissenschaften Band 206,
Harri Deutsch 1995reprints of seven original papers on the topic of
H +hv=H+e . (19 radiation laws.

. . . ?D. Haliday, R. Resnick, and K. KranBhysics 5th ed.(Wiley, New York,
The reverse process generates light in the visible spectrabggy VO?_/ 2. Y (Wiley

range: %R. Eisberg,Fundamentals of Modern Physi¢#/iley, New York, 1961.
_ _ 4A. Einstein, “Zur Quantentheorie der StrahlungQuantum theory of ra-
Hte =H" +hw. (20) diation), Mitteil. Physikal. Gesell. Ztich 16, 47—62(1916); “Strahlungs-
Toward the ultraviolet, several ionization edges are important emission und Absorption nach dertQ“i‘;‘t;rg‘e?%T'si'ogha”d ansorm-
: ion of radiation according to quantum thepryerh. Dtsch. Phys. Ge48,
E;r(‘:nhag-satlri]r?(:"eﬁgoar.nrgls%ltAglFpa%iSaItiglt’]V]yr%\r/‘r?l?hneg;husn?ls)()e\:;]ei:he318_323(1916; “Zur Quantentheorie der StrahlungQuantum theory of
: y ol : ~  radiation, Phys. Z.18, 121-128(1917.
ted from the photosphere W'th a thlckn_ess of about 300 KMS¢. Munley, “Approach of gas and radiation to equilibrium,” Am. J. Phys.
Its spectrum is altered while propagating through the outer 58 357-362(1990.
layers in the sun’s atmosphere, where thousands of FraurfF. S. _Crgwfor(_j, “_Usipg Einstein’s method to derive both the Planck and
hofer absorption lines are formed. Our assumption of includ- Fermi-Dirac distributions,” Am. J. Phy6, 883-885(1989.
ing only Lyman« absorption, described by a Lorentzian line T. H. Boyer, “Thermodynamics of the harmonic oscillator: Wien’s dis-

L - lacement law and the Planck spectrum,” Am. J. Phys. 866—-870
profile, is much too crude to account for the richness of the ?2003 P A

sun’s spectrum. 8\. Nauenberg, “The evolution of radiation toward thermal equilibrium: A
soluble model that illustrates the foundations of statistical mechanics,”
9Am. J. Phys72, 313-323(2004).
F. W. Sears, M. W. Zemansky, and H. D. Youripllege Physics7th ed.
VI. SUMMARY (Addison—Wesley, Reading, MA, 1991
1D, Maclsaac, G. Kanner, and G. Anderson, “Basic physics of the incan-
It has been shown using a simple model how a line spec-descent lamp,” Phys. TeacB7, 520—525(1999.
trum of gaseous atoms with sharp features is transformetA. Comey,Atomic and Laser Spectroscop@larendon, Oxford, 1937
into a continuous spectrum of thermal radiation by the re-“V. V. lvanov, Transfer of Radiation in Spectral LineBS Spec. Publ. 385
peated absorption and emission of photons. In particular, itY-S: Government Printing Office, Washington, DC, 1973
was demonstrated that the thermal radiation spectrum can g St; The Sun, An Introductior2nd ed.(Springer, New York, 2002

I . s . Unsdd, Physik der Sternatmospren, 2nd ed.(Springer, New York,
related to a hydrogen-like isothermal atomic gas with just jg5q Y P (Spring

two discrete energy levels rese_mb“ng the Lymfim"anSi' 15D, Michalas, Stellar Atmosphergs2nd ed. (Freeman, San Francisco,
tion. The parameter that determines whether a line spectrumi97g.

or a continuous thermal spectrum is emitted is the optical®8. H. Soffer and D. K. Lynch, “Some paradoxes, errors, and resolutions
thickness of the gas. For low optical thickness, a line spec- concerning the spectral optimization of human vision,” Am. J. PIoy5.
trum will dominate. The nature of the spectrum emitted by,,246—953(1999.

. " 7173, A. Overduin, “Eyesight and the solar Wien peak,” Am. J. Phys,
1 m® of atomic hydrogen at 6000 K and densities of the sun’s 216-219(2003.

photosphere can now be given. The spectrum consists 0f @andhook of Opticsedited by M. BasgMcGraw—Hill, New York, 1995,
weak continuous contribution which can be characterized by vol. 1.

the emissivitye~10"®, but is dominated by the broadened *°The Infrared Handboakedited by W. L. Wolfe and G. J. ZissiéThe
resonance line. Infrared Information Analysis Center, Environmental Research Institute of

: : . i Michigan, rev. ed., 4th printing, 1993
O.ur ana!ySIS also gives eStlmates fOI’ the 'emI'SSIVItIes 0£OD. Karstalt, K. P. Mdimann, F. Pinno, and M. Vollmer, “There is more to
optically thin hot gases and the line width which is affected gee than eyes can detect,” Phys. Tes9.371-376(2001.

b}’ self-absorption in t_he gas. However, the model is tO®IR, wehrse, Institute of Theoretical Astrophysics, Heidelberg, private com-
simple to allow comparison to spectra of stellar atmospheres.munication.

223 Am. J. Phys., Vol. 73, No. 3, March 2005 M. Vollmer 223





