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[QE6T&YUC&T&P�oUTklXFIHGFIYUC&T]oUS � FwJQJ � �#T&YUA&T&P�?XFw[�?UH6SUPQE6T&SU[QP(HGFIlBij[9FwJ9ijEK[QT&P YXFwJ9E6ijYXFIS ¯ � ROSUEs@E6PQT&YZJ ��[QT&H6E6T&[1H6T#�OE6H6iInj[9FI�#��T�FIS ¯ SUYUEKJ9A&P�A&H6T&CDJ9[QE6ROSUT&P�TDJ/oUijYUC0FIS ¯ �#T&PQSU[QT&P�oUT
��[QA&ROSUT&YUC&T&PcH � I ¢

pdT&P"FI?U?UH6E6C FwJ9EKijYUP�?UH6SUP#ROSUiIJ9E6oUE6T&YUYUT&P#oUT&P)ADJ�FIH6ijYUP)FwJ9ij�#E6ROSUT&P�oUT ��[QA&ROSUT&YUC&T
PQijYZJªHGF
P8N@YUC�MU[QijYUE6P9FwJ9E6ijY)oUT&P�[QA&PQT FIS ¯ oUTkJ9A&H6A&C&ij�#�0SUYUEKC FwJ9E6iIYUP�TDJªH6T&SU[�SmJ9E6H6E6P9FwJ9EKijY
oXFIYUP H6T&P'P8N@P8J9_&�#T&P oUTª?BijPQEKJ9E6ijYUYUT&��T&YOJ ¢ L'FI['T ¯ T&�#?UH6T � H6T�P8N@P8J9_&�#T]FI�#A&[QE6C FIE6YW¬
L�>
��ijYUCDJ9E6ijYUYUT�F sZTDC�SUY T&YUPQT&�WlUH6T�o q MUiI[9HKijnjT&P FwJ9ij�#E6ROSUT&P"T&�WlXFI[QROSUA&T&P1�=lBij[Qo�oUT
P9FwJ9T&H6H6EKJ9T&P ¢

f T&Pª?�T&[ ��ij[Q�)FIYUC&T&PªSUHKJ9E6��T&P�oUT&P�ADJ�FIH6ijYUPªFwJ9ij�#EKROSUT&P�oUT.��[QA&ROSUT&YUC&T&P]PQijYZJª�#E6PQT&P
�W?U[Qi�$UJªT&Y ?UMZN@PQE6ROSUT/��ijYUoXFI�#T&YOJ�FIH6T ¢ f�FWoUADJ9T&[Q�#E6YXFwJ9E6ijY)T ¯ ?�A&[QE6�#T&YOJ�FIHKT�oUT�YUij� ¤
lU[QT&SUPQT&P0C&ijYUP8J�FIYZJ9T&P#��ijYUoXFI�#T&YZJ�FIH6T&P�[QT&?BijPQT�PQSU[WoUT&PW�#T&PQSU[QT&PWoUT ��[QA&ROSUTDYUC&TdH � Idx
HGF"C&ijYUP8J�FIYOJ9T#oUT)c]N@oUlBT&[Qn]H � I � H6T�[9FI?U?BiI[QJ�T&YZJ9[QT#HGF �)FIPQPQT#oUT#Hrq A&H6T&CDJ9[QijY�TDJ�C&T&H6H6T
oUS�?U[QiIJ9ijY�H TRI � HGF��#T&PQSU[QTdoUT�HGF�C&ijYUP8J�FIYZJ9T�oUTdP8J9[QSUCDJ9SU[QT%$XYUTdH V � S+I ¢K¢K¢ f T&Pª�#T&PQSU[QT&P
oUT ��[QA&ROSUT&YUC&T&P
oUT�J9[Q_&Pdnj[9FIYUoUT�T ¯ FICDJ9EKJ9SUoUTW?�T&[Q�#TDJQJ9T&YOJ�A&nZFIH6T&�#T&YZJdoUT�J9T&P8J9T&[�oUT&P
?BijP8J9SUHGFwJ9PkoUT�HGF0[QT&HGFwJ9EKs@EKJ9A/njA&YUA&[9FIH6T ¢ L FI[kT ¯ T&�#?UH6T � H6T
oUA&?UHGFIC&T&��T&YOJ1nj[9F�s@EKJ�FwJ9EKijY ¤
YUT&H�?BT&SmJ ,DJ9[QT��#T&PQSU[QA#T&Y C&ij�#?XFI[9FIYZJ�SUYUT#MUij[QH6ijnjT0T&YZsZi�NjA&T�oXFwYUP�Hrq T&PQ?XFIC&T)F�sjT&C
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SUYUTkMUij[QH6ijnjT]FIS�PQijH ¢ f�F/?U[QT&�#E6_&[QT]T ¯ ?BAD[9EKT&YUC&T1oUTkC&T]JgN@?�TdF/ADJ9AkT���T&CDJ9SUA&TdF sjT&C1oUT&P
�)FIPQT&[QP���MON@oU[Qijnj_&YUT"T&Y �?S4TEV H ���+I ¢ f T&PW�#E6PQPQE6ijYUP�PQ?XFwJ9EGFIH6T&P�¥1` © >��IL��1¥�ck¥1a �
LB¥�c]`]> TDJ�ck¥1` © ?BT&[Q�#TDJQJ9[QijYZJ#o q FI�#A&H6E6ij[QT&[0C&TDJQJ9T��#T&PQSU[QT ¢ L'FI[)FIE6H6HKT&SU[QP � C&T&[ ¤
J�FIE6YUT&P�J9MUA&ij[QE6T&P��#iOoUT&[QYUT&PW?U[QADsjijE6T&YOJWSUYUT)s@E6ijHGFwJ9EKijY�oUS=?U[QE6YUC&E6?BT#o q A&ROSUEKsIFIH6T&YUCDT
o q © E6YUP8J9T&E6Y�E6�#?UH6EKROSXFIYZJ)SUYUT�sIFI[QEGFwJ9E6ijY oUT&P)C&ijYUP8J�FIYOJ9T&P ��ijYUoXFI�#T&YZJ�FIH6T&PAH �j� � �|�RI ¢
f�F)�#ADJ9[QijH6ijnjEKT�oUT&P/��[QA&ROSUT&YUC&T&P
i���[QTWHGF)?BijPQPQE6lUE6H6E J9A�oUT�J9T&P8J�TD[/T&Y�HGFIlBij[9FwJ9ijEK[QT�C&T&P
J9MUA&ij[QE6T&PkT&Y�[QT&C�MUT&[QC�MXFIYOJdYUiIJ�FI�#�#T&YOJkSUYUT�ADsjT&YZJ9SUT&H6H6T�oUA&[QEKsjT�oUT
HGF�C&iIYUPQJ�FIYZJ9T�oUT
P8J9[QSUCDJ9SU[QT $XYUTdH � � �� JI ¢

f T&Pd?XFI[9FI�#_DJ9[QT&P1?U[QE6YUC&E6?XFIS ¯ ROSUEhC FI[9FICDJ9A&[QE6PQT&YZJ�H6T&P1?BT&[ ��ij[Q�)FIYUC&T&P1o q SUYUT�MUij[ ¤
H6ijnjT�PQijYZJ Hrq T ¯ FICDJ9EKJ9SUoUT�TDJ HGFkP8J�FIlUE6H6EKJ9A�oUT ��[QA&ROSUT&YUC&T ¢ f(q T ¯ FICDJ9EKJ9SUoUT�[QT&?U[QA&PQT&YZJ9T]Hrq E6Y ¤
C&T&[8J9EKJ9SUoUT
PQSU[kHrq A&C FI[8JkT&YZJ9[QT�HGF ��[QA&ROSUT&YUC&T�E6YZJ9[QE6YUPQ_&ROSUT
oUT
HGFWJ9[9FIYUPQEKJ9E6ijY FwJ9ij�#E6ROSUT
TDJ/HGF���[QA&ROSUT&YUC&T�T���T&CDJ9EKsjT&�#T&YZJ
oUA&H6EKs@[QA&T�?XFI[�Hrq MUij[QH6ijnjT ¢ f T&P�T���TDJ9P/?UMZN@PQE6ROSUT&P
ROSUE
oUA&?UHGFIC&T&YZJ�T ¯ ?BAD[9EK�#T&YOJ�FIH6T&�#T&YZJ
HGF ��[QA&ROSUT&YUC&T)FwJ9ij�#E6ROSUT0PQijYZJ�YUij�WlU[QT&S ¯ H � � I ¢ \^H6P
PQijYZJW[QT&H6E6A&PWFIS ¯ ?BT&[8J9SU[QlXFwJ9E6ijYUP�E6YZJ9[Qi@oUSUEKJ9T&P�?XFI[�Hrq T&YZs@E6[QijYUYUT&�#T&YZJWT ¯ ?�A&[QE6�#T&YOJ�FIH
TDJ�E6H6P/oUA&?BT&YUoUT&YZJWoUT&P�C FI[9FICDJ9A&[QE6P8J9E6ROSUT&P�oUT#Hrq A&C�MXFIYZJ9E6H6H6iIY�FwJ9ij�#E6ROSUT�FIE6YUPQE(ROSUT#oUT
HGF"�#ADJ9MUi@oUT#o q E6YZJ9T&[Q[QijnZFwJ9E6ijY ¢ f�F P8J�FIlUE6H6EKJ9A0oUT���[QA&ROSUT&YUC&T)o q SUYUT)MUij[QH6ijnjT0J9[9FIoUSUEKJ
PQijY=FI?mJ9EKJ9SUoUT ��[QT&?U[Qi@oUSUE6[QT#HGF�� ,&�#T���[QA&ROSUT&YUC&T"�#i�NjT&YUYUT"FIS C&ijSU[QP�oUS J9T&�#?UP ¢
© H6H6T/T&P8J�C&ij�#�WSUYUA&�#T&YZJ1C FI[9FICDJ9A&[QE6PQA&T�?XFI[1Hrq A&C FI[8JkJ^N@?BT�o q ¥dH6HGFIY oUT&P�eXSUCDJ9SXFwJ9E6iIYUP
[QT&HGFwJ9EKsjT&P�oUT ��[QA&ROSUT&YUC&T&P � FIYUYUT ¯ T�` � ¢ LhijSU[#SUY J9T&�#?UP)oUT��#T&PQSU[QT

τ
� C&TDJ)A&C FI[8J

J^N@?BT
?BT&SmJ1njA&YUA&[9FIH6T&�#T&YZJkP&q A&C&[QE6[QTdH � � � � � I(x

σy(τ) =
η

Q× S/B
×

√

Tc

τ

� ���

avec : Q =
ν0

δν

� � �

S/B
oUA&PQE6njYUT�H6T)[9FI?U?Bij[8JWPQE6njYXFIH���lU[QSUEKJWoUT�HGF�oUADJ9T&CDJ9E6ijY�oUT�HGF�J9[9FIYUPQEKJ9E6ijY FwJ9i ¤

�#E6ROSUTªT���T&C
J�SUADT1T&Y�SUY0J9T&�#?UP
Tc

¢
η
T&P8J�SUY�� FICDJ9T&SU[(?U[QiOC
MUT]oUT]Hrq SUYUEKJ9A�ROSUEUoUA&?BT&YUo

oUT�HGF"�#ADJ9MUiOoUT�o q E6YZJ9T&[Q[9iInZFwJ9E6ijY ¢
Q
T&P8J�H6T#� FICDJ9T&SU[
oUT#ROSXFIH6EKJ9A0FwJ9ij�#E6ROSUT � A&nZFIH �

HGF ��[QA&ROSUT&YUC&T oUT�HGF�J9[9FIYUPQEKJ9E6ijY
ν0

oUEKs@E6PQA&T"?XFI[WHGF�HGFI[QnjT&SU[WoUT�HGF�[QA&PQijYXFIYUC&T�FwJ9i ¤
�#E6ROSUT

δν
¢ f�F)HKE6�#E J9T
SUHKJ9E6��T
oUT

δν
T&P8J�A&nZFIH6T �#HGF�HGFI[QnjT&SU[1YXFwJ9SU[QT&H6H6T
oUT�HGF0J9[9FIY ¤

PQEKJ9E6ijY FwJ9ij�#E6ROSUT ¢�© Y�?U[9FwJ9E6ROSUT � T&H6H6T�T&P8JWnjA&YUA&[9FIH6T&�#T&YOJ�[QT&P8J9[QT&E6YZJ9T)?XFI[�H6T�J9T&�#?UP
o q E6YZJ9T&[Q[QijnZFwJ9E6ijY�oUT&P/FwJ9ij�#T&PdijS�?XFI[�oUT&P�H6E6��E J9T&PkJ9T&C
MUYUE6ROSUT&P/CDij�#�#T�H6T�lU[9SUE J�oUT
Hrq ijPQC&E6H6H6F|J9T&SU[ªo q E6YOJ9T&[Q[QijnZFwJ9E6iIY ¢

f(q T ¯ FICDJ9EKJ9SUoUT�TDJdHGF�P8J�FIlUE6H6EKJ9A
o q SUY�ADJ�FIH6ijY�oUT ��[QA&ROSUT&YUC&T0PQijYZJdE6YOJ9E6��T&�#T&YZJ1[QT ¤
H6E6A&T&P ¢ f�F�P8J�FIlUE6H6EKJ9A�E6�#?�ijPQT"SUYUT�H6E6��E J9T�PQSU[#HGF�[QA&PQijH6SmJ9E6ijY=oUT��#T&PQSU[QT oUT&P#T���TDJ9P
P8N@P8J9A&�)FwJ9E6ROSUT&P1ROSUE oUA&?UHGFIC&T&YOJ1HGF#��[QA&ROSUT&YUC&T�oUT�HGF0[QA&PQijYXFIYUC&T�FwJ9ij�#E6ROSUT ¢ \^YZsjT&[QPQT ¤
�#T&YZJ � oUT&P�T���TDJ9P�P8N@P8J9A&�)FwJ9E6ROSUT&Pd�)FIH�C&ijYZJ9[
	jH6A&P�FIHKJ9_&[QT&YZJdHGF#P8J�FIlUE6H6E J9A
H6ijYUn#J9T&[Q�#T
oUT
Hrq MUij[QH6ijnIT ¢

¥dSwv8ijSU[Qo q MOSUE�H6T&P�MUij[QH6ijnjT&P�H6T&P�?UH6SUP�T ¯ FICDJ9T&PªPQijYOJªH6T&P ��ijYZJ�FIE6YUT&P�FwJ9ij�#E6ROSUT&PAH � � �
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�;TJI�ROSUE�SmJ9E6H6EKPQT&YZJ"oUT&P FwJ9ij�#T&P�[QT���[QijE6oUE6P)?XFI[�HGFIPQT&[AH �?VJI �=oUTDP"J9T&�#?�A&[9FwJ9SU[QT&P"oUT
Hrq ij[QoU[QTWoUS��#E6C&[Qi ® T&HKs@E6Y ¢ `�T&P
oUE6PQ?BiIP9E J�E ��P%��ijYUCDJ9E6ijYUYUT&YZJ�F sjT&C�oUT&P�FwJ9ij�#T&P�oUT�C&A ¤
PQE6SU�,ijS oUT�[QSUlUE6oUE6SU� ¢ f�F�J9[9FIYUPQEKJ9E6ijY=o q MUij[QH6ijnjT"T&P8J)SUYUT�[QA&PQijYXFIYUC&T�MZN@?BT&[ $XYUT
oUT�Hrq ADJ�FwJkA&H6T&CDJ9[QijYUE6ROSUT ��ijYUoXFI�#T&YZJ�FIH3��T&YZs@E6[QijY S ¢ �(¬�� � � `�P �kijS � ¢ V�¬�� � � ckl�� ¢
¥�sjT&C#oUT&P/J9T&�#?UP
o q E6YZJ9T&[Q[QijnZFwJ9E6ijY�?U[Qi@C�MUT�oUT � P � HGF�[QA&PQijYXFIYUC&T#?�T&SmJ ,DJ9[QT�oUADJ9T&C ¤
J9A&T�F sZT&C�SUYUT�HGFw[9nIT&SU[)oUT�[9FIE6T�oUT�Hrq ij[QoU[QT�oUT���� � H � � I ¢ f T1� FICDJ9T&SU[�oUT�ROSXFIH6EKJ9A
FwJ9ij�#E6ROSUTWC&ij[Q[QT&PQ?BijYUoXFwYOJ�T&P8J�FIH6ij[QPdsjijE6PQE6Y�oUT

1010 ¢ f�F"P8J�FIlUE6H6E J9AWoUT&P
�#T&E6HKH6TDSU[9TDP
��ijYZJ�FIE6YUT&P FwJ9ij�#E6ROSUT&P'T&P8J�H6E6��E J9A&T�?XFI['H6T�lU[QSUEKJ oUTª?U[QiIv8TDCDJ9E6ijYWROSXFIYOJ9E6ROSUT1H �?S+I ¢ ¥�sZT&C
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FwJ9ij�#TDPªC&ijYZJ9[QE6lUSXFIYZJ]FIS"PQE6njYXFIHBo q MUij[QH6iInjT � SUYUT/P8J�FIlUE6H6E J9A1oUT
1.5× 10−14

�)��P
H �I�+IhF#[QA&C&T&�#�#T&YZJdADJ9A�ijlmJ9T&YOSUTWF sjT&C�HGF���iIYOJ�FIE6YUT § a
�0oUS ¨ ¦ ¡"¤ >��
c'e ©]¢ `�TDJQJ9T
��ijYZJ�FIE6YUT0lBA&YUA�$XC&E6T�o q SUYUT#C�MXF �GYUT0oUT���[9ADROSUT&YUC&T)�#E6C&[Qi ¤ ijYUoUTWlXFIPQA&T#PQSU[
SUY�ijPQC&E6H ¤
HGFwJ9T&SU[0C&[8NjijnjA&YUE6ROSUT ��[QA&PQijYXFwJ9T&SU[�T&Y P9FI?UMUE6[AH �@�BI ¢ f T&P���ijYZJ�FIE6YUT&P § a
��TDJ § a ¡
oUS�HGFIlBij[9FwJ9ijEK[QT
PQijYZJdH6T&P1?U[QT&�#E6T&[QP1ADJ�FIH6ijYUPkoUT ��[QA&ROSUT&YUC&T���?BijPQPQA&oUT&[�SUYUT�T ¯ FICDJ9E ¤
J9SUoUT
[QT&HGFwJ9EKsjT�oXFIYUPkHGFWnZFI�#�#T�oUT&P

10−16
xX[QT&PQ?BT&C
J�E sZT&�#T&YZJ

6× 10−16
?BijSU[ § a
�

ROSUE���ijYUCDJ9E6ijYUYUT"F�sjT&C oUT&P#FwJ9ij�#T&P0oUT"[QSUlUE6oUE6SU� TDJ
8 × 10−16

?BijSU[ § a ¡ F�sjT&C
oUT&P1FwJ9ij�#T&PªoUT/C&A&PQE6SU��H �JI ¢ `�T&PkT ¯ FICDJ9EKJ9SUoUT&PkPQijYZJkT&YUC&ij[QT
PQSUPQC&T&?mJ9E6lUH6T&Pko q FI�#A&H6E6i ¤
[9FwJ9E6ijYUPAH �j�RI �)FIE6P1E6HhT&P8J
oUE �#C&E6H6T&��T&YOJdC&ijYUC&TDswFIlUH6T0o q ijlmJ9T&YUE6[�F�sjT&C0C&T&P/oUE6PQ?�ijPQEKJ9E ��P
SUYUT/sIFIH6T&SU[]E6Y ��A&[QE6T&SU[QT �

1× 10−16 ¢
L'ijSU[�FI��A&H6E6ij[QT&[�H6T&SU[ P8J�FIlUE6H6EKJQA'oUT���[QA&ROSUT&YUC&T � ijY
?BijSU[Q[9FIEKJ FISUnj�#T&YZJ9T&[ H6T YUij�WlU[QT

o q FwJ9ij�#T&P�E6YOJ9T&[Q[QijnjA&P�C FI[�H6TklU[QSUEKJ�oUT1?U[9iwv8T&CDJ9E6ijY#ROSXFIYZJ9E6ROSUT1T&P8J�E6YOsjT&[QPQT&�#T&YZJª?U[Qi ¤
?Bij[8J9E6ijYUYUT&H �WHGF�[9FIC&E6YUT�C FI[Q[QA&T
oUT/C&T/YUij�WlU[QT ¢ `�T&?�T&YUoXFIYZJ � C&T/nZFIE6Y�P&q T���T&CDJ9SUT&[9FIEKJ
FIS�oUADJ9[QE6�#T&YZJhoUT�Hrq T ¯ FICDJ9EKJ9SUoUT�oUT�Hrq MUij[QH6ijnjT��kC FISUPQT�oUS�oUA&?UHGFIC&T&�#T&YZJhoUT ��[QA&ROSUT&YUC&T
E6YUoUSUEKJ ?XFw[ H6T&P C&ijH6H6EKPQE6ijYUPhT&YOJ9[QT]FwJ9ij�#T&P ��[QijE6oUPAH �I JI ¢ LhijSU[ ?BijSUPQPQT&[(T&YUC&ij[QT]?UH6SUP H6ijE6Y
H6T&P/?BT&[ ��ij[Q�)FIYUC&TDP
oUT&P
ADJ�FIH6ijYUP/oUT#��[QA&ROSUT&YUC&T&P�E6H PQT&�WlUH6T0oUijYUC0YUA&C&T&PQP9FIE6[QT�o q FISUn ¤
�#T&YZJ9T&[�H6T�� FICDJ9T&SU[�oUT1ROSXFIH6EKJ9A1FwJ9ij�#E6ROSUT ¢ L(H6SUPQE6T&SU[QP��#ADJ9MUiOoUT&P�PQijYZJ]FICDJ9SUT&H6H6T&�#T&YZJ
ADJ9SUoUE6A&T&P ¢
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[QijY�� P�?BijSU[�SUY"oUE6PQ?�ijPQEKJ9E � T ¯ ?BA&[QE6�#T&YZJ�FIHBoUTdJ�FIE6H6HKTk[9FIE6PQijYUYXFIlUH6T ¢@© Y"[QTDswFIYUC
MUT � C&T
J9T&�#?UP]?�T&SmJ.,DJ9[QT
FISUnj�#T&YZJ9A�v8SUPQROS q ��SUYUT/oUE � FIE6YUT�oUT/PQT&C&ijYUoUT&P1oXFIYUP]SUYUT/MUij[QH6ijnjTT&�WlXFI[QROSUA&T ��lBij[Qo�o q SUY=P9FwJ9T&H6H6EKJ9T ¢ L(H6SUPQE6T&SU[QPW?U[Qiwv8TDJ9PWPQijYZJWT&YUnZFInjA&PWoXFIYUPWC&TDJQJ9T
sjijE6T0C&ij�#�#TW¥1` © >�oUT0Hrq FInjT&YUC&T0PQ?XFwJ9EGFIH6TWT&SU[Qij?BA&T&YUYUT�TDJ�LB¥�c]`]>�TDJ�ck¥d` © oUT
Hrq FInjT&YUC&TªPQ?XFwJ9EGFIH6TªFI�#A&[QE6C FIE6YUT ¢ ¥1` © >Ws@E6PQT��%� FIE6[QT�sZijH6T&[���lBij[Qo0oUT]HGFdP8J�FwJ9E6ijY0PQ?XF ¤
J9EGFIH6TWE6YOJ9T&[QYXFwJ9E6ijYXFIHKTWH6T��)FIPQT&[ �"MON@oU[Qijnj_&YUT�> � ¡ TDJ�Hrq MUij[QH6ijnjT���FwJ9ij�#T&P ��[QijE6oUP
oUT�C&A&PQE6SU�,L��k¥�ck¥da ¢ f(q T ¯ FICDJ9EKJ9SUoUT)s@E6PQA&T�?BijSU[WC&TDJQJ9T�MUij[QH6ijnjT)PQ?XFwJ9EGFIH6T#T&P8J0oUT
1× 10−16

H � � I ¢
L'ijSU[�FI�#A&H6E6iI[QT&[(H6T�� FICDJ9T&SU[�oUT1ROSXFIH6EKJ9AkFwJ9ij�#E6ROSUT � SUYUTdFIHKJ9T&[QYXFwJ9EKsjT]�#ijE6YUP(C&i)( ¤

J9T&SUPQT�C&ijYUPQE6P8J9T���FISUnj�#T&YZJ9T&[�HGF ��[QA&ROSUT&YUC&T�oUT HGF [QA&PQijYXFIYUC&T�FwJ9ij�#E6ROSUT ¢ `dq T&P8J
oXFIYUP C&TDJQJ9T�sjijE6T�J9[Q_&P ?U[Qij�#TDJQJ9T&SUPQT�ROSUT�P&q E6YUPQC&[QEKJ H6T�oUADsjT&H6ij?U?BT&�#T&YZJ�o q ADJ�FIH6ijYUP
oUT ��[QA&ROSUT&YUC&T&P
ij?mJ9E6ROSUT&PWx�T&Y�SmJ9E6H6EKP9FIYOJdoUT&PdJ9[9FIYUPQEKJ9E6ijYUPdoXFIYUP�H6T�oUij�)FIE6YUT
s@E6PQE6lUH6T
ijS�?U[QiOC�MUT�SUHKJ9[9F ¤ s@E6ijHKTDJ � � �j� ¤ ���j�j�#e � � � � HGF ��[QA&ROSUT&YUC&T#oUT0HGF#J9[9FIYUPQEKJ9E6ijY�o q MUij[ ¤
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H6ijnjT�T&P8J�FISUnj�#T&YZJ9A&T�oUT�?U[Q_&P oUT � ij[QoU[QT&P"oUT�nj[9FIYUoUT&SU["?XFI[�[9FI?U?Bij[8J*�=C&T&H6H6T&P
SmJ9E6H6EKPQA&T&P0oXFIYUP#H6T&P#��ijYZJ�FIE6YUT&P#FwJ9ij�#EKROSUT&P ¢ f T&P�MUij[QH6ijnjT&P0ij?mJ9E6ROSUT&P�PQijYZJ#oUADsZT&H6ij? ¤
?�A&T&P]oUT&?USUE6PªSUYUT�ROSUE6Y � FIE6YUTdo q FIYUYUA&T&P ¢ ¥ ?U[QA&PQT&YZJk?UH6SUPQE6T&SU[QP�o q T&YOJ9[QT�T&H6H6T&P�PQijYZJ]T&Y
C&ijSU[QPªo q ADswFIH6SXFwJ9E6ijY�TDJªoUT&P]T ¯ FICDJ9EKJ9SUoUT&Pª[QT&HGFwJ9EKsjT&P�E6Y ��A&[QE6T&SU[QT&P��

10−14
PQijYZJkFwJQJ9T&Y ¤

oUSUT&PAH ��  � � �2� � � I ¢ `�ijSU[9FIYZJ]�I�j�j  � SUY)[QA&PQSUHKJ�FwJ�J9[Q_&P�?U[Qij��TDJQJ�TDSU[�F�ADJ9A1ijlmJ9T&Y@S ��HGF
L(e ¨ T&Y"oUA&�#ijYOJ9[9FIYZJ]SUY FIC&C&ij[Qo oUT%��[QA&ROSUT&YUC&T
T&YOJ9[QT/oUTDS ¯ MUij[QH6ijnjT&P��WE6ijY)NOJQJ�TD[ ¤
lUE6SU�.FIS�YUEKsjT FIS�oUT

2.5 × 10−15
H �LTJI ¢ L FI[�FIE6H6HKT&SU[QP � oUT&P/P8J�FIlUE6H6E J9A&PdoUT ��[QA&ROSUT&YUC&T

v8SUPQROS q ��  ��ijE6P/�#T&E6H6HKT&SU[QTWROSUT#C&T&H6H6T0oUT�HGF ��ijYZJ�FIE6YUT�FwJ9ij�#E6ROSUT § a
��ijYZJ�oUAgv-� ADJ9A
[9FI?U?�ij[8J9A&T&P � F sjT&C1H6T&P(MUij[QH6ijnjT&P ��FwJ9ij�#T&P(oUTkC FIH6C&E6SU� TDJ��
E6ijY0�#T&[QC&SU[QTkoUS)¦1\8>@e�x
T&YZJ9[QT � T
J�T ×10−15

�"��P%H �EV � �ESJI ¢
f�F C&ij�#?UH6T ¯ EKJ9A0oUT&P�C�MXF �GYUT&P�oUT���[QA&ROSUT&YUC&T&P�J9[9FIoUEKJ9E6iIYUYUT&H6HKT&PAH  j� �  m�BI�SmJ9E6H6EKPQA&T&P

?�ijSU[ [QT&HKE6T&[hSUYUT���[QA&ROSUT&YUC&T]ij?mJ9E6ROSUT��dSUYUT�PQijSU[QC&Tª�#E6C&[Qi ¤ ijYUoUT�FdH6ijYUnIJ9T&��?UP'ADJ9A�SUY
��[QT&E6Y FIS�oUADsjT&H6ij?U?BT&�#T&YZJWoUT&P�MUij[QH6ijnjT&P
ij?mJ9E6ROSUT&P ¢ `�TDJWijlUP8J�FIC&HKT#T&P8J��)FIE6YOJ9T&YXFIYZJ
PQSU[Q�#ijYZJ9A nj[ � C&T1��SUYUT�F�swFIYUC&A&T��)F|v8T&SU[QT�oXFIYUP#HGF��#ADJ9[QijH6ijnjEKT"oUT&P���[QA&ROSUT&YUC&T&P ¢
f T
oUADsjT&H6ij?U?�T&�#T&YOJ1oUT
YUijSmsjT&H6H6T&PkC�MXF �GYUT&PkoUT ��[QA&ROSUT&YUC&T&PdlXFIPQA&T&PdPQSU[kHrq SmJ9E6HKEKP9FwJ9E6iIY
o q SUY=HGFIPQT&[ ��T&��J9ijPQT&C&ijYUoUT1H  Z� �  j +I�?BT&[Q�#TDJWo q T���T&CDJ9SUT&[0PQE6�#?UH6T&�#T&YZJ�oUT&P0C&ij�#?XF ¤
[9FIE6PQijYUP/oUT���[QA&ROSUT&YUC&T&PWij?mJ9E6ROSUT �w�#E6C&[Qi ¤ ijYUoUT0ijS�T&YUC&ij[QT#ij?mJ9E6ROSUT �wij?mJ9E6ROSUT ¢ ¥dE6YUPQE
J9ijSUP]H6T&PkADJ�FIH6ijYUP]oUT ��[QA&ROSUT&YUC&T&Pd?BT&SmsjT&YZJ%,DJ9[QT�FIE6PQA&�#T&YZJkC&ij�#?XFI[QA&P ¢ f�F0PQijSU?UH6T&PQPQT
o q SmJ9E6H6EKP9FwJ9E6iIY�oUT1C&T&P�C�MXF �GYUT&P�oUT���[QA&ROSUT&YUC&T&PªF
[9FI?UE6oUT&�#T&YOJ�ADJ9A1�#E6PQT.�
?U[Qi�$UJ�?BiISU[
T���T&CDJ9SUT&[
oUT&P
�#T&PQSU[QT&P�oUT#��[QA&ROSUT&YUC&T&PWFIlUPQijH6SUT&P/oUT0J9[Q_&P
MXFISmJ9T&P
?U[QA&C&E6PQE6ijYUP/?BiISU[
oUT&P1J9[9FIYUPQEKJ9E6ijYUP1FwJ9ij�#E6ROSUT&P1oUS�`�PQH   � I � ckl H  j +I � `ªFMH   � �   � I � ` �

4

H  4TJI � � H  LVJI �
\
2

H  LS � � � � � ��I � �1n +
H   � I � �/l +

H   � � � ��I � \^Y +
H � �JI � >@[ + H � ��I ¢K¢K¢

`�T&PªC�MXF �GYUT&P�oUT.��[QA&ROSUT&YUC&T&P���ijYOJ�Hrq ijl@v8TDJ�o q SUYUTd[QT&C�MUT&[QC
MUT/FICDJ9EKsjTdTDJ�H6T&SU[QP�?BT&[ ¤
��ij[Q�)FIYUC&T&P/SUHKJ9E6�#T&P�PQijYZJ�T&YUC&ij[QT#E6YUC&ijYUYOSUT&P ¢ ¦1A FIYU�#ijE6YUP � T&H6H6T&P/ijYZJ�oUAgv-� ?�T&[Q�#E6P
o q ijlmJ9T&YUE6[)oUT&P"[QA&PQSUHKJ�FwJ9P)J9ijSmJ � � FIE J�[QT&�)FI[QROSXFIlUH6T&P ¢ f�F�C&ij�#?XFI[9FIE6PQijY�T&YZJ9[QT�HGF
��[QA&ROSUT&YUC&T�o q SUY=HGFIPQT&[�¦1o ¤ ��¥1¬�TDJWP9F�PQT&C&ijYUoUT�MXFI[Q�#ijYUE6ROSUT)F�ADJ9A)[QA FIH6E6PQA&T ��HGF
L(e ¨d¢ f T�[9FI?U?Bij[8JdT&YOJ9[QT�H6T&PdoUT&S ¯ ��[QA&ROSUT&YUC&T&P
F)ADJ9A��#T&PQSU[QA0F sZT&CWSUYUT�T&[Q[QT&SU[�oUT
7× 10−19

TDJ1SUYUT
P8J�FIlUE6H6EKJ9A�[QT&HGFwJ9EKsjT/oUT ��[QA&ROSUT&YUC&TWFwJQJ9T&E6njYXFIYZJkROSUT&H6ROSUT&P
10−18

T&Y
���j� P H �  JI ¢U© Y �#T&PQSU[9FIYZJ]Hrq MUij[QH6ijnjT1ij?mJ9E6ROSUT �0FwJ9ij�#T&P�oUT/C FIH6C&E6SU� oUS ¦1\8>@e�F sZT&C
oUT&S ¯ C
MXF �GYUT&P)oUT ��[QA&ROSUT&YUC&T&P"E6YUoUA&?�T&YUoXFIYZJ�TDP � E6HkF ADJ9A�oUA&�#ijYZJ9[QA�HGF � FIE6P9FIlUE6HKE J9A
o q SUY J9[9FIYUP ��T&[8J�oUT)P8J�FIlUE6H6E J9A�oUS oUij�)FIE6YUT�ij?mJ9E6ROSUT�sjT&[QPWH6T�oUij�)FIE6YUT��#E6C&[Qi ¤ ijYUoUT
FIS)YUEKsZT FIS�oUT

2× 10−14
�)� P&H � � I ¢ a�S)T&YUC&ij[QT � F sZT&CdoUT&S ¯ C
MXF �GYUT&P�oUT.��[QA&ROSUT&YUC&T&P

[QA���A&[QT&YUC&A&T&P ��SUY � ,&�#T)ROSXFI[8J � �=��� ¡ � � � E6HªF�ADJ9A"?U[QijSmsjA FIS ¡ L�V4ROSUT"C&T&P
YUijSmsjT&H6H6T&P
C�MXF �GYUT&P
?BT&[Q�#TDJQJ9T&YZJ�o q T���T&CDJ9SUT&[�oUT&P�C&ij�#?XFI[9FIE6PQijYUP/oXFIYUP�H6T0oUij�)FIE6YUT
ij?mJ9E6ROSUT
FIS�YUEKsjT FIS oUT

5× 10−16
H  Z�RI ¢

pdTdYUij�0lU[QT&SUPQT&PªT&PQ?�_&C&T&PkFwJ9ij�#E6ROSUT&P�?BijPQPQ_&oUT&YZJkoUT&P�J9[9FIYUPQEKJ9E6ijYUP�ADJ9[QijEKJ9T&P�?BijS ¤
swFIYOJ ,DJ9[QT#SmJ9E6H6EKPQA&T&P
?�ijSU[
[9A&FIH6E6PQT&[
SUY�ADJ�FIH6ijY�oUT���[QA&ROSUT&YUC&T)ij?mJ9E6ROSUT1H � � � � � I ¢ a�Y
?�T&SmJ�oUE6P8J9E6YUnjSUT&[�H6T&P
ADJ�FIH6ijYUP/ij?mJ9E6ROSUT&P ��ijYUCDJ9E6ijYUYXFIYZJ�F sjT&C#SUY�E6ijY�?UE6A&njA0TDJ�C&T&S ¯
SmJ9E6H6EKP9FIYZJ]oUT&PdFwJ9ij�#T&P]YUT&SmJ9[QT&P ¢



�� 

L(H6SUPQE6T&SU[QP�MUij[QH6ijnjT&P �
E6ijYUP�PQijYOJ�T&Y)C&ijSU[QP�oUT1oUADsjT&H6ij?U?BT&�#T&YZJ�xOF�sjT&C �1n
+

H �� +I �
�/l

+
H �LT � � � I � \^Y +

H � TRI � >@[ + H � V � � S+I � iIS�`ªF + H � �+I ¢ f T&P�J9[9FIYUPQEKJ9E6ijYUP o q MUij[QH6ijnjT&P(oUT
C&T&PdE6ijYUPkijYZJ1J9ijSmJ9T&P1oUT&PdHGFI[QnjT&SU[QPkoUT�[9FIE6T&PkE6Y ��A&[QE6T&SU[QT&P.� � � � ¢ f T&PdE6ijYUPk?BT&SmsjT&YZJ
,DJ9[QT)?UE6A&njA&PWF sZT&C)oUT&PWC�MXFI�#?UP�A&H6T&CDJ9[Qij�)FInjYUADJ9E6ROSUT&P � FIE6lUH6T&P
ROSUE�?�T&[8J9SU[QlBT&YZJWJ9[Q_&P
?BT&S H6T&SU[0ADJ�FwJ�E6YZJ9T&[QYUT ¢ `�T&C&E]C&ijYUP8J9EKJ9SUT"Hrq F sIFIYZJ�FInjT��)Fwv8T&SU[WoUT"Hrq SmJ9E6H6EKP9FwJ9EKijY�oUT&P
E6ijYUP]?XFI[k[9FI?U?Bij[8J1FIS ¯ FwJ9ij�#T&PkYUT&SmJ9[QT&P1?�ijSU[kT���T&CDJ9SUT&[1SUYUT�MUij[QH6ijnjT/iI?mJ�EKROSUT ¢�© Y
T���TDJ � Hrq E6YZJ9T&[Q[QijnZFwJ9EKiIY�o q MUij[QH6ijnjT]?�T&SmJ�,DJ9[QTkT���T&CDJ9SUA&T�F sZT&CkoUT&P�E6ijYUP�?UE6A&njA&P�oXFIYUP�H6T
[QA&njE6�#T1oUT�f�FI�Wl ¤ pdE6C �IT1H � ��I�i � E6H�Y q N�F�?XFIP�oUT�oUAD?UHGFIC&T&�#T&YOJ9P�oUT%��[QA&ROSUT&YUC&T&P]?XFI[
T���TDJ�pdij?U?UH6T&[�YUEX?XFI[(T���TDJ�oUS#[QT&C&SUH ¢ L FI[�FIE6H6HKT&SU[QP � H6TªJ9T&�#?UP�o q E6YZJ9T&[Q[QijnZFwJ9E6ijY0Y q T&P8J
?XFIPkH6E6��E J9A�?XFI[kHGFWnj[9F�s@EKJ9A/CDT�ROSUE ?BT&[Q�#TDJko q ijlmJ9T&YUE6[koUT&P�� FICDJ9T&SU[QP1oUT
ROSXFIH6EKJ9AdJ9[Q_&P
A&H6TDsjA&P ¢ f F�?UH6SUP�nj[9FIYUoUT�sIFIH6T&SU[�[9FI?U?BiI[QJ9A&T ��C&T/v8ijSU[�F�ADJ9A#ijlmJ9T&Y@SUT�F sjT&C)Hrq MUij[ ¤
H6ijnjT �#E6ijY �1n

+
oUS�¦1\8>@e-x

Q = 1.6 × 1014
?�ijSU[dSUY�J9T&�#?UPdo q E6YZJ9T&[Q[QijnZFwJ9E6ijY oUT

�|�I� �#PAH � �RI ¢ \^H � FISmJ(PQijSUH6E6njYUT&['ROSUT]?�ijSU[ lBA&YUA�$XC&E6T&[(oUT�J9T&�#?UP(FISUPQP9EmH6ijYUnjP � SUY0nj[QijP
J9[9F sIFIE6H�oUTWP8J�FIlUE6H6E6P9FwJ9EKijY�oUS�HGFIPQT&[d[QA FIH6E6P9FIYZJdHrq E6YZJ9T&[Q[QijnZFwJ9EKijY�o q MUij[QH6ijnjT�T&P8J
YUA&C&T&P ¤
P9FIE6[QT1H �  JI ¢ f T&P1MUij[QH6ijnjT&P��0E6ijYUP]?BijPQPQ_&oUT&YZJ�C&T&?�T&YUoXFIYOJdSUY�E6YUC&ijYZsjA&YUE6T&YOJk�)Fwv8T&SU[/x
��C FISUPQTdoUT&P�E6YOJ9T&[9FICDJ9E6ijYUP�C&ijSUH6ij�WlUE6T&YUYUT&P � T&H6H6T&P���ijYUCDJ9E6ijYUYUT&YZJ�njA&YUA&[9FIH6T&�#T&YOJ�F�sjT&C
SUY�E6ijY�SUYUE6ROSUT ¢ f T�[9FI?U?�ij[8J�PQE6njYXFIH��)lU[QSUEKJdoUT�HGF#oUADJ9T&CDJ9E6ijY�oUT�HGF#[QA&PQijYXFIYUC&TWT&P8J
oUijYUCkH6E6�#E J9A��0�1PQSU[�SUYUT1�#T&PQSU[QT ¢ ¦1A FIYU�#ijE6YUP(nj[ � C&T.�
SUY�� FICDJ9T&SU[�oUTkROSXFIH6EKJ9AkFwJ9i ¤
�#E6ROSUTdJ9[Q_&P]A&H6TDsjA � o q T ¯ C&T&H6H6T&YOJ9T&P]P8J
FwlUE6H6EKJ9A&P�ijYOJ]oUAgv-�W?US*,DJ9[QT/oUA&�#ijYOJ9[QA&T&P]C&ij�#�#T
HGF�sIFIH6T&SU[]oUT

7× 10−15 τ−1/2
?U[9ADC&A&oUT&�#�#T&YOJ1�#T&YZJ9E6ijYUYUA&T1H �ES+I ¢

f T&P�ADJ�FIH6ijYUP
ij?mJ9E6ROSUT&P ��FwJ9ij�#T&P
YUT&SmJ9[QT&P�?BT&SmsjT&YOJ�ROSXFIYOJ � T&S ¯ ��ijYUCDJ9E6ijYUYUT&[
F sZT&C"SUY nj[9FIYUo=YUij�WlU[QT�o q FwJ9ij�#T&P ¢ LhijSU[0?U[QT&YUoU[QT"HGF��#T&PQSU[QT"oUT"C&T
J)F sIFIYZJ�FInjT �
E6H	� FISmJ�[9FI?U?BT&H6T&[
ROSUT)HGF"P8J�FIlUE6H6EKJQA0SUHKJ9E6�#T0oUT#Hrq MUij[QH6ijnjT0T&P8J�E6YZsjT&[QPQT&�#T&YOJ�?U[Qij?Bij[ ¤
J9E6ijYUYUT&H6H6T ��HGF�[�FwC&E6YUT)C FI[Q[QA&T�oUS=YUij�WlU[QT)oUT�[QA���A&[QT&YUC&T&P�FwJ9ij�#E6ROSUT&P ¢ ¥dE6YUPQE�F�sjT&C
SUY�� FICDJ9T&SU[WoUT�ROSXFIH6EKJ9A)FwJ9ij�#E6ROSUT)E6oUT&YZJ9E6ROSUT � HGF�P8J�FIlUE6H6EKJQA#ijlmJ9T&Y@SUT"FI?U[Q_&P�  M�oUT
�#T&PQSU[QT ?BijSU[�SUYUT MUij[QH6ijnjT*��E6ijY=SUYUE6ROSUT�?�T&SmJ ,DJ9[QT�FwJQJ9T&E6YOJ9T"T&Y PQT&SUH6T&�#T&YZJ���P
F sZT&C"SUYUT"MUij[QH6ijnjT ��ijYUCDJ9E6ijYUYXFIYZJ�F sjT&C SUY=YUij�0lU[QT)J^N@?UE6ROSUT"oUT����

6
FwJ9ij�#T&P ¢ © Y

?UH6SUP�oUT)C&T)nZFIE6Y�J9[Q_&P�E6�#?Bij[8J�FIYZJ�PQSU[�H6T#[9FI?U?Bij[8J�PQE6njYXFIH ��lU[9SUE J � H6T&P�MUij[QH6ijnjT&P �
FwJ9ij�#T&P]YUT&SmJ9[QT&P1?BijPQPQ_&oUT�Hrq F sIFIYZJ�FInjT/o q ,DJ9[QT
�#ijE6YUPªC&ijYOJ9[9FIE6njYXFIYZJ9T&PkFIS YUEKsZT FIS oUT
HGF�P8J�FIlUE6H6E J9AªoUS�HGFIPQT&[(o q E6YZJ9T&[Q[QijnZFwJ9E6ijYWROSUTkH6T&P(MUij[QH6ijnjT&P��/E6ijYUPAH � � I ¢ >@EUH6T&P(?BT&[QPQ?BT&C ¤
J9EKsjT&P(?�ijSU[ HGFdP8J�FIlUE6H6EKJ9A�oUT&P(MUij[QH6ijnjT&P'ij?mJ9E6ROSUT&P �/FwJ9ij�#T&P'YUT&SmJ9[QT&P�PQT&�WlUH6T&YZJ(T&YUC&ij[QT
�#T&E6H6HKT&SU[QT&P�ROSUT�C&T&H6H6T&PªoUTDP]MUij[QH6ijnjT&P���E6ijYUP � C&T&[8J�FIE6YUT&PªH6E6�#E J�FwJQE6iIYUP�?�ijSU[Q[9FIE6T&YOJªFI? ¤
?XFI[9F �6J9[QT�ROSXFIYZJ ��Hrq T ¯ FICDJ9EKJ9SUoUT ¢ ¥]CDJ9SUT&H6H6T&�#T&YZJ � H6T&P)FwJ9ij�#T&P#PQijYOJ�E6YZJ9T&[Q[QijnjA&P#T&Y
C�M@SmJ9T#HKE6lU[QT0TDJ�?XFI[
C&ijYUPQA&ROSUT&YOJ�H6T&P
oUT&nj[QA&P�oUT#H6E6l�T&[8J9A&P
T ¯ J9T&[QYUT&P�PQijYZJ�lBT FISUC&ijSU?
�#ijE6YUPªlUE6T&Y"C&ijYZJ�[
	jHKA&P]ROSUT
C&T&S ¯ oUT&PkE6ijYUPª?UE6A&njA&P ¢ b1Y oUA&?UHGFIC&T&�#T&YOJkoUT/��[QA&ROSUT&YUC&T
?BijSmswFIYOJWH6E6�#E J9T&[
Hrq T ¯ FICDJ9EKJ9SUoUT)T&P8J0?XFI[�T ¯ T&�#?UH6T)Hrq T���TDJ0pdij?U?UH6T&[ ¢ ¥]CDJ9SUT&H6H6T&�#T&YZJ �
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`�T&?�T&YUoXFIYOJ H6T&Ph?BT&[QPQ?�T&CDJ9EKsZT&P ?�ijSU[hHGFkP8J�FIlUE6H6EKJ9A(TDJ'Hrq T ¯ FICDJ9EKJ9SUoUT�o q SUYUT�J9T&H6H6T�MUij[QH6ijnjT
FI?U?XFI[9FIE6PQPQT&YZJ�oUAgv-�/J9[Q_&P�?U[Qij�#TDJQJ9T&SUPQT&PAH � � I ¢O© H6H6T&P(PQijYOJ�oUE6PQC&SmJ9A&T&P�FIS#C�MXFI?UEKJ9[QT � oUT
C&T
�#A&�#ijEK[QT ¢ f�F0?U[QT&�#E6_&[QT/ADJ�FI?BT/sjT&[QP1HGFW[QA FIH6E6P9FwJ9EKijY�oUT
C&TDJ1ADJ�FIH6ijY oUT ��[QA&ROSUT&YUC&T
C&ijYUPQE6P8J9T � ijlUPQT&[8sjT&[�HGF�J9[9FIYUPQEKJ9E6ijY�o q MUij[QH6ijnjT0J9[Q_&P � FIE6lUH6T&��T&YZJ
?BT&[Q�#E6PQT ¢ p�FIYUP�H6T
C FIoU[QT1oUTdC&T1J9[9F sIFwE6H�oUTkJ9MU_&PQT � YUijSUP�F sZijYUP�[QA FIH6E6PQA1HGF/?U[QT&�#E6_&[QT1oUADJ9T&CDJ9E6ijY)oUTdC&TDJQJ9T
J9[9FIYUPQEKJ9E6ijY ¢ ¥ C&T v8ijSU[ � E6HUP&q FInjEKJ(oUTkHGF�[QA&PQijYXFIYUC&T1ij?mJ9E6ROSUT]HGF/?UH6SUP(E6YZJ9T&[QoUEKJ9T]T ¯ C&EKJ9A&T
oUE6[QT&CDJ9T&�#T&YZJ�oXFIYUP H6T�C FIP oUT&P�FwJ9ij�#T&P"YUT&SmJ9[QT&P ¢ f�F=�#ADJ9MUi@oUT��#E6PQT�T&Y iOT&Sms@[QT
T&P8JdoUADJ�FIE6H6H6A&T
FIS�C�MXFI?UEKJ9[QT � ¢�© H6H6T�F�?BT&[Q�#E6PkoUT��#T&PQSU[QT&[1HGF���[QA&ROSUT&YUC&TWFIlUPQijH6SUT�oUT
HGF)J9[9FIYUPQEKJ9E6ijY�o q MUij[QH6ijnjT�F sjT&C�SUYUT�T ¯ FICDJ9EKJ9SUoUT�oUT � � � � � ¢ V�SUT&H6ROSUT&P
�#ijE6P/FI?U[Q_&PYUijP1J9[9F sIFIS ¯ � H6T�nj[QijSU?BT�oUT � ¢�® FwJ9ij[QE'F#A&nZFIH6T&�#T&YZJ�oUADJ9T&CDJ9AWC&TDJQJ9TW[QA&PQijYXFIYUC&TWT&Y
SmJ9E6H6EKP9FIYZJ]SUYUT
�#ADJ9MUi@oUT
oUE ��A&[QT&YZJ9T1H � V+I ¢
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f�F*��[QA&ROSUT&YUC&T�oUT)HGF"J9[9FIYUPQEKJ9E6ijY�o q MUij[QH6ijnjT#ADJ�FIEKJ�E6YUEKJ9E6FIHKT&�#T&YZJ�C&ijYUYOSUT ��?UH6S ¤
PQE6T&SU[QP)C&T&YZJ�FIE6YUT&P)oUT ¡ � � ?U[Q_&P ¢ L([QA FIHGFIlUH6T&�#T&YZJ ��Hrq ijlUPQT&[8sIFwJ9E6ijY oUE6[QT&CDJ9T � YUijSUPF sZijYUPkT���T&CDJ9SUA�SUYUT��#T&PQSU[QT
E6YUoUE6[QT&CDJ9T
ROSUEhF�?BT&[Q�#E6P]oUT�C FIH6C&SUH6T&[]C&TDJQJ9T ��[QA&ROSUT&YUC&T
F sZT&C"SUYUT"E6YUC&T&[8J9EKJ9SUoUT�oUT%TI�	� � � ¢ LhijSU[0C&T&HGF�HGF ��[QA&ROSUT&YUC&T�oUT)J�[QijEKPW[QA&PQijYXFIYUC&T&Pij?mJ9E6ROSUT&PW?UH6SUP�HGFI[QnjT&�#T&YOJ�?�T&[Q�#E6PQT&PWijYZJ0ADJ9A��#T&PQSU[QA&T&P"x

1S0 − 3P1

� 3P1 − 3S1TDJ
3S1 − 3P0

� $Xn ¢ ��� ¢ `�T&P)�#T&PQSU[QT&P#PQijYZJ)oUADJ�FIE6H6H6A&T&P�FIS�C�MXFI?UEKJ9[QT �@¢ ehijSmJ9T&P)H6T&P
��[QA&ROSUT&YUC&T&P0FwJ9ij�#E6ROSUT0ijYOJ�ADJ9A#�#T&PQSU[QA&T&P�PQT&H6ijY H6T�� ,&�#T�PQC�MUA&�)F�T ¯ ?BA&[QE6��T&YOJ�FIH �
oUA&C&[QEKJ�FIS�C�MXFI?UEKJ9[QT � ¢ ¦1ijSUP�F�sjijYUPdnj[9FIYUoUT&�#T&YZJ�l�A&YUA�$XC&E6AWoUT�HGF�PQijSU?UH6T&PQPQTWo q SmJ9E ¤
H6E6P9FwJ9EKijY"o q SUYUT
C
MXF �GYUT/oUT ��[QA&ROSUT&YUC&T�lXFIPQA&T
PQSU[kSUY�HGFIPQT&[���T&�WJ9ijPQT&CDijYUoUT ¢

f T&P�J9[QijE6P�?U[QT&�#E6T&[QP�C�MXFI?UEKJ9[QT&P�oUT�C&T)�#A&�#ijE6[QT�PQijYOJWC&ijYUP9FIC&[QA&P���HGF��#E6PQT#T&Y
i@T&Sms@[QT�oUT�HGF�PQijSU[QC&T�o q FwJ9ij�#T&P ��[QijE6oUP�oXFIYUPªH6FIROSUT&H6H6TdF�ADJ9A�ijlUPQT&[8sjA&T/HGF�J9[9FIYUPQEKJ9E6ijY
o q MUij[QH6ijnjT ¢ f T&P�FwJ9ij�#T&P/PQijYZJ�C FI?mJ9SU[QA&P�oXFIYUP
SUY�?UE6_&njT0�)FInjYUADJ9i ¤ ij?mJ9E6ROSUTWC
MXFw[9nIA
� ?XFI[8J9E6[#o q SUY v8TDJ FwJ9ij�#E6ROSUT�oUA&C&A&H6A&[QA�?XFI[�SUY;[9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY ¢ LhijSU[�[9F ¤
H6T&YZJ9E6[�TDJ0C FI?mJ9SU[QT&[0H6T&P0FwJ9ij��T&P � ijY=SmJ9E6H6EKPQT)HGF�J9[9FIYUPQEKJ9E6ijY CDN@C&HGFIYOJ9T 1S0 − 1P1

�
� � � YU� ¢ f TWC�MXFI?UEKJ9[QT(�WoUA&C&[QEKJ/HGF#P9iISU[9CDT0HGFIPQT&[ � � � ��YU�4[QA FIH6E6PQA&TW?XFI[dPQij�#�#T�oUT
��[QA&ROSUT&YUC&T]T&YZJ9[QTªSUY0HGFIPQT&[ ¦1o ¤ ��¥1¬ ����� � � YU� TDJ oUT&P oUE6i@oUT&P'HGFIPQT&[	��Vm��  YU� oXFIYUP
SUY�C&[QE6P8J�FIH�oUT ® ekL ¢ f T)oUE6PQ?BijPQEKJ9E �ª[QA FIH6E6PQA#?BT&[Q�#TDJ�oUT�njA&YUA&[QT&[WSUYUT)C&T&YZJ�FIE6YUT)oUT
�#E6HKHKE � FwJQJ(oUT1lUH6T&S ¢ f T1C�MXFI?UEKJ9[QT��/[9FI?U?Bij[8J9TkHrq ADJ9SUoUTkTDJ�H6F/C FI[9FICDJ9A&[QE6P9FwJ9E6ijY�oUT&P�?XF ¤[9FI�#_DJ9[QT&P]oUS"[9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY"T���T&CDJ9SUA&T&P1?U[QA FwHGFIlUH6T&�#T&YOJ��WP9F0C&ijYUP8J9[QSUCDJ9E6ijY ¢
LhijSU[��)F ¯ E6�#EKPQT&[�Hrq T��#C FIC&EKJ9A1oUS�[9FIH6T&YOJ9E6PQPQT&SU[ � H6T1nj[9FIoUE6T&YZJ�oUTdC�MXFI�#?)�)FInjYUADJ9E6ROSUT
F�ADJ9A�C&ijY +&S�?�ijSU[���ijYUCDJ9E6ijYUYUT&[#F sZT&C�SUY � FIE6PQC&T FIS HGFIPQT&[���iOC FIH6E6PQA ¢ f T�C�MXFI?UEKJ9[QT  
oUA&C&[QEKJ
H6F�C&ijYUC&T&?mJ9E6ijY�TDJ
HGF)[QA FIH6E6P9FwJ9E6iIY�oUT�Hrq T&YUPQT&�WlUH6TWoUS�oUE6PQ?BijPQEKJ9E �(T ¯ ?BA&[QE6�#T&Y ¤
J�FIH � Hrq ADJ9SUoUT1oUS ��ijYUCDJ9E6ijYUYUT&�#T&YZJ�oUS)?UE6_&njT1TDJ�Hrq ij?mJ9E6��EKP9FwJ9EKijY�njH6ijlXFIH6T]oUT1HGF
PQijSU[QC&T
o q FwJ9ij�#T&P���[QijE6oUP ¢
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L'ijSU[�[9FIH6T&YZJ9E6[/TDJ�?UE6A&njT&[�H6T&P�FwJ9ij�#T&P
oUT)P8J9[QijYZJ9E6SU� ?U[Qi�sjT&YXFIYOJ�o q SUY�v8TDJWFwJ9i ¤

�#E6ROSUT � iIY�SmJ9E6HKE6PQT(SUY�HGFIPQT&[�?U[Qi@C�MUT�oUT�HGF][QA&PQijYXFIYUC&TªFwJ9ij�#EKROSUT 1S0− 1P1

� � � � YU� ¢
`�TDJQJ9T�J9[9FIYUPQEKJ9E6ijY�T&P8J ��ij[8J9T&�#T&YZJ�CDN@C&HGFIYZJ9T � T&H6H6T0?BijPQPQ_&oUT)SUYUT#HGFI[QnjT&SU[/oUT#[9FIE6T0oUT
 Z� ¡ � � ¢ `�T&C&E C&ijYUP8J9EKJ9SUT/SUY�F sIFIYZJ�FInjT��)Fwv8T&SU[ª?�ijSU[]Hrq T��#C FIC&EKJ9A�oUS ?U[Qi@C&T&PQPQSUPkoUT[QT���[QijE6oUE6PQPQT&�#T&YZJ ¢ LhijSU[ªJ9E6[QT&[ª?UH6T&E6YUT&�#T&YZJ]?U[Qi�$UJ]oUT/C&TDJQJ9T/nj[9FIYUoUT/HGFI[QnjT&SU[ªoUT/[9FIE6T �
E6H � FISmJ(?�ijSmsZijE6[(FI?U?U[QiOC
MUTD[�Hrq E6YZJ9T&YUPQEKJ9A�oUT]P9FwJ9SU[9FwJ9E6ijY � �   � � �wC&�

2
�'oXFIYUP(H6T&P � FIE6P ¤

C&T FIS ¯ SmJ9E6H6EKPQA&P�?BijSU[�?UE6A&njT&[(H6T&P�FwJ9ij�#T&P ¢ f�F
?USUE6PQP9FIYUC&T1HGFIPQT&[(oUE6PQ?BijYUE6lUH6T]oUijEKJ�FIH6ij[QP
,DJ9[QT
oUT
Hrq ij[QoU[QT/oUT����j� � � ¢

V�SUT&H6ROSUT&P oUE6iOoUT&P'HGFIPQT&[QP'lUH6TDSUT&P PQijYZJ(FICDJ9SUT&H6H6T&�#T&YZJhoUE6PQ?BijYUE6lUH6T&PhPQSU['H6T��)FI[QC�MUA ¢
`�T&[8J�FIE6YUT&P(oUA&H6EKs@[QT&YZJ(ROSUT&H6ROSUT&P�� � oUT]?USUE6PQP9FIYUC&T]T&Y���ijYUCDJ9E6ijYUYUT&�#T&YZJ(�#ijYUij�#iOoUT
�)FIE6PhFISUC&SUYUT�YUT�?BT&SmJ	,DJ9[QT�SmJ9E6H6EKPQA&T�� � � � YU� ¢ f T&P'PQT&SUH6P'HGFIPQT&[QP'oUE6PQ?�ijYUE6lUH6T&P �1C&TDJQJ9T
H6ijYUnjSUT&SU[�o q ijYUoUT�PQijYZJ]oUT&PªHGFIPQT&[QP���C&ijH6ij[9FIYZJ�?Bij�#?BA&P�?XFI[ªSUY�HGFIPQT&[��WEKijYUPªFI[QnjijY ¢
b1Y�J9T&H(P8N@P8J9_&�#T�T&P8J�H6ijSU[Qo�o q T&YZJ9[QTDJ9E6T&Y�TDJ
PQijY�SmJ9E6H6EKP9FwJ9EKijY�T&P8J�C&ij�#?UH6T ¯ T � E6H'oUijEKJ
YUiIJ�FI�#�#T&YZJ ,DJ9[QT1P8J�FIlUE6H6EKPQAkT&Y ��[QA&ROSUT&YUC&T�� ¢ ¦kijSUPªF sjijYUP�oUijYUCdC�MUijE6PQEXoUTdnjA&YUA&[QT&[�HGF
PQijSU[QC&T � � � � YU� ?XFI[k�#A&HGFIYUnjT�YUijY ¤ H6E6YUA FIEK[QT ¢

b1YUT PQijH6SmJ9E6ijY�C&ijYUPQE6P8J9T ��T���T&CDJ9SUT&[�H6T�oUijSUlUHGFInjT"oUT ��[QA&ROSUT&YUC&T�o q SUY HGFIPQT&[��
SZ�j�'YU� oXFIYUP�SUY�C&[QE6P8J�FIHBoUTdYUE6ijlXFwJ9T1oUTd?BiIJ�FIPQPQE6SU� � ® ¦1l�a

3

� ¢ >@T&H6ijY)C&T�?U[QE6YUC&E6?�T �
SUYUT�T��#C FIC&EKJ9A�oUTªC&ijYZsjT&[QPQE6ijYWE6Y ��[9FI[QijSUnjT ¤ lUH6T&S�oUT�Hrq ij[QoU[QT�oUT � �	� F1ADJ9A�oUA&�#ijYOJ9[QA&T
?BT&[Q�#TDJQJ�FIYZJªo q ijlmJ9T&YUE6[�v8SUPQROS q ���I�j� � � oUT�?USUE6PQP9FIYUC&T�HGFIPQT&[�� � � � YU� H � S � TI�JI ¢ ¥
Hrq A&?BiOROSUT�i � YUijSUP"F sZijYUP�oUADsjT&H6ij?U?BA�YUiIJ9[QT�PQijSU[QC&T�lUH6T&SUT � H6T&P�HGFIPQT&[QP�?USUE6PQP9FIYZJ9P
oUE6PQ?BijYUE6lUH6T&P%�,SZ�j�'YU�4ADJ�FIE6T&YZJ�o q SUYUTW?XFI[8JdH6T&PdHGFIPQT&[QP/�)C&ijH6ij[9FIYZJdTDJ/o q FISmJ9[QT�?XFI[8J
H6T&P]HGFIPQT&[QP]J9EKJ�FIYUT ¤ P9FI?UMUE6[ � ?UH6SUP]PQE6�#?UH6T&P]o q SmJ9E6H6EKP9FwJ9E6iIY"�)FIE6P�J9[Q_&PkC&i)(mJ9T&S ¯�¢

f�F�J9T&C�MUYUE6ROSUT/[QTDJ9T&YOSUT/C&ijYUPQE6P8J9T/��[QA FIH6E6PQT&[�SUYUTdP9iI�#�#TdoUT%��[QA&ROSUT&YUCDT
oXFIYUPªSUY
C&[QE6P8J�FIHXoUTkJ9EKJ�FIYON@HU?UMUijPQ?UMXFwJ9TdoUT1?BiIJ�FIPQPQE6SU� � ® ekL �(E6�#?UH6EKROSXFIYZJ�oUT&P�oUE6i@oUT&P�HGFIPQT&[
� Vm��  YU� TDJ�SUY�HGFIPQT&[�¦1o x ��¥1¬ �0��� � � YU� ¢ f(q T��#C FIC&EKJ9AkoUT]C&TDJQJ9T]J9T&C
MUYUEKROSUTdF�ADJ9A
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�H T@�BI ¢ f T&P�oUT&S ¯ PQijSU[QC&T&PªHGFIPQT&[QP�PQijYZJ�J9[Q_&P�PQE6�#?UH6T&P�o q SmJ9E ¤
H6E6P9FwJ9EKijY � [QT&HGFwJ9EKsjT&�#T&YOJ/?BT&S ijYUA&[QT&SUPQT&P�TDJ�PQS �#P9FI�#�#T&YZJ�?USUEKP9P9FIYZJ9T&P#x H6T&P
oUE6iOoUT&P
HGFIPQT&[QP �cVm��  YU�.oUA&H6EKs@[QT&YZJ/SUYUTW?USUE6PQP9FIYUC&T�oUT�� � � � � TDJ/HGF)?USUE6PQP9FIYUC&T�oUS�HGFIPQT&[
¦1o�x ��¥1¬ SmJ9E6H6E6PQAdT&P8J1oUT0� ¢ � � ¢ `�TDJQJ9T/�#ADJ9MUi@oUT
FW?XFI[kFIE6H6HKT&SU[QPªHrq F swFIYOJ�FInjT�o q SmJ9E ¤
H6E6PQT&[ªSUY C&[QE6P8J�FIH�oUT ® ekL ROSUE T&P8J1lBT FwSUC&ijSU?��#ijE6YUPªPQT&YUPQE6lUH6T/T&Y J9T&�#?�A&[9FwJ9SU[QT
ROSUT
® ¦1l�a
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xXHGFWPQij�#�#T/oUT ��[QA&ROSUT&YUC&T�oXFIYUP1H6T/C&[QE6P8J�FIH oUT ® ekL�T&P8J1T���T&CDJ9SUA&T#�0J9T&� ¤
?�A&[9FwJ9SU[QT�FI�WlUEGFIYOJ9T0P9FIYUPWCDijYOJ9[
	jH6T�oUT#J9T&�#?BA&[9FwJ9SU[QT�J�FIYUoUE6P�ROSUT)H6T#oUijSUlUHGFInIT#oUT
��[QA&ROSUT&YUC&T/oXFIYUP ® ¦1l�a

3

[QT&ROSUE6T&[8J]SUYUT�[QA&njSUH6FwJ9E6ijY)oUTdJ9T&��?BA&[9FwJ9SU[QT/FIS�YUEKsjT FIS�oUS
C&T&YZJ9E6_&�#T�oUTªoUT&nj[QA1H � S�I ¢I© Y $XY � ?XFI[ [9FI?U?�ij[8J���H q SmJ�EKH6EKP9FwJ9EKijY�oUT ® ¦1l�a

3
� Hrq FIYUnjH6T�oUT

oUijSUlUH6T
[QA���[9FICDJ9E6ijY �  �ªFIH �Ii��� /T&Y�FIYUnjHGFIE6P ��T&P8JdoUE ¯ ��ijE6Pk?UH6SUP�� FIE6lUHKT/?BijSU[1H6T ® ekL
� � ¢ � �#[9FIo�� C&T�ROSUEB?BT&[Q�#TDJªo q ijlmJ9T&YUE6[�SUYUT�T��#C FIC&EKJ9AdoUTdC&ijYOsjT&[QPQE6ijY�C&ij�#?XFI[9FIlUH6T%�
C&T&H6H6T/oUS�oUijSUlUHGFInjT/oUT ��[QA&ROSUT&YUC&T�� ,&�#T/PQE�H6T/C&iOT��#C&E6T&YOJ1YUijY�H6E6YUA FIEK[QT�T���T&CDJ9E � T&P8J
?UH6SUP�� FIE6lUH6T � � ¢ T'?U� � « C&ijYZJ9[QT��?V ¢ �'?U� � « � ¢

f�F/?USUE6PQP9FIYUC&TkoUS�HGFIPQT&[(¦1o�x ��¥1¬ T&P8J�V/��ijE6P ?UH6SUP(A&H6TDsjA&TkROSUTkC&T&H6H6Tªo q SUYUTkoUE6i@oUT
HGFIPQT&[.� Vm�� (YU� ¢ LhijSU[dFISUnj�#T&YZJ9T&[1HGF0?USUE6PQP9FIYUC&T�oUE6PQ?BijYUE6lUHKT � Vm��  YU��TDJdoUijYUC�HGF
?USUE6PQP9FIYUC&T�oUT)Hrq ijYUoUT)njA&YUA&[QA&T � � � ��YU� � YUijSUPWF�sjijYUPWSmJ9E6H6EKPQA#oUT&S ¯ oUE6i@oUT&P�HGFIPQT&[
PQij�#�#A&T&P1T&Y�?USUE6PQP9FIYUC&T ¢ f�F#?U[QT&�#E6_&[QT
?XFI[8J9E6T
oUT�C&T�C�MXFI?UEKJ9[QT�oUA&CD[9E JdC&TDJQJ9T�ADJ�FI?BT ¢
© YUPQSUEKJ9T�YUijSUP1E6YOJ9[QiOoUSUE6[QijYUPkROSUT&H6ROSUT&PdA&H6A&�#T&YZJ9PkJ9MUA&ij[QE6ROSUT&P�F $XY�oUT�?BijSmsjijE6[koUE6P ¤
C&SmJ9T&[�Hrq T��#C FIC&EKJ9A]oUTkHGF�PQij�#�#T]oUT���[QA&ROSUT&YUC&TdFIE6YUPQEUROSUT1H6T&P(C
MUijE ¯ T ¯ ?BA&[QE6�#T&YZJ�FIS ¯�¢
f TªH6T&CDJ9T&SU[(?BijSU[Q[9FdJ9[QijSmsjT&[(SUYUTkoUT&PQC&[QE6?mJ9E6iIY�?UHKSUP(C&ij�#?UH6_DJ9TªoUT&P(?U[Qi@C&T&PQPQSUP�oUT]�#A ¤
HGFIYUnjT&P(YUijY#H6E6YUA FIEK[QT&P(oXFIYUP�oUTkYUij�0lU[QT&S ¯ ijSms@[9FInjT&P�C&ij�#�#T]C&T&S ¯ C&ij[Q[QT&PQ?�ijYUo�FIS ¯
[QA���A&[QT&YUC&T&P H Tj� � TI  � T � I ¢ LhijSU[WFISUnj�#T&YZJ9T&[�H6T&P�?USUE6PQP9FIYUC&T&PWoUT&PWHGFIPQT&[QP�oUT)?Bij�#?BT
oXFIYUP�H6T#C&[QE6P8J�FIH � C&T&H6SUE�C&E�T&P8JWoUE6PQ?BijPQA#oXFIYUP�SUYUT)C F s@EKJ9A#ij?mJ9E6ROSUT#oUijSUlUH6T&�#T&YZJ�[QA ¤
PQijYXFIYZJ9T ¢ ¦1ijSUP/?U[QA&PQT&YZJ9T&[QijYUP
H6T&PdC FI[9FICDJ9A&[QE6P8J9E6ROSUT&P�oUTWC&TDJQJ9T0C F s@EKJ9AWROSUE F�?�T&[Q�#E6P
o q ijlmJ9T&YUE6['v8SUPQROS q � �j� � � � oUT
?USUE6PQP9FIYUC&T � � � � YU� ¢
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f T�?U[QE6YUCDE6?BT�oUT�PQij�#�#FwJ9E6ijY/oUT�?USUE6PQP9FIYUC&T�T&P8J'PQC
MUA&�#FwJ9E6PQA�PQSU[hHGF�$XnjSU[QT/� ¢ � ¢ b1Y
HGFIPQT&[��)F �6J9[QT1E6Ywv8T&CDJ9T�ij?mJ9E6ROSUT&�#T&YZJªoUT&S ¯ oUE6i@oUT&PªHGFIPQT&[�T&PQC&HGF sjT&P ¢ f T&P�� FIE6PQC&T FIS ¯ oUT
C&T&P(oUE6i@oUT&P PQijYZJ�FwH6ij[QP C&ijMUA&[QT&YZJ9P � E6H6PhE6YOJ9T&[ ��_&[QT&YZJ(PQSU[(SUYUTªHGFI�#T�PQA&?XFI[9FwJ9[QE6C&T � �Wx � � ¢
LhijSU[�ijlmJ9T&YUE6[ �
HGF
PQij[8J9E6TkoUT1Hrq E6PQijHGF|J9T&SU[�ij?mJ9E6ROSUT � \8a��(SUYUT1?USUE6PQP9FIYUC&T1J9iIJ�FIH6T]A&nZFIH6T
�/HGF/PQij�#�#T]oUT&P�?USUE6PQP9FIYUC&T&P�oUT&P�oUE6i@oUT&P�T&PQC&HGF sjT&P � HGF/?UMXFIPQT1[QT&HGFwJ9EKsjT]oUT&P�� FIE6PQC&T FIS ¯
T&P8J�FIPQPQT&[8s@E6T F sjT&C�SUYUT�oUADJ9T&CDJ9E6ijY P8N@YUC�MU[QijYUT TDY�C&ijYZJ9[
	jHGFIYZJ HGF=H6ijYUnjSUT&SU["o q SUY
C�MUT&�#E6Y ij?mJ9E6ROSUT ��Hrq FIE6oUT�o q SUYUT
C FIH6T/?UE6A � i ¤ A&H6T&CDJ9[QE6ROSUT � L ��e � ¢
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f T&P1oUE6i@oUT&PkT&PQC&HGF sjT&P1?BijPQPQ_&oUT&YZJ�H6T&Pk� ,&�#T&P]?U[Qij?U[QE6ADJ9A&PkPQ?BT&CDJ9[9FIH6T&P1o q A&�#E6PQPQE6ijY
ROSUTkH6T]HGFIPQT&[(�)F �6J9[QT ¢ LhijSU[�P8J�FIlUE6H6E6PQT&[ TDJ�F �#YUT&[�PQ?�T&CDJ9[9FIH6T&�#T&YZJ�C&TkHGFIPQT&[ � ijY#SmJ9E6H6EKPQT
SUYUT�C F s@EKJ9A(T ¯ J9T&[QYUT�[QA FwH6E6PQA&T(T&Y
[9A
J�[Qi ¤ [QA eXADC
MUE6PQP9FIYZJhSUYUT(?XFI[8J9E6T(oUT(HGFªH6SU�#E6_&[QT'A&�#E6PQT
?XFI[�HGF]oUE6iOoUT�HGFIPQT&[AH T � � T � I ¢ f�F]C&ijY $XnjSU[9FwJ9E6ijY
SmJ9E6H6E6PQA&T(T&P8J'oUEKJ9T(oUT�J^N@?BT/ &f EKJQJ9[Qi �  ªx
HGF�C F s@EKJ9AdADJ9T&YUoUSUT/T&P8J]C&ij�#?�ijPQA&T�?XFI[�HGF � FIC&TDJQJ9T/FI[Q[QE6_&[QT1oUT�HGF�oUE6iOoUTdTDJªSUY"[QA&PQT FIS
oUT/oUE ��[9FICDJ9E6ijY�oUijYOJkHrq ij[QoU[QT � ¤ ����T&P8Jk[QT&YOsji�NZA
oXFIYUP]HGFWoUE6i@oUT � $Xn ¢ � ¢ � � ¢ f T/[QA&PQT FIS
T&P8J�C&ijH6H6A0PQSU[
SUYUT#C FIH6T#L ��e C&T�ROSUE�?BT&[Q�#TDJ�SUY C&ijYZJ9[
	jH6T�$XY�oUT#HGF"H6ijYUnjSUT&SU[/oUT
HGF"C F s@EKJ9A ¢h© Y�F|v8SUP8J�FIYOJ�Hrq FIYUnjH6T0o q E6YUC&E6oUT&YUCDT#PQSU[�H6T�[QA&PQT FIS TDJ�HGF"H6ijYUnjSUT&SU[
oUT#HGF
C F s@EKJ9A � ijY�PQA&H6T&CDJ9E6ijYUYUT�H6T��#iOoUT�oUT ��[QA&ROSUT&YUC&TWsjijSUH6S�T&Y�C&[QA FIYZJ�oUT&P�?�T&[8J�TDP�?BijSU[
H6T&PkFISmJ9[QT&P1�#iOoUT&PkH6ijYUnjEKJ9SUoUEKYXFIS ¯�¢

f T]lBi��6J9E6T&['C&ij�#�#T&[QC&EGFIH@oUT]HGF�?USUC&TkHGFIPQT&[ C&ijYZJ9E6T&YOJ(A&nZFIH6T&�#T&YZJ(SUY��#i@oUSUH6T���T�� ¤
��TDJhL'TDHKJ9E6T&[ ROSUEZ?�T&[Q�#TDJhoUT([QA&njH6T&[ HGF�J9T&�#?�A&[9FwJ9SU[QT�oUT�H6F]oUE6iOoUT(oUT�� F�+&ijY �]C&TDYOJ9[QT&[�HGF
C&ijSU[QlBTªoUTªnZFIE6YWoUS0HGFwP9TD[(FISmJ9ijSU['oUTªHGFdH6ijYUnjSUT&SU['o q ijYUoUTªo q SmJ9E6H6E6P9FwJ9EKijY ¢ ¥�Hrq FIE6oUT�oUT
C&T�LhT&HKJ9E6T&[�TDJ�o q SUYUTkJ9MUT&[Q�#E6P8J�FIYUC&T1T&Y)C&ijYOJ�FICDJªF sjT&CdH6TklBi��6J9E6T&[ � HGF/J9T&�#?�A&[9FwJ9SU[QT1oUT
HGF�oUE6i@oUT�T&P8JdFIPQPQT&[8s@E6T
F sZT&C/SUY C&ijYZJ9[
	jH6T&SU[ª?U[Qij?Bij[8J9E6ijYUYUT&H ¤ EKYZJ9A&nj[9FwJ9T&SU[ ¤ oUA&[QEKswFwJ9T&SU[
oUA&C&[QEKJdoXFIYUPdHGF�[QA���A&[QT&YUC&TPH TLTJI ¢ \^HhT&P8J�oUijSUlUH6A�o q SUY�[QA&njSUHGFwJ9T&SU[1?U[Qij?�ij[8J9E6ijYUYUT&H�ROSUE
C&ijYZJ9[
	jH6T/H6F�J9T&�#?BA&[9FwJ9SU[QT/oUT/HGFWlBi��6J9T�C&ijYZJ9T&YXFIYZJ1H6T�HGFIPQT&[]TDJkH6T�[QA&PQT FIS�oUT/oUE ��[9FIC ¤
J9E6ijY FIS�YUEKsjT FIS�oUT�� ¢ � o

` ¢ f�F�HGFI[QnjT&SU[�oUT)[9FIE6T�oUS�HGFIPQT&[�T&Y�C F�s@EKJ9A#ADJ9T&YUoUSUT�T&P8J
FIH6ij[QP]oUT
Hrq iI[9oU[QT�oUT����j��� � � ¢
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LhijSU[]oUA&C&[QE6[QT�H6Td?U[Qi@C&T&PQPQSUPkoUT/PQij�#�#TdoUT/?USUE6PQP9FIYUC&T � ijY"E6YZJ9[Qi@oUSUEKJ�H6T&P]C�MXFI�#?
A&H6T&CDJ9[QE6ROSUT&PkoUT&PkoUT&S ¯ HGFIPQT&[QP]T&PQC&HGF�sjT&P�x

ε1 = Re
[

E1 e j ωt
] � � ¢ ���

ε2 = Re
[

E2 e j ωt+φ
] � � ¢ � �

f(q ij[QE6njEKYUT1oUT&P�?UMXFIPQT&PªT&P8J]C�MUijE6PQE6T1oUT1J9T&H6H6T1PQij[8J9TdROSUT�H6T&P
Ei

PQijE6T&YZJ�H6T&PªFI�#?UH6E J9SUoUT&P
[QA&T&H6H6T&P]oUT&PkC
MXFI�#?UP]A&H6T&CDJ9[QE6ROSUT&P ¢

¥dS"YUEKsjT FIS"oUT�HGF�HGFI�#T1PQA&?XFI[9FwJ9[QE6C&T � H6T&P�[QT&HGFwJ9E6ijYUP�T&YOJ9[QT�H6T&P�C
MXFI�#?UP�E6YUC&E6oUT&YOJ9P
�
E1, E2

�ªTDJ1HKT&PkC�MXFI�#?UPkA&�#T&[QnjT&YZJ9P �
Ea, Eb

��P&q A&C&[QEKsZT&YZJ�x

Ea = t E1 + r E2 e j φ
� � ¢   �

Eb = −r E1 + t E2 e j φ
� � ¢ � �

a�Y�F E6YZJ9[Qi@oUSUEKJ/H6T&P
C&iOT��#C&E6T&YZJ9P�oUT#[QA eXT ¯ E6ijY�TDJ�oUT0J9[9FIYUPQ�#E6PQPQE6ijY�T&Y FI�#?UH6EKJ9SUoUT
�
r2 + t2 = 1

� ¢ f TWPQE6njYUT�YUA&nZFwJ9E ��oXFwYUP/Hrq A&ROSXFwJ9E6iIY � � ¢ � �knZFI[9FIYZJ9EKJdROSUTWHGF)�)FwJ9[QE6C&T
oUT�J9[9FIYUP ��ij[Q�)FwJ9E6ijY�oUT&P/C�MXFI�#?UP�T&P8J
SUYUEKJ�FIE6[QT � C&T0ROSUE(FwP9PQSU[QT0HGF#C&ijYUPQT&[8sIFwJ9E6ijY�oUT
Hrq A&YUT&[QnjE6TWx

E2
1 + E2

2 = E2
a + E2

b

¢
`ªFIH6C&SUH6ijYUP]Hrq E6YZJ9T&YUPQEKJ9A�oUT&P1C�MXFI�#?UP]J9[9FIYUPQ�#E6P/x

Ia = Ea × E∗

a = t2 E2
1 + r2 E2

2 + r t E1 E2

(

e j φ + e− j φ
)

= t2 I1 + r2 I2 + 2 r t
√

I1 I2 cos φ
� � ¢U� �

et Ib = r2 I1 + t2 I2 − 2 r t
√

I1 I2 cos φ
� � ¢ � �

i � ijY F�YUiIJ9A
I1

TDJ
I2

H6T&P�E6YZJ9T&YUPQEKJ9A&PªoUT&P]HGFIPQT&[QP�T&PQC&HGF sZT&P ¢X© Y ��ijYUCDJ9E6ijY)oUS"oUA&?UMXF ¤
P9FInjT

φ
� H6T&P�E6YOJ9T&YUPQEKJ9A&P
oUT&P�C�MXFI�#?UP�J9[9FIYUPQ�#E6P/ijPQC&E6H6H6T&YOJ
T&Y ij?U?BijPQEKJ9E6ijY�oUT)?UMXFIPQT



� � � � ����
�
�� 	�� � ����� u ��� ��� � � 	��
	����
	�	 u ��	���� � � � � � �I 

� 	�� � � ¢   � � �,�(�!�f%."!�(�!��-*�*�X�!�0���(�^���*�X�$�!+��\�J
��(�!�(�I�*�(-!�J
*1,�*�K23�*��+$�("*�*�X�!� 
 �,

�0�I�?����;<�8�("
+$� �?�J

;$�$��

�823� �$�!18

�,�F�J
^;$�/���(�,�?���,����C��	�I-*���0����
����(�X�*���F�$�������#C

FISmJ9ijSU[]oUT
H6T&SU[ªsIFIH6T&SU[]�#i|NjT&YUYUT
[QT&PQ?BT&CDJ9EKsjT�F sjT&C�SUY�C&ijYZJ9[9FIP8J9T�x

ηa =
2r t

√
I1 I2

t2 I1 + r2 I2

et ηb =
2r t

√
I1 I2

r2 I1 + t2 I2

� � ¢ T �
`�T&P�C&ijYOJ9[9FIP8J9T&P�PQijYZJ�[QT&PQ?BT&CDJ9EKsjT&�#T&YZJ
�)F ¯ E6�WSU� ?BijSU[

t I1 = r I2

TDJ
r I1 = t I2

¢
f T&P�oUT&S ¯ oUE6iOoUT&P�SmJ9E6H6EKPQA&T&P
?U[Qi|s@E6T&YUYUT&YZJWoUS � ,&�#T�� FIlU[QE6ROSUT&YZJ ���
	�� � � T&HKH6T&P�oUA ¤
H6EKs@[QT&YZJ]oUT&Pk?USUEKP9P9FIYUCDT&P1?U[QT&PQROSUT
E6oUT&YZJ9E6ROSUT&P � � � �WTDJ
� � � � � � ¢ ¦1ijSUP1F sjijYUP]oUijYUC
C�MUijE6PQE SUYUT
HGFI�#T�PQA&?XFI[9FwJ9[QE6C&T � �"x � � ¢

p�FIYUP0C&TDJQJ9T FIYXFIHKN@PQT � YUijSUP�F sjijYUP0YUA&njH6E6njA)H6T�?U[Qi�$XH�nZFISUPQPQE6T&Y=oUT&P�� FIE6PQC&T&FIS ¯�¢
LhijSU[�F sZijE6[�SUY lBijY C&ijYZJ9[9FIP8J9T � E6H�T&P8J#?U[QE6�#ij[QoUE6FIH�ROSUT"H6T&P0�#i@oUT&PWPQ?XFwJ9EGFIS ¯ oUT&P
oUT&S ¯ T&PQC&HGF�sjT&P1PQijE6T&YOJ1E6oUT&YZJ9E6ROSUT&P ¢ f�F�?U[Qi@C&A&oUSU[QT�T ¯ ?BA&[QE6�#T&YZJ�FIH6T
T&P8JdFIH6ij[QPkHGF0PQSUE ¤
sIFIYZJ9T ¢ f T � FIE6PQC&T FIS oUS�HGFIPQT&[]T&PQC&HGF sZT��
T&P8J1o q FIlBij[Qo�C&ijH6H6EK�#FwJ9A/F sjT&C�HGFWH6T&YZJ9E6H6HKT

L1?USUE6P�PQijY�E6Ywv8T&CDJ9E6ijY)?XFI[�H6T1HGFIPQT&[��)F �6J9[QTkT&P8J]ij?mJ9E6�#EKPQA&TdF sZT&C�H6T&P��#E6[QijEK[QP �
M1, M2

�
� $Xn�� ¢ ��� ¢ f�F�HKT&YOJ9E6HKH6TkoUTdC&ijH6H6EK�#FwJ9EKijY#oUTdHrq FISmJ9[QT1T&PQC&HGF sjT �

L2
� T&P8JªJ9T&�#?�ij[9FIE6[QT&�#T&YZJ

$ ¯ A&TkPQSU[(SUY0PQSU?U?Bij[8J�oUTªJ9[9FIYUPQHGFwJ9E6ijY#�dJ9[QijE6P ADJ�FInjT&P �
xyz

� ¢ f T&P(�#E6[QijEK[QP �
M5, M6

�
PQijYZJ1SmJ9E6H6EKPQA&P]?BijSU[][QA&njH6T&[]Hrq E6Ywv8T&CDJ9E6ijY"oUT
H q T&PQC&HGF�sjT�� ¢X© Y��#iOoUSUHGFIYOJ]HGF�J9T&YUPQE6ijY oUT
HGF�C&FIH6T�L ��e $ ¯ A&T�PQijSUP�H6T"�#E6[QijE6[

M6
� HGF�oUE ��A&[QT&YUC&T�oUT ?UMXFIPQT T&YOJ9[QT H6T&P�oUT&S ¯

� FIE6PQC&T FIS ¯ T&P8J1�#i@oUSUH6A&T�TDJkHGFW?UMUiIJ9i@oUE6iOoUT/oUADJ9T&CDJ9T
H6T&P���[9FIYUnjT&Pko q E6YZJ9T&[ ��A&[QT&YUC&T&PkT&Y
J9[9FIYUPQ�#E6PQPQE6ijY�oUT/HGF�HGFI�#TdPQA&?XFI[9FwJ9[QE6C&T ¢ a�Y ij?mJ9E6��E6PQTdo q FIlBij[Qo"H6T�C&ijYOJ9[9FIP8J9T/oUT/C&T&P
��[9FIYUnjT&P�TDY�Fwv8SUP8J�FIYZJ�HGF�H6T&YOJ9E6HKH6T oUT�C&ijH6H6EK�)F|J9EKijY�oUT�H q T&PQC&HGF�sjT�� ¢ ¥�swFIYOJ�oUT�C&ijH ¤
H6T&[kC&TDJQJ9T�H6T&YZJ9E6H6HKT � H6T
[QA&njHGFInIT
T&P8J�F �#YUA�T&Y�ij?mJ9E6�#EKP9FIYZJkoUE6[QT&CDJ9T&�#T&YZJdHGF0?USUE6PQP9FIYUC&T
C&ijSU?UH6A&T�oXFIYUP#HGF�C F s@EKJ9A�oUT�PQSU[8J9T&YUPQE6ijY;oUS��#A&HGFIYUnjT"YUijY�H6E6YUA FIE6[QT ¢ f T&P#�#E6[QijEK[QP
�
M3, M4
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o q SUYUT�oUE6i@oUT ¢ f T&P
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l�ijYUYUT�FI?U?U[Qi ¯ EK�)FwJ9E6ijY � HGF"J9ijH6A&[9FIYUC&T#T&Y J9T&�#?BA&[9FwJ9SU[QT#T&P8JWE6YZsZT&[QPQT&�#TDYOJW?U[Qij?�ij[ ¤
J9E6ijYUYUT&H6HKT �#HGF#H6ijYUnjSUT&SU[1oUS�C&[QE6P8J�FIH�� ¢ f T&P/FISmJ9T&SU[QPdoUT�C&TDJQJ9T�[QA���A&[QT&YUC&TWPQijSUH6E6njYUT&YZJ
ROSUT�C&T
J9J9T"sIFIH6T&SU[0T&P8J)?U[Q_&P#oUT � ��ijE6P0?UH6SUP�nj[9FIYUoUT ROSUT�C&T&H6H6T"�#T&PQSU[QA&T�?�ijSU[�SUY
oUijSUlUHGFInjT�oUT���[QA&ROSUT&YUC&T ����� � � YU� oXFIYUP�oUS ® ekL TDJ � � � ��ijE6P
?UH6SUP�A&H6T
sZA&T)ROSUT
C&T&H6H6T�oUS�oUijSUlUHGFInjT�oUT#��[QA&ROSUT&YUC&T �cVj LV ¢U� YU�.oXFIYUP ® ¦1l�a

3

¢ ¦1ijSUP/F�sjijYUP�sjA&[QE $XA
ROSUT�Hrq T��#C FIC&EKJ9AdoUT�C&ijYZsjT&[QPQE6ijY"oUT�YUiIJ9[QTdPQij�#�#TdoUT%��[QA&ROSUT&YUC&T/T&P8J]E6YUPQT&YUPQE6lUH6T/��HGF
J9T&�#?�A&[9FwJ9SU[QTdFIS#sjijE6PQE6YXFInjTkoUT1HGF/J9T&�#?�A&[9FwJ9SU[QTdFI�0lUEGFIYZJ9T ¢ L'ijSU[�C&T&HGF � YUijSUP�F�sjijYUP
oUE6PQ?�ijPQA�H6T�C&[QE6P8J�FIHOoXFIYUPhSUY ��ijSU[hTDJ'Hrq F�sjijYUPhC�MXFIS ��A�v8SUPQROS q � � � o

` P9FIYUP'ijlUPQT&[8sjT&[ oUT
oUA&nj[9FIoXFwJ9E6ijY0oUTkHrq T��#C FIC&EKJ9A ¢ L'FI[�C&iIYUP9ADROSUT YZJ�HGF/PQij�#��T]oUT���[QA&ROSUT&YUC&T1T&P8J�[QA FIH6E6PQA&T
�WJ9T&�#?BA&[9FwJ9SU[QT
FI�0lUEGFIYZJ9T � P9FIYUPkC&ijYOJ9[
	jH6T/oUT/J9T&�#?�A&[9FwJ9SU[QT ¢
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�BC

� @9[5Z0/;]`7D1L+ ]`7 �9CD[5]`35/;+
¦1ijSUPhF sjijYUP �#T&PQSU[QA�HGF�J9ijH6A&[9FIYUC&T�FIYUnISUHGFIE6[QT'T&Y��#TDP9SU[9FIYZJ�Hrq T��#C FwC&EKJ9A(oUT(C&ijYZsZT&[ ¤

PQE6ijY�oXFIYUPWH6T)C&[QE6P8J�FIH�oUT ® ekL T&Y���ijYUCDJ9E6ijY oUT�Hrq A&C FI[8J0FIYUnjSUHGFIE6[QT#?XFI[�[9FI?U?Bij[8J��
Hrq FIYUnjH6T�ij?mJ9E6�)FIH

φ = 81.3o ¢ f T&P
�#T&PQSU[QT&P
ijYZJ
ADJ9A�T���T&CDJ9SUA&T&P�F sZT&C�H6T&P/� FIE6PQC&T FIS ¯HGFIPQT&[QPWT&Y=PQE6�#?UH6T#?XFIPQP9FInjT�oXFIYUP0H6T)C&[QE6P8J�FIH ¢ LhijSU[WSUY=C&[QE6P8J�FIH�o q SUYUT�H6ijYUnjSUT&SU[�oUT
�'C&� � HGF0J9ijH6AD[�FwYUC&T�FIYUnjSUHGFIE6[QT/T&P8J�oUT#� � �#[9FIo � $Xn ¢ � ¢ � � ¢B© H6H6T
T&P8JdoUijYUC�PQS �#P9FI� ¤
�#T&YZJ1HGFw[9nIT/?BijSU[�$ ¯ T&[1H6T/C&[QE6P8J�FIH PQSU[kSUYUT
?UHGFwJ9E6YUT�oUT
[QiIJ�FwJ9E6ijY"P8J�FIYUoXFI[Qo ¢

���	����� 	 !�* 0�$)5 & 34$ * ��( -�$�& #%/ ��(

f(q T��#C FIC&EKJ9A"oUT"HGF�PQij�#�#T)oUT ��[QA&ROSUT&YUC&T T&P8J�C FI[9FICDJ9A&[QE6PQA&T�?XFI[WH6T � FICDJ9T&SU[WoUT
C&ijYZsZT&[QPQE6ijY

γ
oUA�$XYUE�?XFI[]HGFW[QT&HGFwJ9E6ijY�x

P3 = γ P1 P2

� � ¢ ��� �
i � H6T&P

Pi

PQijYOJ1H6T&P]?USUE6PQP9FIYUC&T&P1oUT&P1ijYUoUTDP1oXFIYUPkH6T/C&[QE6P8J�FIH oUT ® ekL ¢
¬ ¢ p ¢B¨ i�N@o�TDJ�p ¢ ¥ ¢B® H6T&E6YU�)FwY ijYZJ1oUADsZTDH6ij?U?BA�SUYUT�FI?U?U[Qi@C�MUT � oUEKJ9T
MUT&SU[QE6P ¤

J9E6ROSUT � ROSUE(?BT&[Q�#TDJ�oUT�C FIH6C&SUH6T&[/H6T#� FICDJ9T&SU[
oUT�C&ijYZsZT&[QPQE6ijY�?BiISU[
SUY�oUijSUlUHGFInjT0oUT
��[QA&ROSUT&YUC&TkoUTªJgN@?BT]\.H Vj�+I ¢O£ T FIY ¤8£ FIC&ROSUT&P ��ijYUomNWF/njA&YUA&[9FIH6E6PQA�C&TDJQJ9TkADJ9SUoUT � YUiIJ�FI� ¤
�#T&YZJ/FIS�C FIP�o q SUYUT�PQij�#�#T�oUT ��[QA&ROSUT&YUC&TWoUT�J^N@?BT�\Q\.H Vm�BI ¢ p�FIYUP�C&T�C FIP � H6ij[QPQROSUT
HGFWC&ijYUoUEKJ9E6ijY"o q FIC&C&ij[Qo�oUT�?UMXFIPQT
T&P8JksZA&[QE $XA&T � H6T/� FICDJ9T&SU[koUT
C&ijYZsjT&[QPQE6ijY�P&q A&C&[QEKJ�x

γ =
8 ω1 ω2 ω3

πε0 c4 n2
3

Lc d2
eff e−α3 Lc hSFG (ρ, Lc, α3, zR,1, zR,2)

� � ¢ �j���
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φ = 81.3o

UAC

a�YWF1YUiIJ9A
ni

Hrq E6YUoUEKC&T�oUT�[QA���[9FIC
J�EKijY�T���T&CDJ9E �XC&ij[Q[QT&PQ?BijYUoXFIYZJ��dHrq ijYUoUT�oUT ��[QA&ROSUT&YUC&T
ωi

� J�FIl ¢ � ¢ ��� ¢
Lc

T&P8J�HGF#H6ijYUnISUT&SU[1oUS�C&[QE6P8J�FIH�oUT ® ekL TDJ
deff

H6T
C&i@T��#C&E6T&YZJ�YUijY
H6E6YUA FIEK[QT�oUA�$XYUE/?XFI["Hrq A&ROSXFwJ9E6iIY � � ¢ V � ¢

hSFG

T&P8J SUYUT ��ijYUCDJ9E6iIY P9FIYUP oUE6�#T&YUPQE6ijY
FI?U?�T&H6A&T ��ijYUCDJ9E6ijY�o q ijSmsZTD[QJ9SU[QT ¢ © H6H6T�oUA&?BT&YUo�oUT�Hrq FIYUnjH6T�oUTWoUijSUlUH6T�[QA���[9FICDJ9E6ijY

ρ
�

oUT
Hrq FIlUPQij[Q?mJ9E6ijY"oXFIYUP1H6T/C&[QE6P8J�FIH � C&ijYUPQE6oUA&[QA&T�C&ij�#�#T/YUA&njH6E6njT FwlUH6T�?BijSU[kH6T&PkijYUoUT&P
E6Y ��[9F ¤ [QijSUnjT
TDJ/A&nZFIH6T#�

α3 �
� ¢ �m�WC&�

−1
?BijSU[dHrq ijYUoUT#� � � ��YU� � � oUTWHGF#H6ijYUnjSUT&SU[

oUS�C&[QE6P8J�FIH � oUT�HGF�?�ijPQEKJ9E6ijY�oUT&P1C&ijH6P1oUS � FIE6PQC&T FIS �
f
�kFIE6YUPQE�ROSUT�oUT&PdH6ijYUnjSUT&SU[QP1oUT

c1F N@H6T&E6njM"oUT&P�� FwE6PQC&T FIS ¯ ?Bij�#?BT&P]oUA�$XYUE6T&P1?XFI[/x

zR =
1

2
k w2

� � ¢ �|� �

i �
k
T&P8J1H6T�sjT&CDJ9T&SU[1o q ijYUoUT
TDJ

w
H6T/C&ijH oUS*� FIE6PQC&T FIS�� ¢

LhijSU[/ij?mJ9E6�#EKPQT&[�H6T � FIC
J�TDSU[/oUT0C&ijYOsjT&[QPQE6ijY � E6H�� FISmJ/�)F ¯ E6�#EKPQT&[
hSFG

¢ f(q ij?mJ9E ¤
�#E6P9FwJ9EKijY#YOSU�#A&[QE6ROSUTdT���T&CDJ9SUA&T/?XFI[ £m¢ ¤8£m¢ ��ijYUomN#?�T&[Q�#TDJªoUTdJ9E6[QT&[�H6T&P�C&ijYUC&H6SUPQE6ijYUP
PQSUEKswFIYOJ9T&P ¢ p�q FIlBij[Qo � HGF ��ijYUCDJ9E6ijY

hSFG

oUA&?�T&YUo�?�T&S oUT�HGF"H6ijYUnjSUTDSU[
oUS�C&[QE6P8J�FIH ¢
γ
ADJ�FIYOJ1?XFI[kFIE6H6HKT&SU[QP]?U[Qij?Bij[8J9E6ijYUYUT&H �

Lc
� E6H � FISmJ1SmJ9E6H6EKPQT&[]SUY�C&[QE6P8J�FIH FISUPQPQE�nj[9FIYUo

ROSUT#?BijPQPQE6lUH6T ¢ a�Y F oUijYUC#C
MUijEKP9E(SUY C&[QE6P8J�FIH(oUT)� C&� oUT#H6ijYUn ¢�© YUPQSUEKJ9T � H6T&P
C&ijH6P
oUT&P � FIE6PQC&T FIS ¯ oUijEKsjT&YOJ�,DJ9[QT�C&T&YZJ9[QA&PªoXFIYUP�H6T1C&[QE6P8J�FIHBTDJªH6TDP�H6ijYUnjSUT&SU[QP�oUT�c1F N@H6T&E6njM
oUijEKsjT&YZJ�,DJ9[QT1E6oUT&YZJ9E6ROSUT&P ¢ p�FIYUP�C&T&P�C&ijYUoUEKJ9E6ijYUP � HGF
oUAD?BT&YUoXFIYUC&T�oUT

hSFG

T&Y ��ijYUC ¤
J9E6ijY0oUTkC&TDJQJ9TkH6ijYUnjSUT&SU[ T&P8J�[QT&?U[QA&PQT&YOJ9A&T1PQSU[�HGF%$XnjSU[QT
� ¢ T ¢ `�ij�#�#T]FwJQJ9T&YUoUS � ?BiISU[

� b	{ n u
iyc�u,qjn iysHr${ p�u3�Je5nQqyk(cAe5p]|
e5p,qyqjn c�u3q�{ sAk(dyn iEv
I(r) = Imax exp

(

−2r2

w2

) hVx
w
cAqBi�m cEdfeAlVhVu

r8pH��e5n�qyk�cAe5pK�H���!c
2
���DuKe5g�g?c�m m c
	(k(hVm8r8pH�Je5nQqyk(cAe5p�		mQe��5e5m c�p�d�r8c

w
r�e5u,q<m c4g�mQe5uKr8c:��h8k�e5m nQqye*iyn hVu��
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F sZijE6[�SUYUT�lBijYUYUT�T��#C FIC&EKJ9A�oUT�C&ijYZsjT&[QPQE6ijY;E6H�� FISmJ ��i@C FIH6E6PQT&[�H6T&P�� FIE6PQC&T FIS ¯ F $XY
o q ijlmJ9T&YUE6[�oUT&P
E6YZJ9T&YUPQEKJ9A&P/H6SU�#EKYUT&SUPQT&P/A&H6TDsjA&T&P ¢h¡ FIE6P�H6ij[QPQROSUT0HGF)J�FIE6HKH6T�oUS�C&ijH T&P8J
J9[Qij?)?BTDJ9EKJ9T � Hrq T��#C FIC&EKJ9A1oUTdC&ijYOsjT&[QPQE6ijY�oUA&C&[Qi��6J ¢ `�Td?UMUA&YUij�#_&YUTd?BT&SmJªP&q T ¯ ?UH6E6ROSUT&[
T&Y=[QT&�)FI[QROSXFIYZJWROSUT�?UH6SUP�HGF J�FIE6H6HKT�oUS�� FIE6PQC&T FIS�oUEK�#E6YOSUT#TDJ0?UH6SUP�HGF�oUEKsjT&[QnjT&YUC&T
FISUnj�#T&YZJ9T ¢ L'FI[(C&ijYUPQA&ROSUT&YOJ � o q SUYUT1?XFI[8J�Hrq FIC&C&ij[Qo�oUT]?UMXFIPQT1T&P8J�F ��T&CDJ9AkTDJ�o q FISmJ9[QT
?XFI[8J � Hrq E6YZJ9T&YUPQEKJ9A0H6SU��E6YUT&SUPQTWsZT&[QP�H6T&P/lBij[QoUP
oUS C&[QE6P8J�FIH oUE6�#E6YOSUT ¢ f q ij?mJ9E6�0SU�.oUT
HGF ��ijYUCDJ9E6ijY

hSFG

T&P8J1ijlmJ9T&YOS�?BijSU[
zR �

  ¢ � �#� PQijEKJkoUT&PkC&ijH6PkoUT � FwE6PQC&T FIS ¯ x

à 1064 nm : w1 ' 27µm
� � ¢ ��  �

à 813 nm : w2 ' 23µm
� � ¢ � � �

¥�sjT&C/oUT&P�� FIE6PQC&T FIS ¯ HGFIPQT&[QP]F NZFIYZJ]C&T&Pª?XFI[9FI�#_DJ9[QT&P � YUijSUP]F sZiIYUPª�#T&PQSU[QA�H6T.� FICDJ9T&SU[
oUT
C&ijYZsZT&[QPQE6ijY�T&Y�PQE6�#?UH6T�?XFIPQP9FInjT
oXFIYUPkH6T/C&[QE6P8J�FIH oUT ® ekL�x

γ = 5.3 10−3 W/W2 � � ¢ � � �
© Y�SmJ9E6H6EKP9FIYOJ]Hrq A&ROSXFwJ9E6iIY � � ¢ �j����ijY ?BT&SmJ1T&Y�oUA&oUSUE6[QT
HGF�sIFIH6T&SU[]oUT

deff

x

deff = 1.7 pm/V
� � ¢ � � �

`�ij�#?mJ9T�J9T&Y@S�oUT
HGFWoUE6[QT&CDJ9E6ijY o q FIC&C&ij[Qo�oUT
?UMXFIPQT �
θ = 90o, φ = 81.3o

�dx

deff = d15 sin2 ϕ + d24 cos2 ϕ ' d15

� � ¢ �;T �
`�ij�#?mJ9TWJ9T&Y@S�oUT0HGF"H6ijE'oUT�oUE6PQ?�T&[QPQE6ijY�oUS ® ekL � HGF)sIFIH6T&SU[/�#T&PQSU[QA&T�T&P8J�T&Y�lBijY
FIC&C&ij[Qo�F�sjT&C
C&T&H6H6T/ijlmJ9T&YOSUT
?XFI[ ¨ ijSUHGFIYUnjT&[���) ��
3H VZ�RI �

d15 = 1.24
?U� � «#� �#T&PQSU[QA

?BijSU[]SUY�oUijSUlUHGFInjT/oUT ��[QA&ROSUT&YUC&T � ��� � � YU� � ¢
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LhijSU[0FISUnj�#T&YZJ9T&[�HGF�?USUE6PQP9FIYUC&T�oUT)Hrq ijYUoUT)njA&YUA&[QA&T*� � � � YU� � ijY�oUE6PQ?BijPQT)H6T
C&[QE6P8J�FIH@oXFwYUP SUYUTªC F s@EKJ9AªoUT�PQSU[8J�TDYUP9EKijY0[QA&PQijYXFIYZJ9TkFIS ¯ oUT&S ¯ ��[QA&ROSUT&YUC&T&P(oUT&P(H6FIPQT&[QP
oUT
?�ij�#?BT ¢

a�Y
?�T&SmJh[QA FIH6E6PQT&[�SUYUT�PQij�#�#T oUT	��[QA&ROSUT&YUC&T�oXFIYUP�SUYUT(C F s@EKJ9A(PQT&�#E ¤ �#ijYUijHKE J9MUEKROSUT
H6E6YUA FIEK[QT
i � HGF�C F s@EKJ9A�T&P8J/��iI[9��A&T�o q SUY��#E6[QijEK[koUT�C&ijSU?UHGFInjT�TDJ�oUT�HGF�� FIC&TWFI[Q[QE6_&[QT
oUS#C&[QE6P8J�FIH ¢ f T&P�F�swFIYOJ�FInjT&P�oUT1C&TkJgN@?�TdoUTk[QA&PQijYXFwJ9T&SU[�P9iIYOJ�H6T&P � FIE6lUH6T&P(?�T&[8J9T&P�oXFIYUP
HGF
C F s@EKJ9AdROSUEB?BT&[Q�#TDJQJ9T&YZJªoUT&P�� FICDJ9T&SU[QP�oUTdPQSU[8J9T&YUPQE6ijY�A&H6TDsjA&P]FIE6YUPQE�ROS q SUYUT�lBijYUYUT
P8J�FIlUE6H6E J9A��#A&C FIYUE6ROSUT ¢ `�T&?BT&YUoXFIYZJ�F sZTDC�C&TDJQJ9T)njA&ij�#ADJ9[QE6T � H6T#oUA&?UMXFwP�FwnjT ��HGF [QA ¤
eXT ¯ E6ijY�PQSU[�HGF%� FICDT1FI[Q[QE6_&[QTªoUS#C&[QE6P8J�FIHUT&YZJ9[QTkH6T&P(ijYUoUT&P�E6Y ��[9FI[QijSUnjT&P TDJ�Hrq ijYUoUTªlUH6T&SUT
Y q T&P8Jd?XFIPkC&ijYOJ9[
	jHGFIlUH6T ¢ `�T�oUA&?UMXFIP9FInjT�H6E6�#E J9T�Hrq T��#C FIC&EKJ9A
oUT
C&ijYOsjT&[QPQE6ijY%H Vj +I�xXP&q E6H
T&P8J�A&nZFwH �

π
� H q ijYUoUT�lUH6T&SUT#C&[QA&A&T#PQSU[�Hrq FIH6HKT&[�PQT&[9F�[QT&C&ijYZsjT&[8J9E6T#T&Y E6Y ��[9FI[QijSUnjT�FIS

[QTDJ9ijSU[ ¢
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L
TDJ

l
PQ?BA&C&E $XA&T&P

PQSU[kHGF $XnjSU[QT
� ¢ V ¢
f�FWC F�s@EKJ9A�Y q T&P8JkP8J�FIlUH6T�ROSUT
PQE�H6T&P]?XFI[9FI�#_DJ9[QT&PªoUS � FIE6PQC&T FIS [QT&P8J9T&YZJkE6YUC
MXFwYUnjA&P

FI?U[Q_&P�SUY�J9ijSU[
oXFIYUP�HGF"C F s@EKJ9A ¢�© Y A&C&[QEKsIFIYZJ�C&TDJQJ9T)C&iIYUoUEKJ9E6ijY�oXFIYUP�H6T&P
?UHGFIYUP
oUT
��i@C FIH6E6P9FwJ9EKijY � ijYWijlmJ9E6T&YZJ'HGF1C&ijYUoUEKJ9E6ijY�oUTªP8J�FIlUE6H6E J9A�TDJ(H6T&PhT ¯ ?U[QT&PQP9E6ijYUP oUT

w0

TDJ
w1
¢

f T�C FIH6C&SUHOoUADJ�FIE6H6H6A�T&P8J T���T&CDJ9SUAªoXFIYUP'HGFk[QA���A&[QT&YUC&TPH V � I � E6HOP&q FI?U?USUE6T�PQSU['Hrq SmJ9E6H6EKP9FwJ9EKijY
oUT&P��)FwJ9[QE6C&T&P/oUT0J9[9FIYUP ��T&[8J

[ABCD]
?�ijSU[
C FI[9FICDJ9A&[QE6PQT&[
Hrq ADsZijH6SmJ9E6iIY�oUS � FIE6PQC&T FIS

oXFIYUP]HGF�C F s@EKJ9A ¢ a�Y"YUT/oUijYUYUT/E6C&E�ROSUT/H6T&Pª[QA&PQSUHKJ�FwJ9PªoUT/C&T/C FIH6C&SUH ¢ L'ijSU[ªPQE6�#?UH6E $XT&[
H6T&P]YUiIJ�FwJ9E6ijYUP � ijY�YUiIJ9T

δ
HGFWH6ijYUnjSUT&SU[]A&ROSUEKsIFIHKT&YOJ9T
T&YZJ9[QT
H6T&Pk��A&YUE6PQROSUT&P�x

δ = L + Lc

(

1

n
− 1

) � � ¢ �?V �

i �
Lc

T&P8J�HGF H6ijYUnjSUT&SU[�oUS�C&[QE6P8J�FIH �
Lc �

�'C&� �#TDJ
n
PQijY�E6YUoUE6C&T � J�FIl ¢ � ¢ ��� ¢ f�F

C&ijYUoUEKJ9E6ijY"oUT
P8J�FIlUE6H6EKJ9AdP q ADC&[QEKJdFIH6ij[QP/x

0 <

(

1− l

R

)(

1− δ

R

)

< 1
� � ¢ �aS �

i �
R
T&P8J]H6T1[9F�NjijY�oUT�C&ijSU[QlUSU[QT�oUT&P]�#E6[QijEK[QP�PQ?UMUA&[QE6ROSUT&P �

R �
��� C&� � ¢ f ij[QPQROS q T&H6H6T



 Z� ��� ��� 	 �������

T&P8JksjA&[QE $XA&T � E6H�T ¯ E6P8J9T
SUY*� FIE6PQC&T FIS�EKYOJ9[9F ¤ C F s@EKJ9A�[QA&PQijYUYXFIYZJdoUijYZJkH6T&PkC&ijH6PªsIFIH6TDYOJ
x

w2
i =

λ |Bi|
π
√

1− A2
i

� � ¢ �I� �

Ai

TDJ
Bi

PQijYZJ�H6T&P
A&H6A&�#T&YZJ9P
oUT�HGF"�)FwJ9[QE6C&TWoUT�J9[9FIYUP ��T&[8J�C FIH6C&SUH6A&T0?BijSU[
SUY�J9ijSU[
oUT
C F�s@EKJ9A ��?XFI[8J9E6[]oUS�?UHGFIY�oUT ��iOC FIH6E6P9FwJ9EKijY

wi
¢ LhijSU[1H6T/C&ijH�oUS*� FIE6PQC&T FIS�oXFIYUP1H6T

C&[QE6P8J�FIH x

A0 = 1 +
2δl

R2
− 2δ

R
− 2l

R

� � ¢ �@���

B0 = δ + l +
δ2l

R2
− δ2

R
− 2δl

R

� � ¢ �j� �
f T&PkT ¯ ?U[QT&PQPQE6ijYUP1oUT

A1

TDJ
B1

PQijYZJ1ijlmJ9T&Y@SUTDP1T&Y�E6YZsjT&[QP9FIYZJ1H6T&Pk[
	jH6T&P]oUT
l
T
J

δ
¢

p�FIYUPdSUY�?U[QT&�#E6TD[kJ9T&�#?UP1YUijSUP�F s@E6ijYUP1C�MUijE6PQE�oUT&P�H6ijYUnjSUT&SU[QP1?�ijSU[dROSUT�H6T
C&ijH
oXFIYUP)H6T�C&[QE6P8J�FIH1C&ij[Q[QT&PQ?�ijYUoUT � HGF�swFIH6T&SU[#J9MUA&ij[QE6ROSUT�ij?mJ9E6�#E6P9FIYZJ#Hrq T��#C FIC&EKJ9A�oUT
C&ijYZsjT&[QPQE6ijY � PQijEKJk�I 

µ
� � Vm�� (YU� � � ¢ � � � ¢U¡ FIE6PªYUijSUPkF sjijYUP][QT&�)FI[QROSUA�ROS q T&Y ij? ¤

J9E6�#EKP9FIYZJ]HGF0?USUE6PQP9FIYUC&T�E6YZJ9[9F ¤ C F s@EKJ9A�oUT&P1oUT&S ¯ HGFIPQT&[QPkoUT
?Bij�#?�T � ijY�Y q ij?mJ9E6�#EKP9FIEKJ
?XFIP)HGF�?USUE6PQP9FIYUC&T�oUT�lUH6T&S ¢ ¦1ijSUP�F sjijYUP)oUijYUC�?BT&YUPQA ��SUY;�)FISmswFIE6P#[QT&C&ijSms@[QT ¤
�#T&YZJ/oUT&P
ijYUoUT&P/oXFIYUP/H6TWC&[QE6P8J�FIH'H6E6A#��Hrq T���TDJ/oUT0oUijSUlUH6T0[QA���[9FICDJ9E6ijY ¢ ¦1ijSUP
F�sjijYUP
FIH6ij[QPªJ9T&P8J9A�o q FISmJ9[QT&P1C&ijY $XnjSU[9FwJ9E6ijYUP1F sjT&C�oUT&P1C&ijH6PkoUT � FIE6PQC&T FIS ¯ ?UH6SUPkA&H6TDsjA&PdF $XY
oUT0H6E6�#E J9T&[dHrq E6�#?XFICDJ�oUT�C&TDJ
T���TDJ ¢ f�F"?USUE6PQP9FIYUC&T��)F ¯ E6�)FwH6T�oUT�Hrq ijYUoUTWnjA&YUA&[QA&T �
� � � YU� F�ADJ9A�ijlmJ9T&YOSUT�?BijSU[�oUT&PWC&ijH6P�oUT � FIE6PQC&T FIS ¯ oUT�Hrq ij[QoU[QT#oUT � �

µ
� ¢ LhijSU[

C&T&HGF � H6T&P/H6ijYUnjSUT&SU[QP/oUT&P
oUT&S ¯ lU[9FIP/oUT0HGF�C F s@EKJ9A0PQijYZJ#x
L �

�  (C&� TDJ
l �
  � C&� ¢

`�TdC&ijSU?UH6T1oUT1swFIH6T&SU[�F�ADJ9AdC�MUijE6PQEB?�ijSU[�,DJ9[QT�FIS)C&T&YZJ9[QTdoUTdHGF � ijYUTdoUTdP8J�FIlUE6H6E J9AkoUTHGF/C F s@EKJ9A � $Xn ¢ � ¢ S � ¢ ¥hsjT&CdC&T&P�CDijH6P�oUT�� FIE6PQC&T FIS ¯ � H6T�� FICDJ9T&SU[�oUT1C&ijYZsjT&[QPQE6ijY�oXFwYUP�HGF
C F s@EKJ9AkoUTkPQSU[8J9T&YUPQE6ijY#T&P8J�oUT

2.6×10−3 � � � 2 � T&Y#?XFI[ � FIEKJ�FIC&C&ij[Qo�F sjT&C1HGFdsIFIH6T&SU[J9MUA&ij[QE6ROSUT ¢
a�Y)F�s@S)FIS#?XFI[9FInj[9FI?UMUT�� ¢   ¢ ��ROSUT1Hrq T��#C FIC&EKJ9A]oUTkC&ijYZsZT&[QPQE6ijY#YUijY�H6E6YUA FIE6[QTªT&P8J

�)F ¯ E6�)FwHKTdH6ij[QPQROSUT�H6T&Pª?XFI[9FI�#_DJ9[QT&P�oUT
c1F N@H6T&E6njM�oUT&PªoUT&S ¯ ijYUoUT&PªoUT/?Bij�#?�T�PQijYZJ
A&nZFIS ¯�¢ a�Y�?BT&SmJ][QT&�)FI[QROSUT&[ªROSUT�Hrq T ¯ ?U[QT&PQPQE6ijY � � ¢ �I� ��[QT&H6E6T

zR

FIS ¯ ?XFI[9FI�#_DJ9[QT&P
ATDJ

B
ROSUE'oUA&?�T&YUoUT&YOJ
oUTWHGF#H6ijYUnjSUT&SU[do q ijYUoUTWC FI[dHGF#oUE6P8J�FIYUC&TWij?mJ9E6ROSUT

δ
oUA&?BT&YUo

oUT
Hrq E6YUoUEKC&T0x

zR =
π w2

λ
=

|B|√
1− A2

� � ¢ �I  �
¡ FIE6P�H6F�oUE ��A&[QT&YUC&T�o q E6YUoUE6C&T ADJ�FIYZJ#�#E6YUE6��T � H6T&P�H6ijYUnjSUT&SU[QP�oUT�c1F�N@H6T&E6njM=C FIH6C&S ¤
H6A&T&PWF sjT&C�C&TDJQJ9T�T ¯ ?U[QT&PQPQE6ijY=YUT)oUE ��A&[QT&YOJWROSUT)oUT"� ¢ T�� ¢ a�Y ?BT&SmJ0oUijYUC)YUA&njH6E6njT&[
C&TDJQJ9T�oUE ��A&[QT&YUC&T�TDJªC&ijYUPQE6oUA&[QT&[ªROSUT�H6T&PªC&ijHKP�� Vm�� (YU� TDJ���� � � YU� PQijYOJª[QT&H6E6A&P�?XFI[
Hrq T ¯ ?U[QT&PQPQE6ijY�x

w2
1064 =

λ1064

λ813

w2
813 ' 1.3× w2

813

� � ¢ � � �



� � � � � � t0u ��� 	�� �,� ������� � u ���  j 

� 	�� � � ¢ S � � �����7�?+ %B

���(-*�5

+ �$�P�J
[-5
510���(" �$�P��+$���(�!��������� -5

��-!+$��"*�7;<��+$�7���&�J
��(�!��G
�?T � �$2PC �	�]�?�J

27

�0�I�(�!; �!�(�@�J
�-*�������8+$��

���������(�!�(�!�0+��8W

L � T � -!2 �!� l � � �:-!2PW<;<��+$�
w0 = 49.8 µ

2 R'-*������

���F���I-!��������

��U>�!�
w1 = 175.9 µ

2PC

����� �	� � 34! � 0�! 0�/ ��(+34$ � ��34$

L'ijSU[)?BijSmsjijE6[#C&ijSU?UH6T&[)T��#C FIC&T&�#T&YZJ"SUY � FIE6PQC&T FIS;HGFIPQT&[#oXFIYUP�SUYUT�C F�s@EKJ9A�E6H
� FISmJ FIoXFI?mJ9T&[�H6T��#iOoUT�oUS � FIE6PQC&T FIS ��C&T&H6SUEdoUT�HGF C F s@EKJ9A � ���=����� FIE6[QT�C&i�� YUC&E6oUT&[
H6T�C&ijH(oUS � FIE6PQC&T FIS F�sjT&C#C&T&H6SUE�oUS �#iOoUT�[QA&PQijYXFIYOJ ¢ `�T&C&E�oUijEKJ ,DJ9[QT�� FIEKJ
?�ijSU[�H6T&P
oUT&S ¯ � FIE6PQC&T FwS ¯ ?Bij�#?BT&P ¢ f T#�#ijYZJ�FInjT�T ¯ ?�A&[QE6�#T&YOJ�FIH(SmJ9E6H6EKPQA�TDPQJ�[QT&?U[QA&PQT&YZJ9A)PQSU[
HGF $XnjSU[QT(� ¢ ��� ¢

f T�[9FI?U?�ij[8J�T&YZJ9[QT�H6T&P)C&ijH6P)oUT&P�oUT&S ¯ HGFIPQT&[QP)oUT�?Bij�#?�T�oXFIYUP�HGF�C F s@EKJ9A�T&P8J
E6�#?BijPQA�?XFI['HGFk[QT&HGFwJ9E6ijY � � ¢ � � � ROSUE@T&P8J(C&ijYUPQT&[8sjA&T]?XFw['HGFkH6T&YZJ9E6H6HKT��'oUT�C&ijSU?UHGFInjT

LM
¢

�	� u#hVg8iynQo
p�cE|
e5p,qyqjn c�u�u�c
w
m�{ n zIe5|VcHr${ p�u3�Je5nQqyk(cAe5p3e!l
e5uVi�p�u#k(hVm

w
qjn iyp�sKr8e5u,qDm cHg�mQe5u]��h�k�e5m

h ��
.c(i	r${ p�u�c:m c�u
iyn m m c:cAqBi�p�uH�Je5nQqyk(cAe5pHr8hVuVi	m c4k(hVm
w′
cAqBi	qjn iyp�s4r�e5u,q<m c:g�mQe5uE��h8k�e5m�n zIe5|Vc:c(i��Vs�dyn t,c

mQeHdyc�mQe*iyn hVu#v

w′ =
f λ

π w

� �V� 
����

hVx
f
cAqBiLmQeE��h�k�e5m c>r8cNmQeHm c�u
iyn m m cNc(i

λ
mQeHm hVu�|Vp�c�p�dLr${ hVu,r8cNr8p^�Je5nQqyk(cAe5p��



  � ��� ��� 	 �������

I O

S  d i o d e s
 8 1 3  n m

N d : Y A G
1 0 6 4  n m

l / 2

t é l e s c o p e

L M

I O

t é l e s c o p e

4 6 1 n m

M 1 M 2

M 3 M 4

� 	�� � � ¢ ���&�[Y\���,�A

��� ��;$����),+�� +$���������("X;<��+$�E�("5

�����(�!�H�B� 
���

;$��

�������[�$�X23�0�$� �$�*�H�$�!+��
%B

���(-*�5

+����J
��(�!�F�$�I;���2];<�*�5C

LM

�*���N+$���I���!�,��������� �$� � �:-!2 %.�0-5

���8C

LhijSU[�F|v8SUP8J9T&[�HGF�J�FIE6H6HKTªoUT&P � FIE6PQC&T FIS ¯ F sIFwYOJ�C&TDJQJ9TkH6T&YZJ9E6H6HKT � ijY#SmJ9E6H6EKPQT]SUY�J9A&H6T&PQC&ij?BT
?�ijSU[)C
MXFIROSUT1� FIE6PQC&T FIS � PQEKJ9SUA�F sIFIYZJ�H6T�C&SUl�T�?BijHGFI[QE6PQT&SU[�i � H6T&P � FIE6PQC&T FIS ¯ PQijYZJ
[QT&C&ij�WlUE6YUA&P ¢(©'¯ ?BA&[QE6�#T&YZJ�FIH6T&�#T&YOJ � FI?U[Q_&P

LM

H6T&P0C&ijH6P0oUT&P�� FIE6PQC&T FIS ¯ �6Vm�  (YU�
TDJ���� � � YU� PQijYZJ1[QT&PQ?BT&CDJ9EKsjT&�#T&YZJdoUT��?Vj�

µ
� TDJ��@���

µ
� T&Y�lBijY�FIC&C&ij[Qo�F�sjT&C�H6T&P

swFIH6T&SU[QPhJ9MUA&ij[QE6ROSUT&P � �;T �
µ
� TDJª�?SLV

µ
� � ¢ f�FdH6T&YZJ9E6H6HKT

LM

$ ¯ T]FISUPQPQEmHGFk?BijPQEKJ9E6ijY�oUS
C&ijH ?XFI[1[9FI?U?�ij[8J%�#HGFIROSUT&H6HKT/H6T&P1�#E6[QijEK[QP]?UHGFIYUPkoUT�HGF0C F s@EKJ9A�oUijEKsjT&YZJ%,DJ9[QT�C&T&YZJ9[QA&P ¢
f�F ?BijHGFI[QE6P9FwJ9EKijY�oUT&P�HGFIPQT&[QP�T&P8J�E6�#?BijPQA&T�?XFI[�HGF"C&ijYUoUEKJ9E6ijY�o q FIC&C&ij[Qo�oUT#?UMXFIPQT�x
H6T&P � FIE6PQC&T FIS ¯ HGFIPQT&[�PQijYZJ]?�ijHGFI[QE6PQA&P�MUij[QE � ijYZJ�FIH6T&�#T&YZJ��)��� � � YU� TDJªsjT&[8J9E6C FIH6T&�#T&YZJ
� Vm��  YU� ¢

����� ��� � 34! � 0�! 0�/ ��(+3 � / � � 1)34!�(4*,$

LhijSU[�ROSUT1H6T]C&ijSU?UHGFInjTkoUT1Hrq A&YUT&[QnjE6T]oXFIYUP�HGF/C F s@EKJ9AkPQijEKJ�ij?mJ9E6�#FIH � Hrq FIoXFI?mJ�FwJ9E6iIY
oUT]�#i@oUTªoUijEKJ(P&q FIC&C&ij�#?XFwnjYUT&[�oUT]Hrq FIoXFI?mJ�FwJ9E6iIYWo q E6�#?BA&oXFIYUC&T � ijS�FIoXFI?mJ�FwJ9E6ijY0oUT&P
?�T&[8J9T&P � ¢

f�F�?USUE6PQP9FIYUC&T�E6YOJ9[9F ¤ C F s@EKJ9A �
Pc

��T
J�HGF�?USUE6PQP9FIYUC&T"[QA eXA&C�MUE6T"?XFI[WH6T)�#E6[QijEK[�oUT
C&ijSU?UHGFInjT

M1

�
Pr

� � P&q T ¯ ?U[QE6�#TDYOJªT&Y ��ijYUCDJ9E6ijY)oUTdHGF
?USUE6PQP9FIYUC&T�E6YUC&E6oUT&YZJ9T �
P0

� � oUS
C&iOT��#C&E6T&YOJªoUT�[QA eXT ¯ E6ijY�T&Y�?USUE6PQP9FIYUC&T�oUS��#E6[QijE6[(oUT�C&ijSU?UHGFInjT �

R1

��TDJªoUT&Pª?�T&[8J9T&P
E6YZJ9[9F ¤ C F s@EKJ9A �

p
�ªC FIH6C&SUH6A&T�?BijSU[1SUY�J9ijSU[1oUT�C F s@EKJ9A�P9FIYUP1J9T&YUE6[kC&ij�#?mJ9T�oUS��#E6[QijE6[

oUT
C&ijSU?UHGFInjT ¢ ¥ [QA&PQijYXFIYUC&T�C&T&P1[QT&HGFwJ9E6ijYUPªP&q A&C&[QEKsjT&YOJPH V � I(x

Pc =
1−R1

[

1−
√

R1 (1− p)
]2 × P0

� � ¢ � � �

Pr =

[√
R1 −

√
1− p

]2

[

1−
√

R1 (1− p)
]2 × P0

� � ¢ �LT �

f ij[QPQROSUT
R1 = 1−p

� CIq T&P8J���oUE6[QTªH6ij[QPQROSUTªHGFdJ9[9FIYUPQ�#E6PQPQE6ijYWoUS0�#E6[QijE6[hoUT]C&ijSU?UHGFInjT
T&P8JhA&nZFIH6T�FIS ¯ ?BT&[8J9T&P�E6YOJ9[9F ¤ C F s@EKJ9A � HGFª?USUE6PQP9FIYUC&T�[QA eXA&C�MUE6T�T&P8JhYOSUH6H6T ¢ `dq T&P8J'C&T�ROS q ijY



� � � � � � t0u ��� 	�� �,� ������� � u ���   �

FI?U?BT&H6H6T�HGF0C&ijYUoUEKJ9E6ijY"o q FIoXFI?mJ�FwJ9E6ijY"o q E6�#?BA&oXFIYUC&T ¢
L'ijSU[]H6T/HGFIPQT&[]oUT
?Bij�#?BT

i
� H6T�J9T&[Q�#T/oUT
?BT&[8J9T&P1E6YZJ9[9F ¤ C F s@EKJ9A�P&q A&C&[QEKJcH V � I�x

1− pi = (1− α) (1− λ461

λi
γ P j

c )
� � ¢ �EV �

α
C&ij[Q[QT&PQ?�ijYUo#FIS�J9T&[Q�#T�oUTª?�T&[8J9TªH6E6YUA FIE6[QT�ROSUE@J9E6T&YZJ C&ij�#?mJ9T�oUTªHrq FIlUPQij[Q?mJ9E6ijY�oXFIYUP

H6T�C&[QE6P8J�FIH TDJkoUT&P1?�T&[8J9T&PkH6E6A&T&PkFIS ¯ J9[9FIEKJ9T&�#T&YOJ9P]FIYZJ9E ¤ [QT eXTDJ]PQSU[kH6T/CD[9EKPQJ�FIH�TDJkMXFISmJ9T
[QA eXT ¯ E6ijY)PQSU[�H6T&P��#E6[QijEK[QP

M2, M3

TDJ
M4

(
�
) ¢ ehijSmJ9T&P�C&T&P�?�T&[8J�TDP�PQijYZJ�J9[Q_&P � FIE6lUH6T&P �ijY)?BT&SmJ�C&ijYUPQE6oUA&[QT&[�ROSUT

α
T&P8JªoUT1Hrq ij[QoU[QT1oUT�� � ¢ f TdoUT&S ¯ E6_D�#T1J9T&[Q�#T1[QT&?U[QA&PQT&YZJ9T

H6T&P]?BT&[8J9T&P1?XFI[]C&ijYZsZT&[QPQE6ijY�oXFIYUPkHrq ijYUoUT
i
i �

j �
�WROSXFIYUo

i = 1
TDJks@E6C&T/sjT&[QP9F ¢

L'ijSU[1ij?mJ9E6�#EKPQT&[kHGF�?USUE6PQP9FIYUC&T�E6YZJ9[9F ¤ C F s@EKJ9A
E6H � FISmJdoUijYUC�[QA&PQijSUoU[QT�H6T�P8N@P8J9_&�#T
o q A&ROSXFwJ9E6ijY�C&ijSU?UH6A&T&P � � ¢ � � �/TDJ � � ¢ �EV � ¢ `�TDJQJ9T�ij?mJ9E6�#EKP9FwJ9EKijY�oUA&?�T&YUo oUS � FICDJ9T&SU[
oUT C&ijYOsjT&[QPQE6ijY

γ
TDJ#oUT&P#?USUE6PQP9FIYUC&T&P#E6Y ��[9FI[QijSUnjT&P0C&ijSU?UH6A&T&P � ?XFI[9FI�#_DJ9[QT&P0ROS q E6HkF

� FIH6H6S T&P8J9E6�#T&[dFIS��#ij�#T&YZJ1i � H6T&PkJ9[9FIEKJ9T&�#T&YZJ9P1oUT&Pd�#E6[QijE6[8PkijYOJdADJ9A�C&ij�#�)FIYUoUA&P ¢
© Y�SmJ9E6H6EKP9FIYZJ/HGF#sIFIH6T&SU[�J9MUA&ij[QE6ROSUT0ij?mJ9E6�)FIHKTWoUS � FICDJ9T&SU[/oUT�C&ijYZsjT&[QPQE6ijY

γ = 5 ×
10−3 � � � 2

TDJ T&Y�J�FIlUHGFIYZJ"PQSU["SUYUT�?USUE6PQP9FIYUC&T�oUT6Vj�j� � � � ��� � � YU� TDJ oUT
� � � � � � Vm��  YU� � YUijSUP F�sjijYUP C&ij���)FIYUoUA�SUY��#E6[QijEK[)oUT�C&ijSU?UHGFwnjT�F sZT&C�SUY
J9[9FIEKJ9T&�#T&YZJWF�NZFIYZJ0oUT&P�J9[9FIYUPQ�#E6PQPQE6ijYUP�oUT � � � ��� � � YU� TDJ��j� � �NVm��  YU� ¢ f�F
?USUE6PQP9FIYUC&T
J9MUA&ij[QE6ROSUT/oUT
lUH6T&S�njA&YUA&[QA&T
oXFIYUPkC&T&P1C&ijYUoUEKJ9E6ijYUP]T&P8J1oUT��j�I� � � ¢

����� ��� 
 ! & !�* 0�1�& / # 0�/�� 54$)#'34$�� ! *,!.-�/�0�1

  8 1 3  n m
1 0 6 4  n m

4 6 1  n m

1 3  c m

M 1
M 2

M 3
M 4

K T P

� 	�� � � ¢ �j�I� � 
510���("F+$���������("*�F;<��+$�D�J
X�(��2]23�E�$�N%'�("*),+��!��-*�8C
M1

�!�
M2

�(���0�D���*�L2]���(�����(�
;$�J

���F�!�

M3

�!�
M4

�(���,�F���*�N2]���(�����(�F��;���"!����),+��*�F�!�,���(�I���*�(),+��!���F�(�K���(��+$1,�K���X-!��������

�	�$�
	I���}C

f T&P�H6ijYUnjSUT&SU[QP�oUT&PWlU[9FIP�oUT)HGF C F s@EKJ9A)TDY=FIYUYUT FIS��)F ¯ E6�#EKP9FIYZJ�HGF ?USUE6PQP9FIYUC&T
oUTWlUH6T&S �

L �
�� (CD�.TDJ

l �
  � C&� �kijYZJ�ADJ9A0oUADJ9T&[Q�#E6YUA&T&P/F sZT&CWoUT&P/�#E6[QijEK[QPd�#ijYZJ9A&P

� �Du\e3zKcAqjp�dys m cAqHk(h8c��Xk(n c�uVifqHr8c iydfe5u,qjzKnQqyqjn hVuPr8c@k(cAqEzKn dyhVn dfqFg?hVp�dHm cAqHr8c�p �PmQeVqjc�dfqEr8c
g0hVzKg?cAq>v

T813 < 3× 10−3
c(i

T1064 < 4× 10−4
�



  � ��� ��� 	 �������

PQSU[�oUT&P�PQSU?U?Bij[8J9P�E6YUoUA&?BT&YUoXFIYZJ9P ¢ ¥d?U[Q_&P�C&T&HGF � SUY PQSU?U?�ij[8J�oUT#C F s@EKJ9A#T&Y \^YUi ¯ F
ADJ9AkC&ijYUP8J9[QSUEKJ�F $XY�oUTk[QE6njE6oUE $XT&[ HGF/C&F�s@EKJ9A � $Xn ¢ � ¢ �j��� ¢ LhijSU[�Hrq FIH6EKnjYUT&[ E6HmPQS ��J�o q SmJ9E ¤
H6E6PQT&[/���#E6[QijEK[QP � H6T&P/oUT&S ¯ FISmJ9[QT&P/PQijYOJ
C&ijH6H6A&P�PQSU[/H6T&SU[�PQSU?U?Bij[8J ¢ LhijSU[/�#E6YUEK�#EKPQT&[
Hrq FIP8J9E6nj�#FwJ9EKPQ�#T � ijY"F�C�MUT&[QC
MUA ��oUE6�#E6YOSUT&[�Hrq FIYUnjH6Tko q E6YUC&E6oUT&YUC&T�PQSU[ªH6T&P��#EK[9iIE6[QP ¢ \^H
T&P8J/oUT� 

o � H6E6�#E J9A�?XFI[�Hrq T&YUC&ij�WlU[QT&�#T&YZJ/�#A&C FIYUE6ROSUT ¢ f TWC&[QE6P8J�FIH'oUT ® ekL T&P8J $ ¯ APQSU[kSUY�PQSU?U?Bij[8J1�#ijYZJ9A/PQSU[kSUYUT�?UHGFwJ9E6YUT�oUT
[QiIJ�FwJ9E6ijY"TDJ1SUY�ADJ�FInjT/oUT/J�[9FIYUPQHGF|J�EKijY
oXFIYUP1H6T
?UHGFIY�?BT&[Q?BT&YUoUE6C&SUHGFIEK[9T ��Hrq F ¯ T�oUT�?U[Qij?XFInZFwJ9E6ijY oUT&P.� FIE6PQC&T FIS ¯�¢ f�F�C F�s@EKJ9A
T&P8J1?U[QiIJ9A&njA&T
?XFI[]SUYUT�l�i��6J9T/T&Y�?UH6T ¯ E6njHGFIP ¢

( a )

1 0 6 4 n m

8 1 3 n m

s o m m e  d e
f r é q u e n c e

I S L

I S L

( b )1 0 6 4 n m

8 1 3 n m

s o m m e  d e
f r é q u e n c e

� 	�� � � ¢ �|�7� Y\�*��+$�(�I�$�*�>;$+$���(��

��-*�*�F�$�*�>%B

���(-!�5

+������?%'��

�(��+$���*�^R.
�UL�(��

����2]���(�*�>;/

�N���
2]���(�����

M3

W	R�=�U��(" � "*-(�$���*�E;/

�F���K2]���(�����H�$�I-*��+$;$�J

���
M1

C ��
]-*��+$��=<�X�$�I�J
^23�*��+$�(�X�!�
�(" � � �?�����\G �?T � �$2 �*���F���,1,�!�(�("*�8C � � � O?���0�(�!��18

�Q��� ��;��*-!����

�	����=$�(�8C

f�F $XnjSU[QT � ¢ �|� ¢ F�[QT&?U[QA&PQT&YOJ9T�H6T&PW?USUE6PQP9FIYUC&T&P#E6Y ��[9FI[QijSUnjT&PWE6YZJ9[9F ¤ C F�s@E J�A)�#T&PQS ¤
[QA&T&P�T&Y J9[9FIYUPQ�#E6PQPQE6ijY��0T&Y �#iOoUSUHGFIYOJWHGF�HKijYUnjSUT&SU[0oUT HGF�C F s@EKJ9A ¢ f�F�PQij�#�#T�oUT
��[QA&ROSUT&YUC&T0F�H6E6T&S�H6ij[QPQROSUT�H6T&P1oUT&S ¯ HGFIPQT&[QP1PQijYOJdPQE6�WSUHKJ�FIYUA&�#T&YZJk[9ADP9iIYUYXFIYOJ9PdoXFIYUP
HGFWC F s@EKJ9A ¢ f�F0?USUE6PQP9FIYUC&T
oUS � FIE6PQC&T FIS � Vm��  YU� oUE6�#EKY@SUT�FIH6ij[QPªoUT � �	� T&Y [9FIE6PQijY
oUT&P/?BT&[8J9T&P
?XFI[/C&ijYZsjT&[QPQE6ijY ¢ f T&P/$XYUT&PQPQT&P�oUT�HGF)C F s@EKJ9A0PQijYZJ
oUE ��A&[QT&YOJ9T&P/?BijSU[/H6T&P
oUT&S ¯ HGFIPQT&[QP]oUT
?�ij�#?BT �   � � Vm��  YU� TDJ T � �"��� � � YU� � � ?XFI[]C&iIYUP9ADROSUT YZJdijY ijl ¤
PQT&[8sjT�SUY�C&[QT&S ¯ oXFIYUPkH6T/��i@oUT � Vm�  (YU� E6�#?UH6EKROSUA�oXFIYUPkH6T/?U[Qi@C&T&PQPQSUP1oUT
PQij�#�#T
oUT ��[QA&ROSUT&YUC&T ¢ LhijSU['H6T�¦1o�x ��¥1¬ H6T&Ph?BT&[8J9T&P ?XFI[hC&ijYZsZT&[QPQE6ijYWPQijYZJ �#ijE6YUPh�)FI[QROSUA&T&P
C FI[]HGF0?USUE6PQP9FIYUC&T
T&P8J1lBT FISUC&ijSU?�?UH6SUP]A&H6TDsjA&T ¢

f�F $XnjSU[QT � ¢ �|� ¢ l�[QT&?U[QA&PQT&YZJ9T/HGF
�#T&PQSU[QT�oUT&Pª?USUE6PQP9FIYUC&T&PªE6Y ��[9FI[QijSUnjT&P�[QA eXA&C�MUE6T&P
?XFI[�H6T0�#E6[QijEK[doUT0C&ijSU?UHGFInjT ¢ f(q T��#C FIC&EKJ9A�oUT0C&ijSU?UHGFInjT0oUS � FIE6PQC&T FIS �IVm��  YU� T&P8J
?U[QT&PQROSUT�oUijSUlUH6A&T"H6ij[QPWoUS ?U[Qi@C&TDP9PQSUP#oUT"PQij�#�#T"oUT ��[QA&ROSUT&YUC&T�x(H6T&P0?�T&[8J9T&P#?XFI[
C&ijYZsjT&[QPQE6ijY FI�#ADH6E6ij[QT�Hrq FIoXFI?mJ�FwJ9E6iIY�o q E6�#?BA&oXFIYUC&T ¢ f(q T��#C FIC&EKJ9A�oUT�C&ijSU?UHGFwnjT�T&P8J
FIH6ij[QP/oUT TI�	� �%Vm��  YU� FIH6ij[QP/ROS q T&H6H6T�T&P8J�PQT&SUH6T&�#T&YZJ�oUT � �	� ����� � � YU� ¢ LhijSU[
FISUnj�#T&YZJ9T&[hC&TDJQJ9T�oUT&[QYUE6_&[QT � E6H�� FISmJ FI�#A&H6E6iI[QT&[�Hrq FIoXFI?mJ�FwJ9E6ijY
o q E6�#?BA&oXFIYUC&T�T&YWC
MXFIY ¤
njT FIYZJkH6T/�#E6[QijEK[ªoUT
C&ijSU?UHGFInjT ¢

��b/eKzKcAqjp�dycNcAqBiDc(~?cAk�iyp�s�cFc�u@zKcAqjp�dfe5u
iLmQeHiydfe5u,qjzKnQqyqjn hVu^g,e5dLm cFzKn dyhVn d
M3

r8hVu
iDm cAqLk(h�c����
k(n c�uVifqLr8cNdys��,c��8n hVu^qjhVu
iNv

T (813) = 2.6× 10−3
c(i

T (1064) = 2.9× 10−4
�



� � � � � � t0u ��� 	�� �,� ������� � u ���  4T

� :a:>+0/
�
3\:a:>+.-�+.798;:�AJ+.: [5]`:>+0/2:

j e t  a t o m i q u e

 e s c l a v e s
 8 1 3  n m

N d : Y A G
1 0 6 4  n m 4 6 1 n m

P Z T

d é t e c t i o n  s y n c h r o n e

7 0  k H z

 m a î t r e  
8 1 3  n m

d é t e c t i o n  s y n c h r o n e

d é t e c t i o n  s y n c h r o n e

 1 0 0  k H z

I ,  
P Z T

P Z T ,  T °

T ( 1 0 6 4 )T ( 8 1 3 )
P D 1

P D 2

P D 3

I

� 	�� � � ¢ �� I� �0-���"!27
H�$��;$������-!��;��N�$�*�}���(�����4
��(�(�!��10���(�(�!23�!�0�(�:�!� %'�("*),+��!��-*��+$���������("*�:;���+$�
�J
@�(��2]23�X�$�K%'�("*),+��!��-*�8C

f�F�PQij�#�#T oUT*��[QA&ROSUT&YUC&T�[QT&ROSUE6T&[8J#J9[QijE6P#FIPQPQT&[8s@E6PQPQT&�#T&YZJ9P�ROSUE1PQijYZJ)[QA FIH6E6PQA&P
F sZT&C�oUT&P
oUADJ9T&CDJ9E6ijYUP
P8N@YUC�MU[QijYUT&P)x oUT&S ¯ PQijYZJ�SmJ9E6H6EKPQA&P/?BijSU[/�)FIE6YZJ9T&YUE6[dH6T&P
oUT&S ¯
HGFIPQT&[QP ��[QA&PQijYXFIYUC&T�TDJ#H6T�J9[QijE6PQE6_&�#T�?BT&[Q�#TDJ#o q FIPQPQT&[8s@E6[�HGF ��[QA&ROSUT&YUC&T�oUT Hrq ijYUoUT
njA&YUA&[QA&T � � � � YU� PQSU[]HGF�J9[9FIYUPQEKJ9E6ijY

1S0 − 1P1

oUS
88
>@[ ¢ f T�PQC
MUA&�)FWoUT/?U[QE6YUC&E6?�T

T&P8J1[QT&?U[QA&PQT&YOJ9A�PQSU[kHGF $XnjSU[QT(� ¢ ��  ¢
L'ijSU[)FIPQPQT&[8s@E6[#H6T&P#oUT&S ¯ HGFIPQT&[QP#oUT�?Bij�#?BT1��[QA&PQijYXFIYUC&T � H6F�H6ijYUnjSUT&SU[#oUT�HGF

C F s@EKJ9A/T&P8Jk�#i@oUSUH6A&T � TI�	� � � �0Hrq FIE6oUTdo q SUYUT
C FIH6T/L ��e PQSU[]HGFIROSUT&H6H6T�T&P8JkC&ijH6H6A�SUY�#E6[QijEK[�oUT�HGF�C F�s@EKJ9A ¢ p�FIYUP�SUY
?U[QT&�#E6T&[�J9T&�#?UP HGFªH6ijYUnjSUT&SU[ oUT(HGFªC F s@EKJ9A(T&P8J'FIPQPQT&[8s@E6T
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Vm��  YU�4TDJ�T�� ����� � � YU� � ?U[Qi@C�MUT&P/oUT&P/PQ?�A&C&E $XC FwJ9E6ijYUP � [QT&PQ?BT&CDJ9EKsjT&�#T&YZJ��j� � TDJ
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C&ijYZsjT&[QPQE6ijY

γ = 5 × 10−3 � � � 2
TDJdT&Y�J�FIlUHGFIYZJ1PQSU[doUT&Pd?USUE6PQP9FIYUC&T&P�oUT)� � � � �� Vm��  YU� TDJ]oUT Vj�j�(� � ����� � � YU� ¢ f�FW?USUE6PQP9FIYUC&T�C&ijSU?UH6A&T ��Vm��  YU� � �|�I� � � �

YUT�oUE ��_&[QT�ROSUT�oUT0�I�	� ¢�© Y�[QTDswFIYUC
MUT�ijY�YUT�C&ijSU?UH6T�ROSUTW  � � � � �m��� � � YU� ¢ pdT
?UH6SUP1YUijSUP/F sjijYUP�o (�FISUnj�#T&YZJ9T&[1H6T&PdC&ijH6P1oXFIYUP�H6T�C&[QE6P8J�FIHhF $XY�oUT��#E6YUE6��EKPQT&[1Hrq T�� ¤
��TDJ�oUT#oUijSUlUH6T�[QA���[9FICDJ9E6ijY�oXFIYUP�HGF"C F s@EKJ9A�oUT#PQSU[8J9T&YUPQE6ijY �

§ � ¢ � ¢ � � � H6T�� FIC
J�TDSU[�oUTC&ijYZsjT&[QPQE6ijY�oXFIYUPkHGF0C F s@EKJ9A/oUT
PQSU[8J9T&YUPQE6ijY�Y q T&P8J�FIH6ij[QPªROSUT�oUT
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oUT ® ekL ¢ f T&P1�j� � � � ijlmJ9T&Y@SUP�� � � ��YU� PQijYZJ�PQS �#P9FIYZJ�P�?BijSU[�ijlmJ9T&YUE6[(SUY)nj[9FIYUo
YUij�WlU[QT0o q FwJ9ij�#T&P
?UE6A&njA&P�x YUijSUP�F sjijYUP�?US�[QA FIH6E6PQT&[/SUY�?UE6_&njT0�)FInjYUADJ9i ¤ ij?mJ9E6ROSUT
��ijYUCDJ9E6ijYUYXFIYZJ�F sjT&C

1.3 × 109
FwJ9ij�#T&P#oUT
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4× 1010
FwJ9ij�#T&P]?XFI[]PQT&C&ijYUoUT ¢ f(q ijlmJ9T&YZJ9E6ijY oUT
C&T&P1FwJ9ij�#T&P���[9iIE6oUP]T&P8J1[9FI?U?Bij[8J9A&T

oXFIYUP�H6T&P�C�MXFI?UEKJ9[QT&P��/TDJ�  ¢ ¦kijSUP�sjT&[Q[QijYUP�ROSUT1?BiISU[�FISUnj�#T&YOJ9T&[(T&YUC&ij[QT1Hrq T��#C FIC&EKJ9A
oUS�?U[Qi@C&T&PQPQSUP�oUTk[9FIH6T&YZJ9E6PQPQT&�#T&YOJ(TDJ�oUT]C FI?mJ9SU[QTkoUT&P�FwJ9ij�#T&P oUTkP8J9[QijYOJ9E6SU� � EKH � FISmJ
FISUnj�#T&YZJ9T&[(HGF�?USUE6PQP9FIYUC&T1oUE6PQ?�ijYUE6lUH6T�� � � ��YU� ¢ ¦1ijSUP�FIH6H6iIYUP oUijYUCkC&ijYUP8J9[QSUE6[QTkSUYUT
oUT&S ¯ E6_&�#T/PQijSU[QC&T�HGFIPQT&[]ROSUE i���[QE6[9FWT&Y�ijSmJ9[QT � ?UH6SUP]oUT
PQijSU?UH6T&PQPQT�?BijSU[]HGFW�#E6PQT/T&Y
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HGF ��[QA&ROSUT&YUC&T/oUTdHGF�[QA&PQijYXFIYUC&T/FwJ9ij�#E6ROSUT1T&P8J]YOSUH ¢ L'FI[�T���TDJkpdij?U?UH6T&[ � C&TdoUA&C FIHGFInjT
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C&ij�#�#T�H6T�[9FI?U?Bij[8J T&YZJ9[QT
Hrq E6YZJ9T&YUPQEKJ9A)HGFIPQT&[

I
TDJ�Hrq E6YZJ9T&YUPQEKJ9A)oUT"P9FwJ9SU[9FwJ9E6ijY

Isat
¢
Γ
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C&ij[Q[QT&PQ?BijYUo�FIS�oUA&?UHGFIC&T&�#T&YZJ/oUT
��[QA&ROSUT&YUC&T�?XFI[�T���TDJWpdij?U?UH6T&[ ¢ f T#oUT&[QYUE6T&[
J9T&[Q�#T#T&P8JWH q T���TDJ ��T&T&�)FIY � E6H(oUA&?�T&YUo
oUT
HGFW?BijHGFI[QEKP9FwJ9E6iIY"oUS�HGFIPQT&[�x
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�)FInjYUADJ9E6ROSUT � FIE6lUH6T0F $XY�oUT0oUE6�#E6YOSUT&[�HGF)sIFIH6T&SU[/oUS�C&ijSU[9FIYZJ�A&H6T&CDJ9[QE6ROSUT0oXFIYUP
H6T&P
l�ijlUE6YUT&PkTDJ1oUijYUC
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p�FIYUP#H6T [QA���A&[QT&YZJ9E6T&H]T&Y��#ijSmsjT&�#T&YZJ R � H6T&P#FwJ9ij�#T&P�?�ijPQPQ_&oUT&YOJ�SUYUT"s@EKJ9T&PQPQT
v

′

= v − vR
¢�© Y�oUA&[QEKswFIYOJkC&TDJQJ9T�A&ROSXF|J�EKijY�ijY ijlmJ9E6T&YZJ
x

dv
′

dt
=

1

m
F (z, v)− aR =

Γ

2
vrec

[ −s

1 + s + 4(kv′ + δ′)2/Γ2
+ η

s

1 + s

] � � ¢ S �



� � � � � ��� � � u ��� � � 
���� � 	 � � ��������� u ��� ��� � � �

ijY�F�E6YZJ9[Qi@oUSUEKJ]H6F0YUiIJ�FwJ9E6ijY�x

δ
′

= δ + k vR(z) +
µBB(z)

~
=
−Γ

2

√

(1 + s)(
1

η
− 1)

� � ¢ ��� �

f(q A&ROSXFwJ9E6ijY � � ¢ S ��?BijPQPQ_&oUT�oUT&S ¯ PQijH6SmJ9E6ijYUPªP8J�FwJ9E6ijYUYXFIE6[QT&P/x

k v
′

eq1 = 0 ⇔ v(z) = vR(z)
� � ¢ �j���

k v
′

eq2 = −2δ
′ ⇔ v(z) = v0(z) = vR(z) +

Γ

k

√

(1 + s)(
1

η
− 1)

� � ¢ �|� �

f�F�?U[QT&�#E6_&[QT#PQijH6SmJ9E6ijY�C&ij[Q[QT&PQ?BijYUo ��SUY�A&ROSUE6H6E6lU[QT�P8J�FIlUH6T#TDJWHGF oUT&S ¯ E6_&�#T ��SUY
A&ROSUE6H6E6lU[QT�E6YUP8J�FIlUH6T � $Xn ¢ � ¢ ��� ¢ f T&PdFwJ9ij�#T&P]PQijYZJ1oUijYUC
[9FIH6T&YZJ9E6P�sZT&[QP

vR(z)
¢

0

a c
c é
l é
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f�F
s@EKJ9T&PQPQT

vs

oUT&P]FwJ9ij�#T&P���HGF
PQij[8J9E6T1oUS�[9FIH6T&YZJ9E6PQPQT&SU[�oUA&?�T&YUo"oUTdHGF
H6ijYUnjSUT&SU[
oUS�[9FIH6T&YZJ9E6PQPQT&SU[

zs

x

vs = vR(zs) =
√

2 amax η (zs − zmax)
� � ¢ ��  �

⇔ zs = zmax −
v2

s

2 η amax

� � ¢ � � �

`�TDJQJ9T
s@E J�TDP9PQT
oUijEKJ�,DJ9[QT
E6Y ��A&[QE6T&SU[QT ��HGF�s@EKJ9T&PQPQT�oUT
C FI?mJ9SU[QT
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vc

T&Y�oUT&PQPQSUPdoUT�HGFIROSUT&H6H6T/H6T&PdFwJ9ij�#TDP1YUT�?�T&SmsZT&YZJ�?XFIP
,DJ9[QT
[QT���[QijE6oUE6PªT&P8J1oUijYUYUA&T�?XFI[/x

vc = v0(z = 0) =
√

2 |amax| η zmax +
Γ

k

√

(1 + s)(
1

η
− 1)
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f(q ADsjijH6SmJ9E6ijY)oUT�HGF
s@EKJ9T&PQPQT�oUT&P]FwJ9ij�#T&P�PQSU[ªHrq F ¯ T1oUT�?U[Qij?XFInZFwJ9E6ijY)TDPQJªPQC
MUA&�)F ¤
J9E6PQA&T�PQSU[WHGF $XnjSU[QT�� ¢ � ¢ f T&P�FwJ9ij�#T&P�oUijYOJ0H6F�s@EKJ9T&PQPQT*��Hrq T&YZJ9[QA&T�oUS [9FIH6T&YZJ9E6PQPQT&SU[
T&P8J�E6Y ��A&[QE6T&SU[QT�� HGF�s@EKJ9T&PQPQT)oUT�C FI?mJ9SU[QT#PQijYZJ�[9FIH6T&YZJ9E6P�v8SUPQROS q ��H6F"s@EKJ9T&PQPQT

vs

� C FIP
\ �1P&q E6H6PdYUTWoUA&C&[Qi@C�MUT&YOJ
?XFIP
FwS�C&ijSU[QP/oUS�?U[Qi@C&T&PQPQSUP
oUT0[QT���[QijE6oUE6PQPQT&�#T&YZJ � C FIP�\Q\ � ¢
L'FI[dC&ijYZJ9[QTWH6T&P�FwJ9ij�#T&PdROSUE'?�ijPQPQ_&oUT&YOJ
SUYUT�s@EKJ9T&PQPQTWPQSU?BA&[QE6T&SU[QT��

vc

YUT�PQijYOJ�?XFIP
[9FIH6T&YZJ9E6P � C FIPk\Q\Q\ � ¢

� @�+ � 1435+.798 A�� ]`-�@ /?8;3\:a:>+.-�+.798
f T&PkFwJ9ij�#T&P]PQijYZJkYUijY PQT&SUH6T&�#T&YZJk[9FIH6T&YZJ9E6P�sZT&[QP

vR(z)
?BijSU[ªJ9ijSmJ

z
�)FIE6PªPQijYZJ

FISUPQPQE [QT���[QijE6oUE6P�sZT&[QPkC&TDJQJ9T/s@EKJ9T&PQPQT ¢�© Y�H6E6YUA FI[QEKP9FIYZJ]HGFW[QT&HGFwJ9E6ijY � � ¢ S ��FIS"sZijE6PQE6YXFInjT
oUT

v′ − vR
ijY�ijlmJ9E6T&YZJ
Hrq T ¯ ?U[QT&PQPQE6ijY�oUS�C&iOT��#C&E6T&YOJ
o q FI�#ij[8J9E6PQPQT&�#T&YZJ/oUA�$XYUE(?XFI[

d(v′ − vR)/dt = −γ (v′ − vR)
x

γ =
8 η2 s

(1 + s)2

√

(1 + s)(
1− η

η
)× γD

� � ¢ � � �

avec : γD =
~ k2

4 m

� � ¢ �;T �
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`�TDJQJ9TdT ¯ ?U[QT&PQPQE6ijY��#ijYZJ9[QT1ROSUTdH6ij[QPQROSUT
η = 1

� H6TkJ�FIS ¯ o q FI�#ij[8J9E6PQPQT&�#T&YZJ�T&P8JªYOSUHhx
ijY YUT�?BT&SmJ)?XFIP#oUA&C&A&H6A&[QT&[#H6T&P#FwJ9ij�#T&P �

amax

C FI[�HGF�C&ijYUP8J�FIYOJ9T�oUT J9T&�#?UP#oUS
[QT���[QijE6oUE6PQPQT&�#T&YZJ�PQT&[9FIE6T&YZJ�E6Y $XYUE6T �

d F/d v = 0
� ¢

γD

T&P8J�H6TªJ�FIS ¯ o q FI�#iI[QJ9E6PQPQT&�#TDYOJ
�)F ¯ E6�)FIHUROSUE�?BT&SmJ�,DJ9[QTdijlmJ9T&YOS"F sjT&CdSUY)[QT���[QijE6oUE6PQPQT&�#T&YZJªpdij?U?UH6TD[cH Sj JI ¢ L'ijSU[�oUT&P
?XFI[9FI�#_DJ9[QT&PªJgN@?UE6ROSUT&P �

s = 1
TDJ

η �
� ¢ T � �

γ ' 0.9 γD

¢
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f�F�[QA ¤ A&�#E6PQPQE6ijY�PQ?BijYZJ�FIYUA&TdoUT&P�?UMUiIJ9ijYUPªFIlUPQij[Ql�A&P�C&[QA&TdSUYUT1�)FI[QC�MUTdFIH6A FwJ9ijE6[8T
�/J9[QijE6P�oUE6�#T&YUPQE6ijYUP(oXFIYUP�Hrq T&PQ?XFIC&T1oUT&P�s@EKJ9T&PQPQT&P�oUT1?XFIP�A&nZFIH6T.�
HGF�s@EKJ9T&PQP9T1oUT1[QT&C&SUH
vrec

¢O© Y�C&ijYUPQE6oUA&[9FIYOJ�Hrq A&�#E6PQPQE6ijYWPQ?BijYZJ�FIYUA&TkC&ij�#�#TªE6PQiIJ9[Qij?BT�_ � HGF�oUE6P8J9[QE6lUSmJ9E6ijYWoUT
?U[QijlXFIlUE6H6E J9A�oUT#HGF C&ij�#?�ijP9FIYOJ9T

vi

�
i = x, y, z

�
FI?U[Q_&P
N
?UMUiwJ�iIYUPWFIlUPQij[QlBA&P�T&P8J

SUYUT
nZFISUPQPQE6T&YUYUT�?�ijSU[
N
PQS �#P9FI�#�#T&YZJ1nj[9FIYUo�H S � I(x

pN(vi) =
1√

2πσ2
exp (− v2

i

2σ2
)

� � ¢ �?V �

avec : σ =

√

N

3
vrec
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N �
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σ ' 1.2
� �|P ¢ `�TDJ�A&C FI[8J�J^N@?BT1T&P8J

T&YZs@E6[QijY"oUE ¯ ��ijE6Pª?UH6SUP�� FIE6lUH6T1ROSUT/HGF�HGFI[QnjT&SU[�oUT/HGF�oUE6P8J9[QE6lUSmJ9E6ijY)oUT&P]C&ij�#?BijP9FIYZJ9T&P
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sjA&[QE $XA�F�sjT&C�HGF]PQE6�WSUHGFwJ9EKijY
YOSU�#A&[QE6ROSUT�T&Y�C&ij�#?XFI[9FIYOJhHGF]oUE6P8J9[QE6lUSmJ9E6ijY
oUT�HGF]s@EKJ9T&PQPQT
J9[9FIYUP8sjT&[QPQT ��HGF�PQij[8J9E6TdoUS ��ijSU[�F�sjT&C�C&T&H6H6T1ijlmJ9T&Y@SUT ��HGF�PQij[8J9E6TdoUS�[9FIH6T&YZJ9E6PQPQT&SU[�T&Y
J9T&YXFIYZJ�C&ij�#?mJ9T0oUT0Hrq A&�#E6PQPQE6ijY�PQ?BijYZJ�FIYUA&T x H6F�oUE ��A&[QT&YUC&T�PQT�PQEKJ9SUT�FIS�YUEKsjT FIS�oUS
lU[QSUEKJkoUS J9E6[9FInjT/FIH6A FwJ9ijE6[QT�oUT&PkC&ijYUoUEKJ9E6ijYUP]E6YUEKJ9E6FIHKT&PªoUT
HGFWs@E J�TDP9PQT ¢
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f T]?XFI[9FI�#_DJ9[QTªoUTkP9FwJ9SU[9FwJ9E6ijYWY q T&P8J�?XFIP(SUYUE ��ij[Q�#TªoXFIYUP(H6Tª?UHGFIYWJ9[9FIYUP8sjT&[QPQT1C FI[
H6TWHGFIPQT&[�T&P8J
oXFIYUP/SUY��#i@oUTWnZFISUPQPQE6T&Y ¢ LhijSU[/SUY�FwJ9ij�#T�PQEKJ9SUA���HGF)oUE6P8J�FIYUC&T

r
oUT

Hrq F ¯ T/oUS0v8TDJ�x

s(r) =
2PL

πw2Isat

exp(−2r2

w2
)

� � ¢ �I� �

w
T&P8J1H6T/[9F NZijY oUS*� FIE6PQC&T FIS �

1/e2
TDJ

PL

HGFW?USUE6PQP9FIYUC&T�oUS�HGFwP9TD[ ¢
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w
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√
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oUT/sjijH H6E6lU[QT�� ¢
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�#_DJ9[QT&Pdx@HGF
?USUE6PQP9FIYUC&T�TDJªHGF
J�FIE6H6HKTkoUS � FIE6PQC&T FIS)HGFIPQT&[ � H6T1oUA&P9FIC&C&ij[Qo

δ
� HGF
H6ijYUnjSUT&SU[

oUS�[9FIH6T&YOJ9E6PQPQT&SU[�TDJ�H6T�?XFI[9FI�#_DJ9[QT
η
¢ f T�C�MXFI�#?��)FInjYUADJ9E6ROSUT�T&P8J�C FIH6C&SUH6A�F�sjT&C

H6T&Pk[QT&HGFwJ9E6ijYUP�� ¢ V ¢ ¦1ijSUPdF sZijYUPk�#T&YOJ9E6iIYUYUA
?UH6SUPkMXFISmJ1ROSUT
δ
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MXFI�#?��)FInjYUADJ9E6ROSUT ¢ \^H�YUT�v8ijSUT�oUijYUC"FISUC&SUY=[
	jH6T#oXFIYUP
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H6T&P�C&ij�#?BijP9FIYZJ9T&PWE6YUEKJ9EGFwH6TDP�oUT�HGF�s@EKJ9T&PQPQT�TDJ0oUT�HGF�?�ijPQEKJ9E6ijY ¢ f T&PWH6ijE6P�oUT�?U[QijlXF ¤
lUE6H6E J9A&P�PQijYZJ�oUADJ�FIE6H6HKA&T&PWFIS=?XFI[9FInj[9FI?UMUT�PQSUEKsIFIYZJ ¢ LhijSU[ � FIE6[QT)?U[Qijnj[QT&PQPQT&[0Hrq FwJ9ij�#T
oXFIYUP�H6Tª[9FIH6T&YOJ9E6PQPQT&SU[ � J9[QijE6P �#ADJ9MUi@oUT&P�ijYZJ�ADJ9AkPQSUC&C&T&PQP9EKsjT&�#T&YZJªSmJ9E6HKE6PQA&T&P]xjSUYUTkoUE6P ¤
C&[QADJ9E6P9FwJ9E6ijY�F sjT&C0SUY�?XFIP/C&ijYUP8J�FIYZJ
o q FwlBij[Qo�PQSU[

z
?USUE6P�PQSU[/HGF#swFIH6T&SU[�oUS�C
MXFI�#?

�)FInjYUADJ9E6ROSUT
B(z)

TDJ1T&Y $XY SUY�?XFIPkFISmJ9i ¤ FIoXFI?mJ�FwJ9E � njA&YUA&[QA �0Hrq FIE6oUTdoUT
HGF�J9MUA&ij[QE6T
oUT�ckSUYUnjT ® SmJQJ�F�H S � I ¢ `�T&PkJ9[QijE6Pª�#ADJ9MUi@oUT&PkijYZJ1oUijYUYUA
H6T&P]� ,&�#T&Pk[QA&PQSUHKJ�FwJ9P ¢
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MXFIROSUT0?XFIP � ijY�C FIH6C&SUH6TWH6T�YUij�0lU[QTWoUT0?UMUiwJ�iIYUP
FIlUPQij[QlBA&P
N
?XFI[�Hrq FwJ9ij�#T

PQijSU�#E6P �/HGF�?U[QT&PQPQE6ijY#oUTk[9FIoUEGFwJ9E6ijY
F (z, r, v)

?�T&YUoXFIYOJ�SUYUTkoUSU[QA&T
δt
¢ `�TkYUij�WlU[QT

T&P8J1ijlmJ9T&YOS�o q FI?U[Q_&P1HGFW[QT&HGFwJ9E6ijY"PQSUEKswFIYOJ9T�x

F (z, r, v) = mvrec
N

δt
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?XFI[dHrq FIlUPQij[Q?mJ9E6ijY�oUTWC&T&P

N
?UMUiIJ9ijYUP � o q SUYUTWROSXFIYZJ9EKJ9A

δv = −N × vrec
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s@EKJ9T&PQPQT � E6HB[QT&P8J9T
�0C FIH6C&SUH6T&[]Hrq ADsjijH6SmJ9E6ijY�oUT
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¥ HGF�PQij[8J9E6T0oUS ��ijSU[/HGF�oUT&YUPQEKJ9A�oUT�?U[QijlXFIlUE6H6E J9A
p (v)

o q F sZijE6[�SUYUT�s@EKJ9T&PQPQT�oUT
�#i@oUSUH6T

v
T&P8J1oUijYUYUA&T�?XFI[%H � � I�x

p (v) =
2 v3

α4
exp

(−v2

α2

) � � ¢ �j� �

avec : α =

√

2kBT

m
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m
T&P8JªHGF
�)FIPQPQT�FwJ9ij�#E6ROSUT �

kB

HGF
C&ijYUP8J�FIYOJ9TdoUT ¨ ijHKJ � �)FIYUY#TDJ T
HGF/J9T&�#?BA&[9FwJ9SU[QT

T&Y�oUT&nj[QA&P ® T&HKs@E6Y ¢ f�F�s@EKJ9T&PQPQT��#i�NjT&YUYUTdT&P8J/x
v = 3π1/2α/4

¢ ¥�SUYUT1J9T&�#?BA&[9FwJ9SU[QT
oUT � �j� o

` � ?BijSU[�oUT&PªFwJ9ij�#T&P�oUT1P8J9[QijYOJ9E6SU� � �
�
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?U[QijlXFIlUE6H6E J9A � � ¢ �j� � ¢ LhijSU[�C&T&HGF ijY�F SmJ9E6H6E6PQA0HGF �#ADJ9MUi@oUT#oUT#[QAgv8T&CDJ9E6ijY�T ¯ ?UH6E6ROSUA&T
oXFIYUP�Hrq FIYUYUT ¯ T p ¢ >@SU[�HGF%$XnjSU[QT1� ¢U� � ijY�?BT&SmJ�C&ij�#?XFI[QT&[ HGF�oUE6P8J9[9EKlUSmJ�EKijYWJ9MUA&ij[QE6ROSUT
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f T&P/Agv8T&CDJ9T&SU[QP/[QA FIH6E6PQT&YOJ�SUYUTWPQA&H6T&CDJ9E6ijY�T&Y�s@EKJ9T&PQPQTWJ9[9FIYUP8sZTD[9PQT ¢ p�FIYUP/H6T�C FIoU[QT
oUT�CDTDJQJ�TdPQE6�0SUHGF|J9EKijY#Y@SU�#A&[QE6ROSUT � ijY�C&ijYUPQE6oU_D[9TdROSUT�HGF
s@EKJ9T&PQPQTdJ9[9FIYUP8sjT&[QPQT
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s@EKJ9T&PQPQT
H6ijYUnjEKJ9SUoUE6YXFwH6T
v
PQijYZJ1[QT&H6E6A&T&P]?XFI[]HGF0[QT&HGFwJ9E6ijY 
 x

vt ≤
2a

L
× v =

0.2
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(
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SmJ9E6H6E6PQA&Tk?BijSU[�H6T1[QT���[QijE6oUE6PQPQT&�#T&YZJ�?BijPQPQ_&oUT�SUY)J�FIS ¯ o q A&�#E6P ¤
PQE6ijY�PQ?BijYZJ�FIYUA&T�A&H6TDsjA � � ×108

P
−1

� ¢ L'FI[1C&ijYUPQA&ROSUT&YZJ/H6T
[9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY�T&P8J
lBT FISUC&ijSU?�?UH6SUP(C&ijSU[8J�ROSUT]C&T&S ¯ SmJ9E6H6E6PQA&P ?�ijSU[(H6T&P�FIH6C FwH6E6YUP �  j� C&� C&ijYZJ9[QTªJgN@?UE6ROSUT ¤
�#T&YZJW� ¢ �'�4?BijSU[dH6T�PQi@oUE6SU� H Sj�RI ijS�� ¢ � �4?BijSU[dH6T�C&A&PQE6SU� H SZ�RI�� ¢ a�Y�?BT&SmJ
FIH6ij[QP
��i@C FIH6E6PQT&[�PQE6njYUE $XC FwJ9EKsjT&�#T&YOJ�H6T�� FIE6PQC&T FIS�HGFIPQT&[ � T&Y"nZFI[QoXFIYZJ�SUYUTdJ�FIE6H6HKTk[9FIE6PQijYUYXFIlUH6T
�0HGF0PQij[8J9E6T/oUS�[9FIH6T&YZJ9E6PQPQT&SU[ ��TDJ1H6T/[QT���[QijE6oUE6PQPQT&�#T&YZJ]J9[9FIYUP8sjT&[QPQT�T&P8JdT �#C FIC&T ¢



� V ��� ��� 	 ����� �

f TWYUij�0lU[QTWo q F|J�iI�#T&P�?BijSmsIFIYZJ ,DJ9[QTWC FI?mJ9SU[QA&P/?XFI[�H6T0L ¡ a [QT&P8J9T0H6E6��E J9A�?XFI[
Hrq T ¯ ?XFIYUPQE6ijY�J9[9FIYUP8sjT&[QPQT)oUS"v8TDJ�FwJ9ij�#EKROSUT ¢ © Y�oUEKs@E6P9FIYOJ
?XFI[0���"HGF"HGFI[QnjT&SU[/oUT�HGF
oUE6P8J9[QE6lUSmJ9E6iIY�oUT�s@EKJ9T&PQPQT�J9[9FIYUP8sZT&[QPQT � H6T&PW[QA&PQSUHKJ�FwJ9P0oUT"HGF�PQE6�WSUHGFwJ9EKijY Y@SU�#A&[QE6ROSUT
E6YUoUE6ROSUT&YZJ"ROSUT�HGF ��[9FICDJ9E6ijY;o q FwJ9ij�#T&P�?UE6A&njT FIlUH6T&P � � �j� o

`�PQT&[9FIEKJ�oUT��I 	� ¢ b1Y
[QT���[QijE6oUE6PQPQT&�#T&YZJdJ9[9FIYUP8sjT&[QPQT�oUS)v8TDJ
FwJ9ij�#E6ROSUT#�)HGF)PQij[8J9E6T�oUS ��ijSU[/FISUnj�#T&YZJ9T&[9FIEKJ
oUijYUC#nj[9FIYUoUT&�#T&YZJ�H6T&P�?BT&[ ��ij[Q�)FIYUC&T&P�oUS [9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY ¢ `�TDJQJ9T)ADJ�FI?BT#oUT
[QT���[QijE6oUE6PQPQT&�#T&YZJ�?BijSU[Q[9F�?U[Qi@C�MXFIE6YUT&�#T&YZJ�,DJ9[QTd[QA FIH6E6PQA&Tdnj[ � C&T/��HGF�?USUE6PQP9FIYUC&T�HGFIPQT&[
��ijSU[QYUE6T/?XFw[kHGFWoUT&S ¯ E6_&�#T
PQijSU[QC&T � � � � YU� ¢

� ��� � ���*
 
 ��� ��� ��� � � � � � � 
 ���3
 � � �
a�Y�?U[QA&PQT&YZJ�T�E6C&E�HGF��#E6PQT#T&Y=iOT&Sms@[QT"T ¯ ?�A&[QE6�#T&YZJ�FIH6T)oUS�nj[9FIoUE6T&YOJ�oUT�C�MXFI�#?

�)FInjYUADJ9E6ROSUTkij?mJ9E6�)FIHUijlmJ9T&YOS�?U[QA&C&A&oUT&�#�#T&YZJ � $Xn ¢ � ¢ S ¢ F � ¢ \^H�T&P8Jª?U[Qi@oUSUEKJ�?XFI[�?UH6S ¤
PQE6T&SU[QP"PQijH6A&YUi�� oUT&P"C&ijYUC&T&YZJ9[QE6ROSUT&P�ROS q ijY F=C�MUijE6PQE�oUT�?UHGFIC&T&[*�=Hrq E6YZJ9A&[QE6T&SU[)o q SUY
lUH6E6YUoXFInjT/�)FInjYUADJ9E6ROSUT
?�ijSU[1?UH6SUPQE6T&SU[QP1[9FIE6PQijYUP ¢ p�q SUYUT�?XFI[8J � C&T&HGF�?BT&[Q�#TDJdoUT��#E ¤
YUE6�#EKPQT&[�H6T&P�?BT&[8J9SU[QlXFwJ9E6ijYUP��)FInjYUADJ9E6ROSUT&P�oXFIYUP�HGF � ijYUTdoUT�C FI?mJ9SU[QTdROSUEBPQT&[9F0FISUPQPQEHGF � ijYUT)o q E6YOJ9T&[Q[QijnZF|J�EKijY�oUT)Hrq MUij[QH6ijnjT ¢ `�T&H6HKT#C&E�T&P8J0PQEKJ9SUA&T � � � C&� oUT)HGF PQij[8J9E6T
oUS [9FIH6T&YOJ9E6PQPQT&SU[�i � [Q_&njYUT)SUY�C�MXFI�#? oUT� j� �#e ¢ p�q FISmJ9[QT)?XFI[8J�C&T&HGF�?BT&[Q�#TDJ�oUT
[QA FIH6E6PQT&[�SUYUT�swFI[QEGFwJ9E6ijY�lU[QSmJ�FIH6T0oUS�C�MXFI�#?��)FInjYUADJ9E6ROSUT��"HGF"PQij[8J9E6T0oUS�[9FIH6T&YZJ9E6P ¤
PQT&SU[ �

' ��� �#e �wC&� � ¢ f T&PkFwJ9ij�#T&P�YUT/PQijYZJkFIH6ij[QP�?UH6SUPª[QA&PQijYUYXFIYZJ�PkF sjT&C/H6T�HGFIPQT&[�TDJ
oUA&C&[QiOC
MUT&YZJkoUS�?U[Qi@C&T&PQPQSUP]oUTd[QT���[QijE6oUE6PQPQT&�#T&YZJ ¢ `�T�oUA&C&[QiOC
MXFInIT/TDPQJªE6YUoUE6PQ?BT&YUP9FIlUH6T
?�ijSU[�C&ijYOJ9[
	jH6T&[)HGF�s@EKJ9T&PQPQT�oUT&P FwJ9ij�#T&P � HGF PQij[8J9E6T�oUS [9FIH6T&YZJ9E6PQPQT&SU[cH Sj�JI ¢]¡ T&Y ¤
J9E6ijYUYUijYUP�T&Y $XY ROSUT"H6F�?U[QA&PQT&YUC&T oUS=lUH6E6YUoXFInjT�FISUnj�#T&YZJ9T�Hrq E6YZJ9T&YUPQEKJ9A#oUS C�MXFI�#?
�)FInjYUADJ9E6ROSUT/�0?U[Qi ¯ E6�#EKJ9A1oUT/C&T&H6SUE ¤ C&E ¢ L'FI[]C&iIYUP9ADROSUT YZJ1�#ijE6YUPªoUT�?USUE6PQP�FwYUC&T
A&H6T&C ¤
J9[QE6ROSUT�T&P8J�[QT&ROSUE6PQT�?�ijSU[ C&[QA&T&[�H6T�� ,&�#T�C�MXFI�#? C&T�ROSUE/?BT&[Q�#TDJ�oUT�oUE6�#E6YOSUT&[
Hrq A&C�MXFIS ��T&�#T&YZJ1oUT&PklBijlUE6YUT&Pk?XFI[]T���TDJ £ ijSUH6T ¢

��������� � � / (434!���$ � !���(41,0�/�� 54$

LhijSU[#ijlmJ9T&YUE6[0H6T nj[9FIoUE6T&YZJ#oUT C
MXFI�#? �)FInjYUADJ9E6ROSUT"PQijSUMXFIEKJ9A � H6T YUij�WlU[QT oUT
PQ?UE6[QT&P ��l�ijlUE6YUT&[�TDJ/H6T&SU[�?�ijPQEKJ9E6ijY�ijYZJ/ADJ9A0oUA
J�TD[9��E6YUA&P/T&Y�J9T&YXFIYZJ/C&ij�#?mJ9TWoUT0HGF
?U[QA&PQT&YUC&T�oUS�lUH6E6YUoXFInjT��)FInjYUADJ9E6ROSUT#ROSUE��#i@oUE $XT�H6T&P�H6E6njYUT&P
oUT)C
MXFI�#?UP�TDJWoUijYUC
Hrq E6YZJ9T&YUPQEKJ9AªoUS#C
MXFI�#?��)FInjYUADJ9E6ROSUT ¢ f Tk�#i@oU_DH6T]C&ijYUPQE6P8J9T.�
C&ijYUPQE6oUA&[QT&[�H6T]lUH6E6YUoXFInjT
�)FInjYUADJ9E6ROSUT1C&ij�#�#T1SUY��#E6[QijEK[��)FInjYUADJ9E6ROSUT1?UHGFIY)E6Y $XYUE'H S � I'x@?BijSU[�SUY�PQijH6A&YUi�� oUT
FI?U?USmNjA"C&ijYZJ9[QT"SUY=lUH6E6YUoXFInjT � H6T)C�MXFI�#?=�)FInjYUADJ9E6ROSUT ��Hrq E6YZJ9A&[QE6T&SU[�oUS=lUH6E6YUoXFInjT
T&P8J#H6T"� ,&�#T"ROSUT C&T&H6SUE]E6YUoUSUEKJ0?XFI[0SUY PQijH6A&YUi�� oUT"oUT&S ¯ ��ijE6P0?UH6SUP0H6ijYUn�oUE6PQ?BijPQA
P8N@�#ADJ9[QE6ROSUT&�#T&YZJ1?XFI[][9FI?U?Bij[8J1FIS ?UHGFIY oUS�lUH6E6YUoXFInjT � $Xn ¢ � ¢ ��� � ¢
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f T�C�MXFI�#? �)FInjYUADJ9E6ROSUT�oUS [9FIH6T&YZJ9E6PQP9TDSU[ C�MXFIYUnjT FIYZJ�oUT�PQE6njYUT � YUijSUP�F sjijYUP
SmJ9E6H6EKPQA�oUT&S ¯ lBijlUE6YUT&P"?XFI[QC&ijSU[QSUT&P"?XFI["HKT�� ,&�#T�C&ijSU[9FIYZJ �)FIE6P)oXFIYUP"oUT&P"PQT&YUP
ij?U?BijPQA&P ¢ `�MXFIROSUT#lBijlUE6YUT0T&P8J�C&ijYUP8J9EKJ9SUA&T�oUT����"PQijH6A&YUi�� oUT&P�F NZFIYOJ�oUT&P
YUij�0lU[QT&P
oUT�PQ?UE6[QT&PdoUT�?UH6SUP1T&Y�?UH6SUP1?BTDJ9EKJ1T&Y�o q A&H6ijE6njYXFIYZJ1oUT�Hrq F ¯ T � ¢ >@SU[1HGF�$XnjSU[QT�� ¢ �j��ijY
F [QT&?U[QA&PQT&YZJ9A)T&Y�J9[9FIEKJ
?UH6T&E6Y�H6T0C�MXFI�#?��)FInjYUADJ9E6ROSUT0ij?mJ9E6�)FIH'oUijYUYUA#?XFI[
Hrq ADJ9SUoUT
oUS�[9FIH6T&YZJ9E6PQPQT&SU[dFIS�?XFI[9FInj[9FI?UMUT�?U[QA&C&A&oUT&YOJ/TDJdT&Y�?BijE6YZJ9E6HKHKA&P1H6T
C
MXFI�#?�J9MUA&ij[QE6ROSUT
C&[QA&A"?XFI[0H6T)lBijlUE6YXFInjT�[QTDJ9T&YOS ?BijSU[WSUY C&ijSU[9FIYZJ�oUT�� � ¥ ¢ f T"C�MXFI�#?=�#T&PQSU[QA*�
C&TDJQJ9T)E6YZJ9T&YUPQEKJ9A#T&Y ?UHGF�+ FIYZJ�H6T&P�l�ijlUE6YUT&P ��Hrq E6YZJ9A&[QE6T&SU[
oUS lUH6E6YUoXFInjT � C&T&[QC&H6T&P �
T&P8J
T&Y lBijY�FIC&C&ij[Qo�F sjT&C�H6T�C
MXFw�#?;J9MUA&ij[QE6ROSUT ¢ LhijSU[��#ijYOJ9[QT&[)Hrq T���TDJ�oUS lUH6E6YUoXFInjT
�)FInjYUADJ9E6ROSUT � ijY)F/[QT&?U[QA&PQT&YOJ9A1PQSU[�HGF�� ,&�#T�$XnjSU[QTkH6T]C
MXFI�#?��)FInjYUADJ9E6ROSUT]�#T&PQSU[QA
?BijSU[]H6T/� ,&�#T/C&ijSU[9FIYZJ1�)FIE6PªP9FIYUPkH6T/lUH6E6YUoXFInjT��)FInjYUADJ9E6ROSUT � J9[QEGFIYUnjH6T&P � ¢

f�F
oUE ��A&[QT&YUC&T1T&YZJ9[QT1H6T]C
MXFI�#?�ij?mJ9E6�)FIHUTDJ�H6T]C
MXFI�#?��#T&PQSU[QA1oXFIYUP�H6T]lUH6E6YUoXFInjT
T&P8J�E6�#?Bij[8J�FIYZJ9T�FIS ¯ T ¯ J9[QA&�#EKJ9A&P ¢ ¥dS=YUEKsZT FIS=oUT"HGF�PQij[8J9E6T � C&TDJQJ9T"oUE ��A&[QT&YUC&T"T&P8J
o q T&YZs@E6[QijYPT �#e C&T�ROSUE'�#i@oUE $XT
YUiIJ�FIlUH6T&�#T&YZJdHGF�s@EKJ9T&PQPQTWoUT&P/FwJ9ij�#T&P%�)HGF�PQij[8J9E6T
oUS�[9FIHKT&YOJ9E6PQPQT&SU[ ¢ LhijSU[
A
sIFIH6SUT&[/C&TDJ�T���TDJ � ijY�F"SmJ9E6H6EKPQAWHGF�PQE6�0SUHGF|J9EKijY�YOSU�#A&[QE6ROSUT
?BijSU[�� FIE6[QT"ADsZijH6SUT&[�H6T&P#FwJ9ij�#T&P�oXFIYUP#H6T [9FIH6T&YZJ9E6PQPQT&SU[�T&Y�C&ijYUPQE6oUA&[9FIYZJ)YUiIY�?UH6SUP
H6T0C�MXFI�#?�ij?mJ9E6�)FIH'�)FIE6P�H6T0C�MXFI�#?��#T&PQSU[QA � T&Y�nZFI[QoXFIYOJ
H6T&P�FISmJ9[QT&P
?XFI[9FI�#_DJ9[QT&P
E6oUT&YZJ9E6ROSUT&P � ¢ f�Fks@EKJ9T&PQPQT��kHGFkPQij[8J9E6T�oUS�[9FIH6T&YOJ9E6PQPQT&SU[hFIYUPQEOijlmJ9T&Y@SUT�T&P8J oUT�Hrq ij[QoU[QT�oUT
Sj� � �wP ¢ `�T&?�T&YUoXFIYOJ(T&H6H6T�?BT&SmJ	,DJ9[QTªFIlXFIE6PQPQA&T�� � � � �wP�T&YW�#i@oUE $�FIYZJhH6T�oUA&C FIHGFInjT

δ
¢

LhijSU[
δ = −500

¡ � � � FIS�H6E6T&S
oUT ¤ � � � ¡ � � � � ijY�[QTDJ9[QijSmsZT�SUYUT ��[9FICDJ9E6ijY�o q FwJ9ij�#T&PF NOFIYZJ1SUYUT/s@EKJ9T&PQPQT
E6Y ��A&[QE6T&SU[QT � � �(� �wPªoXFIYUPkHGF � ijYUT
oUT
C FI?mJ9SU[QT
A&nZFIH6T �� 	� ¢

� �LhVz ��dyc r8c qjg�n dycAq g,e5d qjhVm s�u�h��'r8c g0hVp�d[mQe g�dyc�zKn ��dyc �0h ��n u�c � c�u
iydyc � c(i �A��k(z � v
� ���
w
���
w

*�
w
�
w
�
w
�
w
�
w
�
w
�
w
���V� ��hVp�dLmQeKr8c�p �8n ��zKc � c�uViydycI�A�Hc�i	�V�	k(z ��v � ���
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f T�$XHWSmJ9E6H6EKPQA�?�ijSU[�H6T�lBijlUE6YXFInjT � � DE�?L'� � [QA�� ¢ �1e ¡ ¬ ¤ �|`ªb ¤  m� � >��j` ��T&P8J
C&ijY +&S ?BijSU[�[QA&PQE6P8J9T&[)v8SUPQROS q � � � � o

` � E6H
?BijPQPQ_&oUT=SUYUT=[QA&PQE6P8J�FIYUC&T�ijMU�#E6ROSUT oUT
�?S ¢ � ×10−3 Ω

�w� ?BijSU[ SUY�oUEGFI�#_DJ9[QT�oUT   �#� ¢ L'ijSU[*$ ¯ T&[�H6T&P�PQ?UE6[QT&P � C�MXFIROSUT
PQijH6A&YUi�� oUT/T&P8J1T&YU[QijlBA
oUT
C&E6�#T&YZJ ��� ���/�������6$R��* � C&E6��T&YOJ

]
��� � ¢

f�F/$XnjSU[QT�� ¢ �|��PQC�MUA&�)FwJ9E6PQTkHKT]�#ijYZJ�FInjTªSmJ9E6H6E6PQA ¢ LhijSU[(H6E6�#E J9T&['HGF�?USUE6PQP9FIYUC&TkoUE6P ¤
PQE6?�A&Td?XFI[�T���TDJhv8ijSUH6T � HKT1[�FwH6T&YOJ9E6PQPQT&SU[�F�ADJ9AdC&ijY +&S"?�ijSU[�T���T&CDJ9SUT&[ªSUY�l�ijlUE6YXFInjT1H6T
?UH6SUP ?U[Q_&P�?BijPQPQE6lUH6TªoUT]Hrq F ¯ T]oUS�v8T
J�FwJ9ij�#E6ROSUT ¢ a�Y#F�?XFI[(T ¯ T&�#?UH6T]C
MUiIE6PQEUo q SmJ9E6H6E6PQT&[
SUYWJ9SUlBTªSUHKJ9[�F ¤ s@E6oUTd� � ` § ?�ijSU[ HGF1J9[9F�sjT&[QPQA&T]oUS�v8TDJ�FwJ9ij�#E6ROSUT ¢ ¥.$XY0o q ADsIFIC&SUT&[�H6T&P
� Vj� � FwJQJ
oUT�?USUE6PQP9FIYUC&T#oUE6PQPQE6?BA&T � H6T&P/PQijH6A&YUi�� oUT&P
PQijYZJ�lBijlUE6YUA&P
PQSU[
SUY�PQSU?U?Bij[8JT&Y)C&SUEKs@[QTk[QT���[QijE6oUEX?XFI[�oUT1Hrq T FIS#C&ijSU[9FIYZJ9T ¢ f T1lUH6E6YUoXFInjT]�)FInjYUADJ9E6ROSUTkT&P8J�C&ij�#?�ijPQA
oUTkJ9[QijE6P�C&ijSUC�MUT&P�oUT/�'�#� o q A&?XFIE6PQPQT&SU[�T&PQ?XFIC&A&T&PªoUT � �#� ¢ f�F�C&iISUC
MUTdT ¯ J9A&[QE6T&SU[QT
T&P8J1T&Y*��T&[koUijS ¯ � H6T&P]oUT&S ¯ FISmJ9[QT&PkPQijYZJ1T&Y*��T&[k?USU[ ¢
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f(q SmJ9E6H6E6P9FwJ9EKijY�oUT&PkFwJ9ij�#T&P���[QijEKoUPªT&P8J1�)FIE6YZJ9T&YXFIYZJªJ9[Q_&P][QA&?XFIYUoUSUT
T&Y ?UMON@PQE6ROSUT
FwJ9ij�#E6ROSUT ¢ \^H P&q FInjEKJ]T&Y"J9[Q_&Pknj[9FIYUoUT/�)F|v8ij[QEKJ9Ado q FIH6C FIH6EKYUP � nj[QijSU?�T/\ � ¢ `�T&P1FwJ9ij�#T&P
PQijYZJ�� FIC&E6H6TD�#T&YOJ�[QT���[QijE6oUE6P���oUT&PªJ9T&�#?BA&[9FwJ9SU[QT&PªoUT/ROSUT&H6ROSUT&P]�#E6C&[Qi ® T&HKs@E6Y)T&Y"SmJ9E ¤
H6E6P9FIYZJ/oUT&P�[QA&PQijYXFIYUC&T&P�FwJ9ij�#E6ROSUT&P/FIC&C&T&PQPQE6lUH6T&P�F sjT&C#oUT&P
oUE6i@oUT&P/HGFIPQT&[ ¢ ¥ Hrq MUT&SU[QT
FICDJ9SUT&H6H6T � oUT�?UH6SUP#T&Y;?UH6SUP#o q A&ROSUE6?BT&P�oUT�[QT&C�MUT&[QC�MUT�[QT���[QijE6oUE6PQPQT&YZJ)oUT&P�FIH6C FIH6EKYUi ¤
J9T&[Q[QT&S ¯ � nj[QijSU?BT#\8\ �
�)FwE6P
H6T&SU[
YUij�0lU[QT�[QT&P8J9T)�#E6YUij[QE J�FIEK[QT ¢ ¥dS�oUA&lUSmJ�oUT)YUiIJ9[QT
T ¯ ?BA&[QE6T&YUC&T � PQT&SUH6T&P�ROSXFwJ9[QT�A&ROSUE6?�T&P�FIS �#ijYUoUT�F sIFIE6T&YZJ�?UE6A&njA oUT&P�FwJ9ij�#T&P�oUT
P8J9[QijYZJ9E6SU� H S4T � � � � SLV � SLS+I ¢ f T
?UEKA&njT FInjT/oUT&PdFIH6C FIH6EKYUi ¤ J9T&[Q[QT&S ¯ i���[QT/oUT
YUijSmsjT&H6H6T&P
?BT&[QPQ?�T&CDJ9EKsZT&P ¢ f T&SU[�E6PQiIJ9ij?BT�?U[QA&?�ijYUoUA&[9FIYOJ�?BijPQPQ_&oUT)SUY PQ?UE6Y�YOSUC&H6A FIE6[QT�YOSUH � ?XFI[
C&ijYUPQA&ROSUT&YOJWH6T�YUEKsZT FIS ��ijYUoXFI�#T&YOJ�FIH

1S0

Y q T&P8JW?XFIP�oUA&njA&YUA&[QA ¢ f(q ADJ9SUoUT)oUT#YUij� ¤
lU[QT&S ¯ ?U[Qi@C&T&PQPQSUP�T&P8J#FIH6ij[QP�nj[9FIYUoUT&�#T&YZJ0PQE6�#?UH6E $XA&T)C&ij�#�#T)C&T&H6SUE�oUT&P�CDijH6H6E6PQEKijYUP
TDJWoUT#HGF�?UMUiIJ9iZFwP9PQiOC&EGFwJ9E6ijY%H ���j� � ���m��I�ijS�oUT)H6F�[QADJ9[Qi ¤ oUE ��SUPQE6ijY�C&ijMUA&[QT&YZJ�T)oUT)HGF
H6SU�#E6_&[QT1H SLSRI ¢ `�TDHGF�?BT&[Q�#TDJ#A&nZFIH6T&�#T&YZJ#oUT"J9T&P8J9T&[#H6T �#A&C FIYUE6PQ�#T"oUT�[QT���[QijE6oUE6PQPQT ¤
�#T&YZJWpdij?U?UH6T&[AH ���Z�RI ¢ L'FI[�FIE6H6HKT&SU[QP � HGF"C&ijYUoUT&YUP9FwJ9E6ijY oUT ¨ ijPQT ¤g© E6YUP8J9T&E6Y�oXFIYUP�SUY
ADJ�FwJ oUTªPQ?UE6YWY@SUH@i���[QTªoUTªYUijSmsjT&H6H6T&P'?BT&[QPQ?BTDCDJ9EKsZT&PAH ���j bI ¢ f T&P(FIH6C FIH6EKYUi ¤ J9T&[Q[QT&S ¯ ?BijP ¤
PQ_&oUT&YZJ�oUT&PkJ9[9FIYUPQEKJ9E6ijYUPªij?mJ9E6ROSUT&PkJ9[Q_&P�� FIE6lUH6T&�#T&YZJ]?BT&[Q�#E6PQT&P ¢ `dq T&P8JdlUE6T&Y�T&YZJ�TDYUoUS
C&TDJQJ9T/?U[Qij?U[QE6ADJ9A�ROSUE�T&P8J.�WHrq ij[QE6nIE6YUT1oUS C�MUijE ¯ oUT&PkFwJ9ij�#T&P�oUT�`ªF �X¡ n0ijS�>@[ª?BijSU[
oUADsjT&H6ij?U?BT&[koUT&P1ADJ�FIH6ijYUP]oUT ��[QA&ROSUT&YUC&T�ij?mJ9E6ROSUT ¢

f T�[QT���[QijE6oUE6PQPQT&�#T&YZJ�TDJWH6T)?UE6A&njT FInjT#oUT&P0FIH6C FIH6EKYUi ¤ J9T&[Q[QT&S ¯ [QT&ROSUE6T&[8JWoUT&P�J9T&C
M ¤
YUE6ROSUT&P�SUY�?�T&S�?UHKSUP�H6ijSU[QoUT&PdROSUTWC&T&H6H6T&PdSmJ9E6H6E6PQA&T&Pd?�ijSU[�H6T&P�FIH6C FIH6EKYUP ¢ f T&P�PQijSU[QC&T&P
HGFIPQT&[QPdPQijYZJ�?UH6SUPdC&ij�#?UH6T ¯ T&PdC FI[dH6T&PkJ9[9FIYUPQEKJ9E6ijYUPdFwJ9ij�#EKROSUT&PdSmJ9E6H6EKPQA&T&P1?BijSU[dH6T�[QT ¤
��[QijE6oUE6PQPQT&�#T&YZJ'P9TªPQEKJ9SUT&YZJ oXFIYUP H6T�lUH6T&SWijSWH6T�?U[Qi@C�MUTªSUHKJ9[9F ¤ s@E6ijHKTDJcH � � I ¢ \^H2� FISmJ oUijYUC
SmJ9E6H6EKPQT&[�oUT&PªHGFIPQT&[QP���C&ijH6ij[9FIYZJ9P�ijS"oUT&Pª?U[Qi@C&T&PQPQSUPkoUT�P8N@YZJ9MU_&PQT
YUijY"H6E6YUA FIEK[QT&P ¢ L'FI[



� � ��� ��� 	 ����� �

FIE6H6HKT&SU[QP � H6T&P�?U[QT&PQPQE6ijYUPWoUT)swFI?BT&SU[WP9FwJ9SU[9FIYZJ9T�oUT&P0FIH6C FIH6EKYUi ¤ J9TD[9[QT&S ¯ PQijYZJ#� FIE6lUH6T&P ¢
LhijSU[�oUE6PQ?BijPQT&[�o q SUY eXS ¯ FwJ9ij�#EKROSUT1A&H6TDsjAdijS)o q SUYUT1sIFI?�T&SU[ªF�NZFIYZJ�SUYUT.��ij[8J9T1oUT&Y ¤
PQEKJ9A0FwJ9ij�#E6ROSUT � H6T0[QA&PQT&[8sjijE6[/oUijEKJ ,DJ9[QT�C�MXFIS ��A ��?UH6SUPQE6T&SU[QP/C&T&YZJ�FIE6YUT&P
oUT0oUT&nj[QA&P ¢
f�F0C&ijYUC&T&?mJ9E6ijY�oUT
Hrq T&YUC&TDE6YOJ9T/SUHKJ9[9F ¤ s@E6oUT�T&P8JdoUijYUC
oUA&H6E6C&FwJ9T ¢

f�F=[QA FIH6E6P9FwJ9E6ijY;oUT�HGF�PQijSU[QC&T�o q FwJ9ij�#T&P ��[QijE6oUP"oUT�P8J9[QijYOJ9E6SU� T&P8J�SUY ?BijE6YZJ
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PQT1J9[QijSmsjT&YZJªH6T&P�lBijlUE6YUT&P�oUS�[9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY � oUA&C&[QEKJ9T&PªFIS)?XFI[9FInj[9FI?UMUT�� ¢U�@¢   ¢
f T�� FIE6PQC&T FIS�HGFIPQT&[�C&ijYZJ9[9F ¤ ?U[Qij?XFInjT FIYZJhFIS]v8TDJ FwJ9ij�#EKROSUT(T&P8JhJ9[9FIYUPQ�#E6P�?XFw[�H6T�MOSUlUH6iIJ
` § � �.� FIE6P9FIYZJ � FIC&T]FwS#��ijSU[ ¢ `�TªM@SUlUH6iIJ'T&P8J�T&Y0?�T&[Q�)FIYUT&YUC&T]C�MXFIS ��A��/�I�j� o

`�?BiISU[
ADswFI?Bij[QT&[
H6T0P8J9[QijYZJ9E6SU� ROSUE(P&q N�oUA&?BijPQT ¢ ehijSmJ9T���ijE6P � ijY�?�T&SmJ�ijlUPQT&[8sZT&[�SUY�oUA&?.	IJ
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oUS ��ijSU[)PQT&[9F��#E6PQT�T&Y i@T&Sms@[QT ¢]© H6H6T�?BT&[Q�#TDJQJ9[9F A&nZFIH6T&�#T&YZJ�oUT�oUA eXA&C�MUE6[�H6T�v8TDJ
FwJ9ij�#E6ROSUT�TDJ1H6T/MOSUlUH6iIJ ��T&T&�)FIY YUT
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oUS ��ijSU[ ¢

� ] 
4@97J+KAJ+N1L] 
J8;CD/?+

� 	�� �   ¢ T � �	�[;$� �!���[27

�8��"!�(� �j��;$����),+/���*����%.����23"[�$�[���(������%B

���(-*�5

+�� �J
��(�!�P�("!���(� �
�(" � "*-��$���5W���� 
^�����$��),+/"I���*�E�?���(�*-!���������H�$�X-*�*�N%B

���(-*�5

+���C ��
@=<��+$���X��� 

�(��23�*�F%'�(�����$�E�*���
10������=$���X

+ -*�!�,���(� �$�K�J
 �5�����I�$�X-5

;$��+$�(�8C

f�F � ijYUT�oUT�C FI?mJ9SU[QT�T&P8J SUPQE6YUA&T�oXFIYUP�SUYUT�?UE6_&C&T�T&Y ��ij[8J�FIH ¢ \^H�P&q FInjEKJ�o q SUYFIH6H6E6FInjT�C&ijYZJ9T&YXFIYZJ�?U[QE6YUC&E6?XFIH6T&�#T&YZJ�oUT�Hrq FIH6SU��E6YUEKSU� � F sjT&C�oUT&P/J9[9FIC&T&P
oUT � E6YUC0TDJoUT)�)FInjYUA&PQE6SU� ¢ \^H�F�ADJ9A)[QTDJ9T&YOS=?�ijSU[�P9F�?U[Qij?U[QE6ADJ9A)FI�)FInjYUADJ9E6ROSUT � P9F � FIC&E6H6E J9A �
,DJ9[QT#SUPQE6YUA�TDJ�PQijY � FIE6lUH6T0C&i)(mJ ¢ \^H�?BijPQPQ_&oUT)T&Y�ijSmJ9[QT#Hrq F sIFwYOJ�FInjT0?XFI[
[9FI?U?Bij[8J�FIS
oUSU[9FIH'oUT0�#ijE6YUP1PQT0oUA���ij[Q�#T&[/Fw?U[9_DP/SUPQE6YXFInjT ¢ a�Y�FISU[9FIEKJ�?US�[QA FIH6E6PQT&[dC&TDJQJ9T0?UE6_&CDT
T&Y J9EKJ�FIYUT/�)FIE6P]C&T
�#ADJ�FIH T&P8JdSUY��)FISmsIFIE6P]C&ijYUoUSUCDJ9T&SU[kJ9MUT&[Q�#E6ROSUT ¢ f(q ADsIFIC&SXFwJ9E6ijY
oUT�H6F0C
MXFIHKT&SU[koUE6PQPQE6?BA&T
?XFI[kH6T&PklBiIlUE6YUT&P1oUT
C�MXFI�#?��)FInjYUADJ9E6ROSUT/oUS�L ¡ a FISU[9FIEKJ
ADJ9A
�#ijE6YUPªT��#C FIC&T ¢

f�F#?UE6_&C&T�[QA FIH6E6PQA&T
P&q E6YUPQC&[QEKJdoXFIYUPdSUY�C&SUlBT�oUT)� � C&��oUT�CB	IJ9A�TDJdC&ij�#?Bij[8J9T��?V
J9[QijSUP
oUT�� ¢U� C&� oUT�oUEGFI�#_DJ9[QT � $Xn ¢   ¢ T � ¢ eh[QijE6P/oUT#C&T&P�ijSmsjT&[8J9SU[QT&P�PQijYOJ�SmJ9E6H6EKPQA&T&P
?BijSU[ªoUT&P][9FIC&C&ij[QoUPªSUHKJ9[9F ¤ s@E6oUT�xUFIS"YUEKsjT FIS"oUT/HGF�PQij[8J�EKT�oUS"[9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY �
oUTdPQijY�MOSUlUH6iIJ�TDJ�oUTdHGF
?Bij�#?BT1E6ijYUE6ROSUT ¢ f T&Pd� � FISmJ9[QT&P�PQijYOJ ��T&[Q�#A&T&P�?XFI[�oUT&PªMOS ¤
lUH6iIJ9P T&Y ¨ª® TdPQT&[Q[QA&P�PQSU[(oUT&P�v8ijE6YZJ9P T&Y�E6YUoUE6SU� ¢ pdT&S ¯ njij[QnjT&P(ijYZJ(ADJ9A]SUPQE6YUA&T&P�F $XY
oUT�?�ijPQEKJ9E6ijYUYUT&[1HKT&Pdl�ijlUE6YUT&PdoUS�?UE6_&njT��)FInjYUADJ9i ¤ ij?mJ9E6ROSUT�FISUPQPQEh?U[Qi@C�MUT�oUS�CDT&YOJ9[QT
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ROSUT"?BijPQPQE6lUH6T ¢ `�MXFIC&SUYUT"o q T&H6H6T�T&P8J�C&ij�#?BijPQA&T�oUT � �j��J9ijSU[QPWoUT $XHªoUT"C&SUEKs@[QT�TDJ
?�ijPQPQ_&oUT
SUYUT/[QA&PQE6P8J�FIYUC&T/oUT0�� 

Ω
¢U© Y C&ijY $XnjSU[9FwJ9E6ijY"FIYOJ9E ¤ �kT&H6�#MUiIJ � � C&T&Pkl�ijlUE6YUT&PC&[QA&T&YZJ�FIS C&T&YZJ9[QT�oUT�HGF � ijYUT�oUT C FI?mJ9SU[QT�SUY nj[9FIoUE6T&YOJ�oUT C
MXFI��? �)FInjYUADJ9E6ROSUToUT�� ¢ � �#e � � C&� ¢ ¥�� ¢ © Y ��ijYUCDJ9E6ijYUYUT&�#T&YZJ0P8J�FIYUoXFI[Qo � T&H6H6T&PWPQijYZJ#?XFI[QC&ijSU[QSUT&P�?XFI[

SUY C&ijSU[9FIYOJ#oUT�� ¢ � ¥ ¢ f�F�?USUEKP9P9FIYUCDT�oUE6PQPQE6?BA&T ?XFI[�T���TDJ £ ijSUH6T T&P8J)PQE6�#?UH6T&�#T&YZJ
ADswFIC&SUA&T
?XFI[]Hrq T&YUPQT&�WlUH6T�oUT/HGF�?UE6_&C&T�T&Y ��ij[8J�FIH ¢m© Y ��ijYUCDJ9E6ijYUYUT&�#T&YZJ]P8J�FIYUoXFI[Qo � HGF
J9T&�#?�A&[9FwJ9SU[QTWoUT�C&TDJQJ9TW?UE6_&C&T#�)?U[Qi ¯ E6�#EKJ9A
oUT&P�lBijlUE6YUT&PdT&P8J/o q T&YZs@E6[QijYKVj� o

` P9FIYUP
ROSUT
C&T&HGF0Y q FIHKJ9_&[QT/Hrq SUHKJ9[9F ¤ s@E6oUT ¢

>@SU[�SUY oUT&P#MOSUlUH6iIJ9P0T&P8J $ ¯ A SUY�P8N@P8J9_&�#T oUT�oUADJ9T&CDJ9E6ijY oUT�HGF eXSUij[QT&PQC&T&YUC&T
oUT&P�FwJ9ij�#T&P ¢ \^H�T&P8J�C&ij�#?BijPQA1o q SUYUT1H6T&YZJ9E6H6HKT]ROSUE�E6�)FInjT]H6TkC&T&YZJ9[QTdoUS)?UE6_&njTkPQSU[�SUYUT
?UMUiIJ9iOoUE6i@oUT�E6oUT&YZJ9E6ROSUT��1C&T&H6H6T�SmJ9E6H6EKPQA&T�?�ijSU['HGFkoUADJ9T&CDJ9E6ijYWoUSW?�TDJ9EKJ�v8TDJ ¢ f(q T��#C FIC&EKJ9A
oUTWC&ijH6HKT&CDJ9E6ijY�oUT&P�?UMUiIJ9ijYUP�oUT eXSUij[QT&PQC&T&YUC&T�T&P8J/A&nZFIH6T#�

6.5 × 10−3 ¢ f TWC&ijSU[9FIYZJoUA&H6EKs@[QA#?XFI[�HGF�?UMUiIJ9i@oUE6iOoUT#T&P8J0C&ijYZsjT&[8J9E�T&Y J9T&YUPQE6ijY�TDJ0FI�#?UH6E $XA)F sjT&C�SUY��#ijY ¤
J�FInjT0J9[9FIYUPQE6�#?BA&oXFIYUC&T#F NOFIYZJ�SUYUT)[QA&PQE6P8J�FIYUC&T#oUT#C&ijYZJ9[QT ¤ [QA FICDJ9E6ijY�oUT���� ¡

Ω
¢ `�T

P8N@P8J9_&�#T�oUT0oUADJ9T&CDJ9E6ijY�?BijPQPQ_&oUT#SUYUT#��[QA&ROSUT&YUC&T#oUT�C&ijSU?USU[QT�A&njFIH6T��cV ¢U� � � � ¢ f TsjijH6SU�#TªoUTªoUADJ9T&CDJ9E6ijY#F�ADJ9A]C FI[9FICDJ9A&[QE6PQAkF sIFIYZJ(oUT�$ ¯ T&[�H6T�PQN@P8J9_&�#T]PQSU[(HGFdlBijSUH6TªoUT
C FI?mJ9SU[QT ¢ a�Y"?BT&SmJ]C&ijYUPQE6oUA&[QT&[ªROS q �0HGF�oUE6P8J�FIYUC&T�i � PQT�J9[QijSmsjT�H6TdC&T&YOJ9[QT/oUS"?UE6_&njT �
HGF � ijYUT�oUTWoUADJ9T&CDJ9E6ijY�T&P8J/SUY�oUE6PQROSUTWoUT�� ¢ V C&�4oUTWoUEGFI�#_DJ9[QT ¢ f�F)?U[Qi���ijYUoUT&SU[doUT
C�MXFI�#? T&P8J1P9SU?�A&[QE6T&SU[QT �0HGF�J�FIE6H6HKT�oUS0v8TDJdFwJ9ij�#EKROSUT �
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��[\C � 8 �JZ0@ /23�
�CJ+
¥�sjT&C
H6T&PªSUYUEKJ9A&P]oUS P8N@P8J9_&�#T/E6YOJ9T&[QYXFwJ9E6ijYXFIH � HGFW?U[QT&PQPQE6ijY"oUT�sIFI?BT&SU[]P9FwJ9SU[9FIYZJ9T

oUS�P8J9[QijYZJ9E6SU� T&P8J1[QT&H6E6A&T �0HGFWJ9T&�#?�A&[9FwJ9SU[QT
PQT&H6ijY HGF0[QT&HGFwJ9E6ijY%H ���4TBI�x

log P (T ) = 14.232− 8 572

T
− 1.1926 log T

�   ¢ ���
p�q FI?U[Q_&P"HGF�H6ijE1oUT&P"nZF � ?XFI[ � FIEKJ9P � HGF oUT&YUPQEKJ9A�FwJ9ij�#E6ROSUT�oUT�P8J9[QijYOJ9E6SU� oXFIYUP"HGF
[QA&PQT&[8sjT�oUS*��ijSU[]T&P8J�x

ρ(T ) =
P (T )

kB T

�   ¢ � �
¥ HGFWPQij[8J9E6T�oUT&PkAgv8T&CDJ9T&SU[QP1C&ijYUP8J9EKJ9SUA&P]oUT

Nt = 200
J9SUlBT&P � oUT/oUEGFI�#_DJ9[QT�E6YZJ9A&[QE6T&SU[

2 a = 200 µ
� TDJ"oUT

L = 8
�#� oUT�H6ijYUnjSUT&SU[ � H6T%eXS ¯ J9MUA&ij[QE6ROSUT�T&P8J"oUijYUYUA

?XFI[AH ���LVJI�x

Fth ' 1.6
1

4L
a

(

1 + 3L
8a

) × ρ× 2√
π

α×Nt × π a2
�   ¢   �

F sjT&C
α =

√

2 kBT/m
¢ f T eXS ¯ oUijYUYUA
?XFI[kC&TDJQJ9T
T ¯ ?U[QT&PQP9E6ijY�C&ij[Q[QT&PQ?BijYUo�FISIeXS ¯

T&Y�[QA&njE6�#T �#ijH6A&C&SUHGFIEK[QT o q FwJ9ij�#T&P�C&ijH6H6E6�#FwJ9A&P � HGF�oUE6P8J9[QE6lUSmJ9E6iIY�FIYUnjSUHGFIE6[QT F�ADJ9A
E6YZJ9A&nj[QA&T�v8SUPQROS q �

θ = 2a/L
� ¢



� � � � ������� ��� ����� ��
 u ��� ��� TI 

��[\C �_+ � 
�Z0/23\-�+.7 8?]`[
f T eXS ¯ FwJ9ij�#E6ROSUT�T&P8J��#T&PQSU[QAªT&Y0PQijYUoXFIYOJ(H6T&P(FwJ9ij�#TDP oUSdv8TDJ�F sjT&C]SUY#� FIE6PQC&T FIS

HGFIPQT&[%�#HGF���[QA&ROSUT&YUC&TWoUT�[QA&PQijYXFIYUC&TWoUT�HGF�J9[9FIYUPQEKJ9E6ijY
1S0 − 1P1

¢ f T � FIE6PQC&T FIS�T&P8J
oUE6[QE6njA�?�T&[Q?BT&YUoUE6C&SUHGFIE6[QT&�#T&YZJ�FIS=v8TDJ�FwJ9ij�#E6ROSUT ¢ f�F HGFI[QnjT&SU[�pdij?U?UH6T&[ H6E6A&T � HGF
oUE6P8J9[QE6lUSmJ9E6ijY�oUT�s@EKJ9T&PQPQT�J9[9FIYUP8sjT&[QPQT � T&YOs@E6[QijY��I� ¡ � � � C�� § � ¢   ¢ � ��T&P8J�E6Y ��A&[QE6T&SU[QT��HGF�H6FI[QnjT&SU[WoUT [9FIE6T�YXFwJ9SU[QT&H6H6T�oUT"HGF�J9[9FIYUPQEKJ9E6ijY �

Γ461/2π = 32
¡ � � � ¢ L FI[0HGFPQSUEKJ9T/C&TDJQJ9T
oUE6P8J9[QE6lUSmJ9E6ijY�oUT�s@EKJ9T&PQPQT
PQT&[9F�oUijYUC/YUA&njH6E6njA&T ¢ a�Y C&ijYUPQE6oU_&[QT�FIH6ij[QPªROSUT

C�MXFIROSUT�FwJ9ij�#T/oUS0v8TDJkA&�#TDJ1oUT&Pk?UMUiIJ9ijYUPkoUT eXSUij[QT&PQC&T&YUC&T#�0SUY J�FIS ¯ x

τν =
Γ461

2

smoy

1 + smoy

�   ¢ � �

i �
smoy

T&P8J�HGF�swFIH6T&SU[1�#i�NZT&YUYUT�oUS�?XFI[9FI�#_DJ9[QT�oUT�P9FwJ9SU[9FwJ9E6ijY�PQSU[dHGF�PQT&CDJ9E6ijY�oUS
� FIE6PQC&T FIS�PQijYUoUT ¢ f T�YUij�WlU[QTdoUT�?UMUiIJ9ijYUPªAD�#E6P�?XFI[ªFwJ9ij�#T1T&P8J]A&nZFIH �

τν

�0SUHKJ9EK?UHKEKA
?XFI[/H6T�J9T&�#?UP/o q E6YOJ9T&[9FICDJ9E6ijY�F�sjT&C�HGF�PQijYUoUT ¢ `�TWJ9T&�#?UP/oUA&?BT&YUo�oUS�oUEGFI�#_DJ9[QTWoUS
� FIE6PQC&T FIS

d
TDJ oUT�HGF s@EKJ9T&PQPQT�H6ijYUnjEKJ9SUoUE6YXFIHKT�oUT�Hrq FwJ9ij�#T

v
ROSUE/PQSUEKJ SUYUT�H6ijEdoUT

?U[QijlXFIlUE6H6E J9A
p (v)

oUT�J^N@?BT ¡ F ¯ ��T&H6H ¤g¨ ijHKJ � �)FwY � A&R ¢ � ¢ �j� � ¢ \^H�� FISmJ'oUijYUC�C&ijYUPQE6oUA&[QT&[
SUY J9T&�#?UPko q E6YZJ9T&[9FICDJ9E6ijY"�#i�NZT&Y oUA�$XYUE�?XFI[/x

tmoy =
d

vmoy

�   ¢U� �

avec :
1

vmoy

=

∫

1

v
p (v) dv =

√
π

2 α

�   ¢ � �

f T eXS ¯ FwJ9ij�#E6ROSUT��#T&PQSU[QA
T&P8J�FIH6ij[QPªijlmJ9T&Y@S�o q FI?U[Q_&PkHGF0[QT&HGF|J�EKijY�x

Fmes =
Pmes

η hν461 τν

d

vmoy

�   ¢ T �

ν461

T&P8J�HGF ��[QA&ROSUT&YUC&T)oUT�HGF�[QA&PQijYXFIYUC&T)FwJ9ij�#E6ROSUT0TDJ
η
Hrq T��#C FIC&EKJ9A0oUT�C&ijH6H6T&CDJ9E6ijY

oUS"P8N@P8J9_&�#T
oUT�oUADJ9T&CDJ9E6ijY ¢ f�FW?USUE6PQP9FIYUC&T/H6SU�#E6YUT&SUPQTd�#T&PQSU[QA&T/?XFI[ªHGF�?UMUiIJ9i@oUE6iOoUT
Pmes

T&P8JdC FIH6CDSUH6A&T �0?XFI[8J9E6[ªoUS�PQE6njYXFIH oUT eXSUij[QT&PQC&T&YUC&T
S(V )

�#T&PQSU[QA
T&Y « ijHKJ
x

Pmes =
S(V )

R ξ

�   ¢ V �

a�Y F�YUiIJ9A
R
HGF�[QA&PQE6P8J�FIYUC&T"oUT nZFIEKY=oUT"Hrq FI�#?UH6E $XC FwJ9T&SU[�TDJ

ξ
HGF�[QA&?BijYUPQT oUT"HGF

?UMUiIJ9i@oUE6iOoUT � � ¢ � � ¥ � � � � � � YU� � ¢
f T eXS ¯ FwJ9ij�#E6ROSUT0F�ADJ9A��#T&PQSU[QA0?BijSU[/H6T&P/oUT&S ¯ v8TDJ9P0x FIS�C&T&YZJ9[QT�oUT�H6F � ijYUToUT�C FI?mJ9SU[QT/oUS�v8TDJ]?U[QE6YUC&E6?XFIH�TDJkFIS"YUEKsjT FIS"oUT�HGF � ijYUT�oUT�oUADJ9T&CDJ9E6ijY*� � � � YU� oUS

?BTDJ9EKJ v8TDJ ¢ p�FIYUPkC&T&P1?XFI[8J9E6T&P � H6T&P]oUEKsZT&[QnjT&YUC&T&P1PQijYZJ1H6E6�#E J9A&T&P]?XFI[]H6T&PkoUEGFI?UMU[9FInj�#T&P
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PQEKJ9SUA&P���Hrq E6YOJ9A&[QE6TDSU[�oUT&P]T&YUC&TDE6YOJ9T&P���s@E6oUT ¢ f�FWoUEKsjT&[QnjT&YUC&T/oUS�v8TDJ]?U[QE6YUC&E6?XFIH�T&P8JkoUT
�|� ¢U� �#[9FIoWTDJ�C&T&H6H6TªoUS�?BTDJ9EKJ�v8TDJ�T&P8J�oUT
� � ¢ �'�#[9FIo � oUT&�#E ¤ FIYUnjHKT&P(FIS0P9iI�#�#TDJ � ¢ `�T&P
FIYUnjH6T&PhPQijYOJ C&ij�#?XFI[9FIlUH6T&P �1Hrq FIYUnjH6T

θ1/2

?BijSU['HKT&ROSUT&HmHrq E6YZJ9T&YUPQEKJ9A�oUS eXS ¯ FwJ9ij�#E6ROSUT
T&P8J1A&nZFIH ��HGFW�#ijEKJ9EKA�oUT
Hrq E6YZJ9T&YUPQEKJ9A
FIS C&T&YZJ9[QT�oUS0v8TDJ � H � � I � ? ¢ � � ���dx

θ1/2 '
a

L
= 12.5 mrad

�   ¢ S �

a�Y�?BT&SmJ/C&ijYUPQE6oUA&[QT&[�ROSUT � �	� oUT&P
FwJ9ij�#T&PdoUS)v8TDJ/PQijYZJ/PQEKJ9SUA&P�oXFIYUP�SUY�CB	jYUTWoUT
oUT&�#E ¤ FIYUnjHKT�FIS PQij�#�#T
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ij[QoU[QT&PªoUTdnj[9FIYUoUT&SU[�T&YZJ9[QTdH6T&P�swFIH6T&SU[QP

T ¯ ?�A&[QE6�#T&YOJ�FIH6T&P"TDJ�H6T&P ?U[QADs@E6PQE6ijYUP"J9MUA&ij[QE6ROSUT&P ¢ L(H6SUPQE6T&SU[QP ?XFI[9FI�#_DJ9[QT&P ?�T&SmsZT&YZJ
E6YZJ9[Qi@oUSUE6[QT SUYUT�E6YUC&T&[8J9EKJ9SUoUT�PQSU[)YUijP#�#T&PQSU[QT&P ¢ L'FI[)T ¯ T&�#?UH6T � Hrq E6Y^eXSUT&YUC&T�oUT�HGF
oUEKsjT&[QnjT&YUC&TWoUS)v8TDJ
F)?US ,DJ9[QTWPQijSUP�T&P8J9E6�#A&T ¢ b1YUTWT&[Q[QT&SU[�?BT&SmJ
FISUPQPQE'?U[Qi�sZT&YUE6[doUT
HGF"J9T&�#?BA&[9FwJ9SU[QT)T���T&CDJ9EKsjT ��HGFIROSUT&H6H6T�C FIH6C&SUH6T&[�HGF�?U[QT&PQPQE6ijY�oUT#swFI?BT&SU[WP9FwJ9SU[9FIYZJ9T
C FI[�E6HXT ¯ E6P8J9T1SUY)nj[9FIoUE6T&YZJ�oUTkJ9T&�#?BA&[9FwJ9SU[QT1oXFIYUP�HGF
[QA&PQT&[8sjT � ?UE6_&C&T1T&Y)E6YUi ¯ � ¢m¡ FIE6P
C&T&P�� FICDJ9T&SU[QP]T ¯ ?BA&[QE6�#T&YZJ�FIS ¯ YUT/?�T&[Q�#TDJQJ9T&YOJ]?XFIP]o q T ¯ ?UH6E6ROSUT&[]SUY�J9T&H oUA&P9FIC&C&ij[Qo�x
E6H3� FISUoU[9FIEKJ/?XFI[�T ¯ T&�#?UH6T0PQTWJ9[Qij�#?BT&[�oUT0?U[Q_&P/oUT#�I�j� o

PQSU[
HGF#sIFIH6T&SU[�oUT0HGF)J9T&� ¤
?�A&[9FwJ9SU[QT�'�L FI[#FwE6H6HKT&SU[QP � HGF�oUE6[QT&CDJ9E6ijY oUT&P#Agv8T&CDJ9T&SU[QP)F�ADJ9A ?U[QA ¤ FIH6E6njYUA&T F sjT&C�SUY
� FIE6PQC&T FIS HGFIPQT&[ ¢ \^H Y q T&P8JdoUiIYUC
?XFIPkYUijY ?UH6SUP][9A&FIH6E6P8J9T/o q T ¯ ?UH6E6ROSUT&[]SUYUT
oUE6�#E6YOSmJ9E6iIY
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f T�?UE6_&njT)�)FInjYUADJ9i ¤ ij?mJ9E6ROSUT1H ���LSRIªT&P8J0C&ij�#?BijPQA)oUS=nj[9FIoUE6T&YZJWoUT�C�MXFI�#?��)F ¤
njYUADJ9E6ROSUT)oUA&C&[QEKJWC&E�oUT&PQPQSUP � � ¢ T �#e �wC&� T&Y���ijYUCDJ9E6ijYUYUT&�#T&YZJ�P8J�FIYUoXFI[Qo��
TDJ0oUT� 
� FIE6PQC&T FIS ¯ HGFIPQT&['[QADJ9[Qi ¤ [QA eXA&C�MUE6P ¢ f�Fd?USUE6PQP9FIYUC&T�J9iIJ�FIH6T�SmJ9E6H6E6PQA&T�T&P8J(oUTªHrq ij[QoU[QT�oUT�� ��¤
�I� � � TDJ�H6T&P	� FIE6PQC&T FIS ¯ PQijYZJ�C&ijH6H6E6�#FwJ9A&P F�sjT&CkSUY�[9F�NjijY�oUT
� C&� �0� �

e2 ¢ f TkoUA&C F ¤HGFInjT��][QA&PQijYXFIYUC&T�ij?mJ9E6�)FIHwoUT�HGF���[QA&ROSUT&YUC&T�oUT&P�HGFIPQT&[QP�TDPQJ�x
δPMO = −2π×42
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f T
YUij�WlU[QT
o q FwJ9ij�#TDPk?UE6A&njA&P
Np

T&P8J1[QA&njE ?XFI[]Hrq A&ROSXFwJ9E6ijY�x

dNp

dt
= φc − Γp Np

�   ¢ ��� �

Γp

T&P8J'H6T(J�FIS ¯ oUT�?BT&[8J9T&P'FISmJ9[QT&PhROSUT�H6T&Ph?�T&[8J9T&P'?XFI[�C&ijH6H6EKPQE6iIYUP T&YOJ9[QT�FwJ9ij�#T&P ��[QijEKoUP ¢
`�T&P(oUT&[QYUE6_&[QT&P ijYZJ(ADJ9AªYUA&njH6E6njA&T&P ¢ ¦1ijSUP �#ijYZJ9[QT&[QijYUP'ROSUT]C&TDJQJ9T]FI?U?U[Qi ¯ E6�)FwJ9E6iIY�T&P8J
sIFIHGFIlUH6T
J�FIYZJ/ROSUTWH6T�YUij�0lU[QT�o q FwJ9ij�#T&Pd?UE6A&njA&P�[QT&P8J9T0E6Y ��A&[QE6T&SU[%�

109 ¢ a�Y�F�YUiIJ9A
φc

HKT�eXS ¯ o q FwJ9ij�#T&P]C FI?mJ9SU[QA&Pk?XFI[]H6T�?UE6_&njT �0?XFI[8J9E6[ªoUSWv8TDJ1FwJ9ij�#E6ROSUT ¢ \^H oUA&?�T&YUo
T&PQPQT&YZJ9E6T&H6H6T&�#T&YZJ'oUT�HGF]s@E J�TDP9PQT�oUT�C FI?mJ9SU[QT�oUSWL ¡ a;TDJ'oUS eXS ¯ o q FwJ9ij�#T&P�oUA&C&_&H6A&[QA&P
?XFI[]H6T/[9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY � TDJ1oUijYUC
oUT
HGF�J9T&�#?BA&[9FwJ9SU[QT/oUS*��ijSU[ � ¢
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© Y�E6YZJ9A&nj[9FIYZJ(Hrq A&ROSXFwJ9E6ijY �   ¢ ��� � � ijY0ijlmJ9E6T&YZJ(Hrq ADsjijH6SmJ9E6ijYWoUS0YUij�0lU[QTªo q FwJ9ij�#T&P
oXFIYUPkH6T
L ¡ a T&Y*��ijYUCDJ9E6ijY"oUS J9T&�#?UPkoUT
C�MXFI[QnjT�x

Np (t) = N st
p (1− e−Γp t)

�   ¢ �j���

avec : N st
p =

φc

Γp

�   ¢ �|� �

N st
p

T&P8J'H6T�YUij�WlU[QT�o q FwJ9ij��T&P�?UE6A&njA&P �]Hrq ADJ�FwJ�P8J�FwJ9E6ijYUYXFIE6[QT ¢ f�FkC&ijYUP8J�FIYZJ9T�oUT(J9T&�#?UP
oUT
C�MXFI[QnjT&�#T&YZJ1oUS�?UE6_&njT/T&P8J1oUijYUC�x

τvie =
1

Γp

�   ¢ ��  �

τvie

T&P8J�njA&YUA&[9FIH6T&�#T&YZJ�Fw?U?BT&H6A�oUSU[QA&T�oUT
s@E6T�oUT&PdFwJ9ij�#T&P1oXFIYUP1H6T�L ¡ a C FI[kCIq T&P8J
FISUPQPQE�HGF
C&ijYUP8J�FIYOJ9TdoUTdJ9T&�#?UP�oUTdHGF�oUA&C�MXFI[QnjT�oUS�?UE6_&njT�� ¢m©'¯ ?BA&[QE6�#T&YZJ�FIH6T&�#T&YOJ � HGF
C�MXFI[QnjT
TDJkHGFWoUA&C�MXFI[QnjT
oUS�L ¡ a PQijYZJk�#T&PQSU[QA&T&P1T&Y�T&YU[QT&njE6P8J9[9FIYZJkHGF eXSUij[QT&PQC&T&YUC&T
E6YUoUSUEKJ9Td?XFI[]H6T&P�� FIE6PQC&T FIS ¯ oUS ?UE6_&njT�H6ij[QPQROSUT/H6T/� FIE6PQC&T FIS"oUS [9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY
T&P8J�FIH6H6SU��A�?USUE6P�ADJ9T&E6YOJ ¢ b1YUT0�#T&PQSU[QTWJgN@?UEKROSUT�T&P8J
[QT&?U[QA&PQT&YZJ9A&T#PQSU[/HGF $XnjSU[QT   ¢ S ¢

��b/eKr8sAkf�,e5dy|Vc>r8p@g�n ��|Vc>cAqBi4dys�|Vn c>g,e5d4m�{ sAo
p,e*iyn hVu#v
dNp/dt = −Γp Np

�
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© Y FI?U?U[QiOC
MXFIYZJ)HGF�C&ijSU[QlBT�?XFI[#oUT&P)T ¯ ?�ijYUT&YOJ9E6T&H6H6T&P#C&[QijE6PQP9FIYZJ9T�TDJ�oUA&C&[QijE6PQP9FIYZJ9T
ijY�ijlmJ9E6T&YOJ
H6T&P�C&ijYUP8J�FIYZJ9T&P�oUT�J9T&�#?UP
oUT#C�MXFI[QnjT#TDJ�oUT#oUA&C�MXFI[QnjT#oUS�L ¡ a ¢ f T&P
sIFIH6T&SU[QPªPQijYZJ]T&Y�FIC&C&ij[Qo"T&YZJ9[QT/T&H6H6T&PdxU m� ¢ � � � �m�#P�TDJk j� ¢ � �   �@�#P ¢ f�FWoUSU[QA&T/oUTds@E6T
oUT&P�FwJ9ij�#T&P/oXFIYUP
H6T�L ¡ a T&P8J�oUijYUC�o q T&YZs@E6[QijY  m� �#P � C&T�ROSUE�C&ij[Q[QT&PQ?�ijYUo�� SUY
J�FIS ¯ oUT�?BT&[8J9T&PWx

Γp = 32
P
−1 ¢ ¦1ijSUP�FIH6H6ijYUPk�#ijYZJ9[QT&[1ROSUT τvie

T&P8J�H6E6��EKJQA
?XFI[dH6T&P
?BT&[8J9T&Pk?XFI[k?BiI�#?XFInjT/ij?mJ9E6ROSUT
oXFIYUPkHrq ADJ�FwJ

3P2
¢

��+0/?8?+.:�
D] / 
�@9- 
D] � + @ 
J8;3 
�CJ+

1 P 1

0
1
2

G 4 6 1  =  2  1 0 8  s - 1

( t = 5 n s )

( t = 0 . 3 m s )

( t = 2 1 m s )

( t = 1 0 n s )

G D  =  3 . 8 5  1 0
3  s - 1

G 6 8 9  =  4 . 8  1 0 4  s - 1

S G  =  3 . 3  1 0 3  s - 1
G 2  =  0 . 3 3  S G

( P M O )

1 S 0

3 P

1 D 2

3 S 1

7 0 7 n m

6 7 9 n m

4 6
1 n

m

6 8 9
n m

( m é t a s t a b l e )

( m é t a s t a b l e )

6 8 8 n m

G 1  =  0 . 6 7  S G

� 	�� �   ¢ ���#� �E��1��5

+��P

�(��2]��),+��*�E�?+ �����(���,����+$2PC

f�F�J9[9FIYUPQEKJ9E6ijY
1S0 − 1P1

SmJ9E6H6E6PQA&T"?BijSU[�?UE6A&njT&[0H6T&P#FwJ9ij�#T&P�Y q T&P8J)?XFIP�C&ij� ¤
?UH6_DJ9T&�#T&YZJ%��T&[Q�#A&T#xB?XFI[dA&�#E6PQPQE6ijY�PQ?BijYZJ�FIYUA&T � H6T&PdFwJ9ij�#T&Pd?�T&SmsZT&YZJ�J9ij�0l�T&[ksZT&[QP
H6T�YUEKsZT FIS

1D2

� $Xn ¢   ¢ ��� � ¢ pdT�C&TDJ�ADJ�FwJ � E6H6P"PQT�oUA&PQT ¯ C EKJ9T&YZJ�sjT&[QP�H6T 3P1

ijS�H6T
3P2

F�sjT&C�SUYUT�?U[QijlXFIlUE6H6E J9A oUT � T��,TDJ" j ��,[QT&PQ?BT&CDJ9EKsjT&�#T&YZJcH �j����I ¢ f T&P�FwJ9ij�#T&P
ROSUE FwJQJ9T&E6njYUTDYOJdH6T�YUEKsZT FIS��#ADJ�FIP8J�FIlUH6T

3P2

PQijYZJ�?BT&[QoUSUP�?BijSU[dH6T�?UE6_&njT��)FInjYUADJ9i ¤
ij?mJ9E6ROSUT � ¢I© Y0[QTDswFIYUC
MUT]HKT&P(FwJ9ij�#T&PhROSUEUFwJQJ9T&E6njYUT&YOJ'Hrq ADJ�FwJ 3P1

� [QTDJ9ij�WlBT&YZJ T&YUPQSUEKJ9T
� b/eFk�eVqyk�eVr8c4dfeVr8nQe*iyn �Vc

1P1 → 1D2 → 3P2

m n zKn iycDm cLu�hVz ��dycDr${ e*iyhVzKcAq�r�e5u,q�mQc���� � zIe5nQq
g0c�dyzKc(i>r8cHky�,e5dy|Vc�dLm cEg�n ��|VcFzIe5|Vu�s(iynQo
p�cN��hVdyzKsFg,e5dDm cAq��?h ��n u�cAqDr8p ��� � � g0hVp�dDm cAqDu�n �VcAe5p �
��l�g0c�djt,u,q

mF
�

�>c(i 
��D� �*�
w
�V�V�f�'�
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oXFIYUP(Hrq ADJ�FwJ ��ijYUoXFI�#T&YOJ�FIH@i � E6H6P'[QTDJ9[QijSmsjT&YZJ�FISUPQPQEKJ�	IJ(H6Tª?U[QiOC&T&PQPQSUP�oUT]C FI?mJ9SU[QT ¢Z© Y
T���TDJ � HGF0C&ijYUP8J�FIYZJ9T�oUT
J9T&�#?UPkoUT�C&TDJQJ9T�C FIPQC FIoUT�[9FIoUEGFwJ9EKsjT/T&P8J�H6EK�#E J9A&T/?XFI[kHGF�oUS ¤
[QA&TWoUT�s@E6TWoUTWHrq ADJ�FwJ

1D2

ROSUE T&P8J/oUT0� ¢   �#PcH ��� � I ¢ f�F)s@EKJ9T&PQPQTWoUT&P
FwJ9ij�#T&P.��[QijE6oUP
ADJ�FIYZJ�oUT#Hrq ij[QoU[QT#oUT�� � �wP � H6T&P�FwJ9ij�#T&P�?XFI[QC&ijSU[QT&YZJ�?BT&YUoXFIYZJWC&T)HGFI?UP
oUT�J9T&�#?UP
SUYUT���[9FICDJ9E6ijY0oUTk�#E6HKHKEK��_DJ9[9T � YUADnjH6E6njT FIlUH6Tª?XFI[([9FI?U?Bij[8J�FIS�oUEGFI�#_DJ9[QTªoUT&P�� FIE6PQC&T FIS ¯
oUS�L ¡ a � �'C&� � ¢

¥�sjT&C]H6T&P'YUiIJ�FwJ9E6ijYUPhoUTªHGF�$XnjSU[QT   ¢ ��� � H6T�J�FIS ¯ oUT�?BT&[8J9T&P ?XFI['?Bij�#?XFInjT�ij?mJ9E6ROSUT
oXFIYUPkH6T/YUEKsjT FIS

3P2

T&P8J1A&nZFIH3�"x

Γopt = f ΓD ×
Γ2

Γ1 + Γ2

' f ΓD × 0.3
�   ¢ � � �

f
T&P8J�HGF���[9FICDJ9E6ijY�o q FwJ9ij�#T&P1T ¯ C&EKJ9A&PdoXFIYUPdHrq A
J
F|J 1P1

� T&H6H6T
oUA&?�T&YUo�oUS�oUA&C FIHGFInjT �
[QA&PQijYXFIYUC&T�oUS�L ¡ a �

δPMO = 1.3 Γ461

�ªTDJkoUS�?XFI[9FI�#_DJ9[QT/oUT
P9FwJ9SU[9FwJ9E6ijY�x

f =
1

2

s

1 + s + 4
δ2
PMO

Γ2
461

�   ¢ � � �

a�Y C&ijYUPQE6oU_&[QT#HGF"sIFIH6T&SU[�oUS ?XFI[9FI�#_DJ9[QT�oUT)P9FwJ9SU[9FwJ9E6ijY FIS C&T&YZJ9[QT)oUT&P � FIE6PQC&T FIS ¯
C FI[dHGF)oUE6�#T&YUPQE6ijY�oUS�?UE6_&njTWT&P8J�JgN@?UE6ROSUT&�#T&YZJ/oUT�� ��� � ��� ��ijE6Pd?UH6SUPd?BTDJ9EKJ9TWROSUT
HGF�J�FIE6H6HKT�oUT&P�� FIE6PQC&T FIS ¯ oUS�L ¡ a �

w = 1
C&� oUT [9F NZijY�� ¢ f�F�?USUE6PQP9FIYUC&T J9iIJ�FIH6T

SmJ9E6H6EKPQA&T
T&P8J1JgN@?UE6ROSUT&�#T&YZJ
P = 17

� � F sjT&C�oUT&P�� FIE6PQC&T FIS ¯ [QADJ9[Qi ¤ [QA eXA&C
MUE6P ¢ a�Y�F
FIH6ij[QP�x

s =
2× (2P )

πw2Isat

' 0.5
�   ¢ � � �

\^H�s@E6T&YZJWx
f ' 3

� ¢ p�q FI?U[Q_&P�Hrq A&ROSXFwJ9E6ijY �   ¢ � � � � H6T
J�FIS ¯ oUTW?BT&[8J9T&P�?XFI[1?Bij�#?XFInjT
ij?mJ9E6ROSUT/oXFIYUPkH6T
L ¡ a T&P8J�FIH6iI[9P�x

Γopt = 36 s−1 =
1

28 ms

�   ¢ �;T �
`�TDJQJ9T�sIFIH6T&SU[#T&P8J�T&Y l�ijY FIC&C&ij[Qo F sjT&C�HGF��#T&PQSU[QT�oUT�oUSU[QA&T�oUT�s@E6T�[9FI?U?Bij[8J9A&T
?U[QA&C&A&oUT&�#�#T&YZJ �

τvie = 31
�#P � ¢

a�Y#?BT&SmJ�C&T&?BT&YUoXFIYZJª[QT&�)FI[QROSUT&[�ROS q T&Y)C FIH6C&SUHGFIYZJ�H6Tk?XFI[9FI�#_DJ9[QT]oUT1P9FwJ9SU[9FwJ9E6ijY
PQT&H6ijY�H q A&ROSXFwJ9E6ijY �   ¢ � � � � ijY F"PQSU?U?BijPQA)E6�#?UHKEKC&EKJ9T&��T&YOJ/ROSUT#H6T&P � FIE6PQC&T FIS ¯ [QADJ9[Qi ¤
[QA eXA&C�MUE6P0ijYZJ0HGF�� ,&��T�?USUE6PQP9FIYUC&T"ROSUT"H6T&P#� FIE6PQC&T FIS ¯ E6YUC&E6oUT&YZJ9PWTDJ�ROSUT�J9ijSUP0H6T&P
FwJ9ij�#T&P/oUS�?UE6_&nIT�PQijYZJ�PQijSU�#E6P �"HGF�� ,&�#T0E6YZJ9T&YUPQEKJ9A0H6SU�#E6YUT&SUPQT ¢ f T&P
?BT&[8J9T&P�E6Y ¤
J9[QiOoUSUEKJ9T&P�?XFI[�H6T&P�ij?mJ9E6ROSUT&P�PQijYZJªYUA&njH6E6njT FIlUH6T&P�C FI[�T&H6H6TDP�PQijYZJªE6Y ��A&[QE6T&SU[QT%�)� � ¢m© Y
[QTDswFIYUC
MUT � Hrq FIlUPQij[Q?mJ9E6ijY)oXFIYUPªH6T&P � FIE6PQC&T FIS ¯ oUS L ¡ a ?XFI[�H6T&PªFwJ9ij�#T&P ��[QijE6oUP�?BT&SmJ
,DJ9[QT�PQE6njYUE $XC FwJ9EKsjTkx|F sZT&C�SUY�YUij�0lU[QT�o q FwJ9ij�#T&P�?UE6A&njA&PhPQSU?BA&[QE6T&SU[ �

108 � ijY�ijlUPQT&[8sjTFIS"YUEKsjT FIS"oUT&P]�#E6[QijEK[QP�oUT�[QT&YOsjijE SUYUTdJ�FIC
MUT�PQij�WlU[QT/FIS"C&T&YZJ9[QT/oUT&P�� FIE6PQC&T FIS ¯ oUS



� � � � ��� � u�� � � 
�� � � ��� � � ��� � u ��� � TES

?UE6_&njT ¢w© YWYUA&njH6E6njT FIYZJ'CDTDJQJ�TªFIlUPQij[Q?mJ9E6ijY � H6T�?XFI[9FI��_DJ9[9T�oUT�P9FwJ9SU[9FwJ9E6ijY�T���T&CDJ9E ��F1ADJ9A
PQSU[QT&P8J9E6�#A ¢ f T]J�FIS ¯ oUT1?BT&[8J9T&P�?XFI[�?�ij�#?XFInjTkij?mJ9E6ROSUT1Hrq TDPQJ�oUijYUCdFISUPQPQE ¢ f�F
swFIH6T&SU[
C FIH6C&SUH6A&TW[QT&P8J9T�T&Y�lBijY�FIC&C&ij[Qo�F sjT&C�HGF��#T&PQSU[QT0oUT0oUSU[QA&T�oUTWs@E6T0oUT0HGF $XnjSU[QT   ¢ S
C FI[/C&T&H6H6T ¤ C&E F"ADJ9A�T���T&CDJ9SUA&T � � FIE6lUH6TWYUij�WlU[QT0o q FwJ9ij�#T&P/?UE6A&njA&P �

2.5 × 107
� ¢ L'FI[

C&ijYZJ9[QT �#?UH6SUPknj[9FIYUo�YUij�WlU[QT
o q FwJ9ij�#T&P � YUijSUPdF sjijYUPd?US��#T&PQSU[QT&[1oUT&P1oUSU[QA&T&PdoUT
s@E6T/?UH6SUPkA&H6TDsjA&T&P1C&ij�#�#T/?XFI[]T ¯ T&�#?UH6T �  (�#PkF sjT&C

8× 108
FwJ9ij�#T&P]?UE6A&njA&P ¢

f T&P ?BT&[8J9T&P ?XFI['?Bij�#?XFInjT�ij?mJ9E6ROSUT�?BT&SmsjT&YZJ ,DJ9[QTªA&H6EK�#EKYUA&T&P'T&YWSmJ9E6H6E6P9FIYZJhoUT&P(HGF ¤
PQT&[QP [QT&?Bij�#?BT&SU[QP ¢ f�FkJ9T&C
MUYUE6ROSUTªC&ij�#�WSUYUA&�#T&YZJ �#E6PQT�T&Y0iOT&Sms@[QTdH SLV � � SJImC&ijYUPQE6P8J9T
� SmJ9E6H6EKPQT&[#oUT&S ¯ HGFIPQT&[QP ��TI�4T�TDJ � TES YU� ?BijSU[)?Bij�#?�T&[)ij?mJ9E6ROSUT&�#T&YZJ)J9ijSUP�H6T&P
FwJ9ij�#T&P�ROSUEªFwJQJ9T&E6njYUT&YZJWHrq ADJ�FwJ

3P2

oXFIYUPWHrq ADJ�FwJ
3P1

� $Xn ¢   ¢ ��� � ¢'£ SUPQROS q ��?U[QA&PQT&YZJ
YUijSUP Y q F sZijYUP ?XFIP �#E6P'T&Y0i@TDSms@[9TªC&TªP8N@PQJ9_&��T]C FI[ ?BijSU[ F�sjijE6['HKTªYUiI�0lU[QT�o q FwJ9ij�#T&P
PQijSUMXFIEKJ9A E6HIPQS ��JhoUT�v8ijSUT&[ PQSU[ HGF�J9T&�#?BA&[9FwJ9SU[QT(oUS ��ijSU[ ¢ ¥1E6YUPQE � H6T YUij�0lU[QT o q FwJ9ij�#T&P
?UE6A&njA&P�Y q F�vQFw�)FIE6PdADJ9A0SUY � FICDJ9T&SU[�H6E6�#E J�FIYZJd?BijSU[�H6T&P��#T&PQSU[QT&P/oUT#��[QA&ROSUT&YUC&T�oUT&P
J9[9FIYUPQEKJ9E6ijYUP1FwJ9ij�#EKROSUT&P1[9FI?U?BiI[QJ9A&TDP�FIS ¯ C
MXFI?UEKJ9[QT&P � TDJ � ¢ L'FI[dFIE6H6HKT&SU[QP � Hrq MUij[QH6ijnIT
oUTDs@[9FIEKJ���ijYUCDJ9E6ijYUYUT&[(F sZT&CkH6T

87
>@[(ROSUEX?�ijPQPQ_&oUT1SUYUTkP8J9[QSUCDJ9SU[QTkMZN@?BT&[ $XYUT ¢ LhijSU[(C&TDJ

E6PQiIJ9ij?BT � [QT&?Bij�#?BT&[�J9ijSUP]HKT&P]FwJ9ij�#T&PªROSUEBJ9ij�WlBT&YZJ]oXFIYUPªHrq ADJ�FwJ 3P2

T&P8J]?UH6SUPªC&ij� ¤
?UH6T ¯ T"x E6H3� FISUoU[9FIEKJ/SmJ9E6H6EKPQT&[dYUijY�?XFIP0�#� FIE6PQC&T FIS�HGFIPQT&[ �ITI�4T'YU� � �)FIE6P � oUA&C FIH6A&P
T&Y ��[QA&ROSUT&YUC&T�o q SUYUT�ROSXFIYZJ9EKJ9A
oUT�Hrq ij[QoU[QT
oUS�¬�� � C&ij[Q[QT&PQ?BijYUoXFIYZJ/��HGF�P8J9[QSUCDJ9SU[QTMZN@?BT&[ $XYUT�oUT
Hrq ADJ�FwJ

3P2
¢

��+0/?8?+.:�
D] /,1L@ [\[53\:a3 @97D:
f T&P#?�T&[8J9T&P#?XFI[�C&ijH6H6EKPQE6iIYUP0?�T&SmsZT&YZJ ,DJ9[QT PQA&?XFI[QA&T&P)T&Y oUT&S ¯ C FwJ9A&njij[QE6T&P"x(H6T&P

C&ijH6H6EKPQE6ijYUP�T&YZJ9[QTdSUY"FwJ9ij�#Tk?UE6A&njA1TDJªSUY�FwJ9ij�#T1C�MXFISUo � FwJ9ij�#TkoUS�nZF � [QA&PQE6oUSUT&HBijSFwJ9ij�#T/oUSWv8TDJdFwJ9ij�#E6ROSUT���TDJ1C&T&H6H6T&PkF�NZFIYZJ1H6E6T&S"T&YZJ9[QT
oUT&S ¯ FwJ9ij�#T&P���[QijE6oUP ¢

• `�ijH6H6E6PQE6iIYUP]TDYOJ9[QT�FwJ9ij�#T&P]?UE6A&njA&PkTDJdFwJ9ij�#TDPkC�MXFISUoUP
xLhijSU[]C&T�J^N@?BT/oUT/C&ijH6H6EKPQE6iIYUP � H6T1J�FIS ¯ oUT/?�T&[8J9T&PkP&q T ¯ ?U[QE6�#T�PQT&H6ijY HGF�[QT&HGFwJ9E6ijY
H �j�|�RI�x

Γch = σ nch vmoy

�   ¢ �?V �
i �

vmoy

T&P8J�HGFds@E J�TDP9PQTk�#i�NjT&YUYUTkoUT&P�FwJ9ij�#T&P C
MXFISUoUP�oUA�$XYUE6T]?XFI[(Hrq A&ROSXFwJ9E6ijY
�   ¢ � � �

nch

T&P8J�HGFdoUT&YUPQEKJ9AkFwJ9ij�#E6ROSUTªoUT]C&T&P�FwJ9ij�#T&P ¢
σ
T&P8J�HGF�PQT&CDJ9E6ijY0T��#C FIC&T

oUT1oUE ��SUPQE6ijY�T&YZJ9[QTdFwJ9ij�#T&P�C�MXFISUoUP�TDJªFwJ9ij�#T&P�?UE6ADnjA&P � T&H6H6T]T&P8J�oUT1Hrq ij[QoU[QT]oUT
���
−13

C&�
2
H �j�|�RI ¢ ¥�sjT&C�SUY ��ijSU[ C�MXFIS ��A � � �j� o

` � H6T eXS ¯ FwJ9ij�#E6ROSUT T&P8JhoUT
2×

1012
FwJ9ij�#T&P �wP � $Xn ¢   ¢ V �]TDJ/HGF�s@EKJ9T&PQPQT0�#i�NjT&YUYUTWoUT&P/FwJ9ij�#T&PdoUTWP8J9[QijYZJ9E6SU�

oUS�v8TDJWFwJ9ij�#E6ROSUT#T&P8J�x
vmoy = 450

� �wP ¢ `�ij�#?mJ9T�J9T&Y@S�oUT)HGF oUEKsZT&[QnjT&YUC&T
oUS�v8TDJ � HGF�oUT&YUPQEKJ9A�o q FwJ9ij��T&P)C�MXFISUoUP)oUT�P8J9[QijYZJ9E6SU� FIS�YUEKsjT FIS;oUS�?UE6_&njT
T&P8J/FIH6ij[QP1oUT�Hrq ij[QoU[QT�oUT)���

13
FwJ9ij�#T&P �w�

3 ¢ L'FI[�FIE6H6HKT&SU[QP � H6T&P�FwJ9ij�#T&P1oUS�nZF �[QA&PQE6oUSUT&H�PQijYZJ���HGF J9T&�#?�A&[9FwJ9SU[9T�FI�WlUEGFIYZJ9T
T ' 300o ® T
J���HGF ?U[QT&PQP9EKijY



Vj� ��� ��� 	 ����� �

P ' 1 × 10−7
L'F � ?U[QT&PQPQE6ijY�oXFIYUP�HGF � ijYUT)oUT)C FI?mJ9SU[QT�� � H6T&SU[�oUT&YUPQEKJ9A)T&P8JoUijYUC�x

nch = P/kb T = 2× 1013
FwJ9ij�#T&P �w�

3 ¢�© Y�C&ijYUPQE6oUA&[9FIYZJ1ROS q E6H P&q FInjEKJoUT"�#ijH6A&C&SUH6T&PWo q F � iIJ9T � HGF�s@EKJ9T&PQPQT��#i�NjT&YUYUT T&P8J#oUT��I�j� � �wP ¢ f T"J�FIS ¯ oUT?�T&[8J9T&P"T&YZJ9[QT�SUY�FwJ9ij�#T�?UE6A&njA�TDJ�SUY�FwJ9ij�#T�oUS nZF � [QA&PQE6oUSUT&HdijS oUS v8T
JFwJ9ij�#EKROSUT�T&P8J oUijYUC ��?�T&S�?U[Q_&P E6oUT&YZJ9E6ROSUT�x
Γch ' 0.04

P
−1 ¢ `�T�C FIH6C&SUH?�T&[Q�#TDJ�oUT��#ijYZJ9[QT&[1ROSUT�C&T&P�?�T&[8J9T&P�PQijYZJ�C&ij�#?UH6_DJ9T&�#T&YZJdYUA&njH6E6njT FIlUHKT&P1?XFI[

[9FI?U?�ij[8J1FIS ¯ ?BT&[8J9T&P1?XFI[]?Bij�#?XFInjT/ij?mJ9E6ROSUT �
Γopt = 36

P
−1

� ¢
• `�ijH6H6E6PQEKijYUPªT&YZJ9[9T�FwJ9ij�#T&P���[QijE6oUP�xf T1J�FIS ¯ oUTd?BT&[8J9T&PªE6YUoUSUEKJ9T&P�?XFI[�C&ijH6H6EKPQE6ijYUP�T&YOJ9[QT/FwJ9ij�#T&P ��[QijE6oUP�oUA&?�T&YUo oUT

HGFWoUT&YUPQEKJ9A�FwJ9ij�#E6ROSUT � E6H ?BT&SmJ1P&q A&C&[QE6[QT
PQijSUPkHGF#��ij[Q�#T�PQSUEKsIFIYZJ9T�x

Γfr = β × Np

(
√

2πa)3

�   ¢ �?S �

i �
a
T&P8JhHKT([9F NjijY �

1/e
oUS
?UE6_&njT � T&YZs@E6[QijY�� �#� ��TDJ

β = 4.5×10−10
C&�

3
P
−1 ��#T&PQSU[QA�?XFI["pdE6YUYUTDT&Y ��)2��
 H SLVJI ¢ f ij[QPQROSUT�H6T�YUij�0lU[QT�o q FwJ9ij�#T&P�oXFIYUP�H6T

L ¡ a�T&P8JªPQS �#P9FI�#�#T&YZJ�A&H6TDsZA � C&T1J�FIS ¯ ?BT&SmJªoUTDsjT&YUE6[�C&ij�#?XFI[9FIlUHKT1FIS#J�FIS ¯
oUTW?BT&[8J9T&P/?XFI[�?Bij�#?XFInjTWiI?mJ�EKROSUT ¢ L'FI[�T ¯ T&�#?UH6T0?�ijSU[W��� 9 FwJ9ij�#TDP�?UE6A&njA&P �
Γfr = 28

P
−1 ¢

� @97D14[\CD:a35@97 xmf T�YUij�WlU[QT�o q FwJ9ij�#TDPªoXFIYUPªH6T�L ¡ a T&P8J]njA&YUA&[9FIH6T&�#T&YOJªH6E6��E J9A
?XFI[�H6T&P"?�T&[8J9T&P ?XFI["?�ij�#?XFInjT�ij?mJ9E6ROSUT�oXFIYUP"Hrq ADJ�FwJ

3P2
¢ f�F�oUSU[QA&T�oUT�s@E6T�oUT&P

FwJ9ij�#T&P�?UE6A&njA&P0ADJ�FIYZJ�FIH6ij[QP)x
τvie ' 30

�#P ¢ >@TDSUH6T&P0H6T&PWC&ijH6H6E6PQEKijYUP�T&YZJ9[QT FwJ9ij�#T&P
��[QijE6oUP�?BT&SmsjT&YOJ]�#i@oUE $XTD[�PQE6njYUE $XC FwJ9EKsjT&�#T&YZJ�H6T���ijYUCDJ9E6ijYUYUT&�#T&YZJ�oUS"L ¡ a H6ij[QPQROSUT
H6T/YUij�WlU[QT/o q FwJ9ij�#T&P]?UE6A&njA&PkT&P8J1PQSU?BA&[QE6T&SU[.� ���

9 ¢

����� �	� � $)#%5 & $ 345+( �	� �4& $ 3 � ! 0 �	� $)# � / 1 ��1)#

f T�YUij�WlU[QT�o q FwJ9ij�#T&P#oXFIYUP�H6T�?UE6_&njT�TDPQJ�oUA&oUSUEKJ�oUT�HGF��#T&PQSU[QT�oUT�HGFPeXSUi ¤
[QT&PQC&T&YUC&T�E6YUoUSUEKJ9T"?XFI[0SUY � FIE6PQC&T FIS HGFIPQT&[�� � � � YU�+oUA&C FIH6A oUT

δ
?XFI[0[9FI?U?Bij[8J �

HGF [QA&PQijYXFIYUC&T"FwJ9ij�#E6ROSUT ¢ L'ijSU[�SUYUT�?USUEKP9P9FIYUCDT�H6SU�#E6YUT&SUPQT
Pmes

�#T&PQSU[QA&T)?XFI[�HGF
?UMUiIJ9iOoUE6i@oUT � A&R ¢   ¢ V � � H6T/YUij�WlU[QT
o q FwJ9ij�#T&P]?UE6A&njA&PkT&P8J1oUijYUYUA
?XFI[/x

Np =
Pmes

η × h ν461 ×
Γ461

2

s

1 + s + 4
δ2

Γ2

�   ¢ �I� �

a�Y [9FI?U?BT&H6H6T�ROSUT
η
T&P8J1Hrq T��#C FIC&EKJ9A/oUT
C&ijH6H6T&CDJ9E6ijY"oUS�P8N@P8J9_&�#T�oUT
oUADJ9T&CDJ9E6ijY ¢

LhijSU[ C&TDJQJ9T��#T&PQSU[QT � oUT&S ¯ �#ADJ9MUi@oUT&P ijYZJ�ADJ9A(SmJ9E6H6EKPQA&T&P ¢ f�Fª?UH6SUP PQE6�#?UH6T'C&ijYUPQE6P8J9T
� T&YU[QT&nIE6P8J�[QT&[
HGF,eXSUij[QT&PQC&T&YUC&T)E6YUoUSUEKJ9T0?XFI[
H6T&P � FIE6PQC&T FIS ¯ oUS L ¡ a�� Hrq ADJ�FwJ
P8J�F ¤
J9E6ijYUYXFIE6[QT ¢ ¦1ijSUP
YUiIJ9T&[QijYUP

NPMO
p

H6T�YUij�WlU[QT�o q FwJ9ij�#TDP
?UE6A&njA&P
oUA&oUSUEKJ�oUT#C&TDJQJ9T



� � � � ��� � u�� � � 
�� � � ��� � � ��� � u ��� � Vm�

� 	�� �   ¢ �j�#� �:��+$�I� � � O � ��+����(�*�(-*�!��-*�]�$�*�X

�(��23�*�I;$��"!��"*�I�����?+$���(�@;/

�I���*�H%B

���(-*�5

+��
�?+ �LY[M^C � � � �I���*�L%B

���(-*�5

+��7�?+ �LY[M��(���0��"!�(�!���0�(���!��+$�3%B

���(-*�5

+#�(�����$�H�*�����!�,1,� �,"��+$�^���*�]

�(��23�*�5C � �B� "!��

�]����

�������$�/
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N sonde
p = 8 × 108
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+ ��" G � � �

o � C

�#T&PQSU[QT ¢ `�TDJQJ9Tª�#ADJ9MUi@oUT�YUT�J9E6T&YOJ'?XFIP C&ij�#?mJ9T�oUT�Hrq FIlUPQij[Q?mJ9E6ijY�oXFIYUP H6T&P�� FIE6PQC&T FIS ¯
oUS L ¡ a ?XFI[/H6T&P�FwJ9ij�#T&P ��[QijE6oUP/C FI[
H6T0?XFI[9FI�#_DJ9[QT0oUT#P9FwJ9SU[9FwJ9E6ijY�T&P8J�C FIH6C&SUH6A��
?XFI[8J9E6[�oUT�HGF�?USUE6PQP9FIYUC&T�J9iIJ�FIH6TdSmJ9E6H6EKPQA&Td?BijSU[�[QA FIH6E6PQT&[�H6Td?UE6_&njT � A&R ¢   ¢ � � � ¢ f ij[QPQROSUT
C&TDJQJ9T�FIlUPQij[Q?mJ9E6ijY#Y q T&P8Jª?UH6SUP�YUA&njH6E6njT FIlUH6T � H6Tk?XFI[9FI�#_DJ9[QT1oUT1P9FwJ9SU[9FwJ9E6ijY#T���T&CDJ9E � s@S
?XFI[WH6T&P0FwJ9ij�#T&P�T&P8J�E6Y ��A&[QE6T&SU[#��HGF�sIFIH6T&SU[�C&ijYUPQE6oUA&[QA&T ¢ L FI[WC&ijYUPQA&ROSUT&YZJ �

NPMO
pPQijSUP ¤ T&P8J9E6�#T�H6T0YUij�0lU[QT0o q FwJ9ij�#T&P
oXFIYUP�H6T�?UE6_&nIT ¢ ¦1ijSUP�F sZijYUP
oUijYUC#SmJ9E6H6EKPQA0SUYUT

oUT&S ¯ E6_&�#T�J9T&C�MUYUE6ROSUT�ROSUEdC&ijYUPQE6P8J9T ���#T&PQSU[QT&[�HGFPeXSUij[QT&PQC&T&YUC&T�E6YUoUSUEKJ9T�?XFI[�SUY
� FIE6PQC&T FIS"HGFIPQT&[ªPQijYUoUT ¢ `�T/� FIE6PQC&T FIS"T&P8JkT&YOsji�NZA
PQSU[]H6T&P]FwJ9ij�#T&P]FI?U[Q_&PkF�sjijE6[�C&ijSU?BA
H6T&P.� FIE6PQC&T FIS ¯ oUS�L ¡ a � $Xn ¢   ¢ �j��� ¢ f TWYUij�WlU[QT�o q FwJ9ij�#T&P.��[QijE6oUP1C FIH6C&SUH6A�o q FI?U[Q_&P
C&TDJQJ9Td�#ADJ9MUi@oUTdT&P8JªYUiIJ9A

N sonde
p

¢ L'iISU[��#E6YUE6��EKPQT&[�Hrq FIlUPQij[Q?mJ9E6ijY#oXFIYUP�HGF�PQijYUoUT � HGF
��[QA&ROSUT&YUC&T1oUTkC&T�� FIE6PQC&T FIS�T&P8J�oUADC FIH6A&TkoUTk[QA&PQijYXFIYUC&T
x

δ(sonde) = −2π× 50
¡ � �

' − 1.6 Γ461
¢ ¥.$XY�o q A&C&HGFIE6[QT&[�SUYUE ��ij[Q�#A&�#T&YZJ/H6TW?UE6_&njT � ijY�F�SmJ9E6H6E6PQA�SUY � FIE6PQC&T FIS

oUT � ¢ ��C&� oUT�[9F NZijY ��� �
e2 ¢ ¥hsjT&C#SUYUT�?USUE6PQP9FIYUC&T#oUT � ¢U� � � � H6T0?XFI[9FI�#_DJ9[QT0oUT

P9FwJ9SU[9FwJ9E6ijY oUT
HGFWPQijYUoUT
T&P8J�x
s = 5.5× 10−2 ¢

f�F�C&ijSU[Ql�T�oUT�HGF $XnjSU[QT   ¢ �|� ?BT&[Q�#TDJ�oUT�C&ij�#?XFI[QT&[)H6T&P�YUij�WlU[QT&P�o q FwJ9ij�#T&P
?UE6A&njA&P'ijlmJ9T&YOSUP�F sjT&CªHrq SUYUT�ijSWHrq FISmJ9[QT�oUT&P oUT&S ¯ �#ADJ9MUiOoUT&P ¢j©'¯ J9[9FI?BijH6AªFIS ¯ � FIE6lUH6T&P
YUij�WlU[QTªo q FwJ9ij�#T&P � H6Tª[9FI?U?�ij[8J �

NPMO
p /N sonde

p

�hT&P8J(C&ij�#?XFwJ9E6lUH6T�F sZT&C��kFIS0YUEKsjT FIS
oUT�[QA&PQijH6SmJ9E6ijY�oUT&P��#T&PQSU[QT&P ¢ L'FI[
C&ijYOJ9[QT � ?BijSU[
oUT&P�YUij�WlU[QT&P
o q FwJ9ij�#T&P/J9T&H6P
ROSUT
NPMO

p > 2×107 � Hrq FIlUPQij[Q?mJ9E6ijY�oXFIYUP H6T&P�� FIE6PQC&T FIS ¯ oUS0L ¡ a;T&P8J(E6�#?Bij[8J�FIYZJ9T�TDJ H6ToUA&P9FIC&C&ij[Qo#oUTDs@E6T&YZJ�PQE6njYUE $XC FwJ9E � ¢ a�Y�C&ijYUP8J�FwJ9T]� ,&�#T�ROSUTkH6ij[QPQROSUTªH6Tª?UE6_&njTªC FI?mJ9SU[QT
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;$���*�K�J
 � +����(�*���
-*�!��-*�X�?+ �LY[M R

NPMO
p

U>��+P�$�I�J
@�(�����$�7R
N sonde

p

UAC

?UH6SUPWoUT
108

FwJ9ij�#T&P � Hrq FIlUPQij[Q?mJ9E6ijY�oXFIYUP0HGF�PQijYUoUT"Y q T&P8J#?UH6SUPWYUA&njH6E6njT FIlUH6T ¢'© H6H6T
?�T&SmJ ,DJ9[QT�T&P8J9E6�#A&T0T&Y��#T&PQSU[9FIYOJ
HGF"?USUE6PQP9FIYUC&T�oUS � FIE6PQC&T FIS�PQijYUoUT0J9[9FIYUPQ�#E6P/?XFI[
H6T/?UE6_&njT � ¢ L FI[kT ¯ TD�#?UH6T � ?�ijSU[kSUYUT��#T&PQSU[QT
T���T&CDJ9SUA&TWF sZT&C�SUY�YUij�WlU[QT
o q FwJ9ij�#T&P
?UE6A&njA&PhoUT

N sonde
p = 8×108 � ijY�?BTDSmJ T&P8J9E6�#T&[�ROS q T&H6H6T�T&P8J PQSU?BA&[QE6T&SU[QT�� � �	� ¢ `�TDJQJ9TFIlUPQij[Q?mJ9E6ijY0?BT&SmJ ,DJ9[QTkoUE6�#E6YOSUA&T]T&Y)FISUnj�#T&YZJ�FIYZJ�H6T]oUA&P9FIC&C&ij[Qo)oUTkHGF�PQijYUoUT
xZ?BiISU[

T&YZs@E6[QijY�HKT���,&�#T(YUij�0lU[QT(o q FwJ9ij�#T&P ?UE6A&njA&P � T&H6H6T oUTDs@E6T&YOJhE6Y ��A&[QE6T&SU[QT �/���	��H6ij[QPQROSUT
δ(sonde)/2π = −103

¡ � � ¢ p�FIYUP�C&TDJQJ9T)C&ijY $XnjSU[9FwJ9E6ijY � H6T&P�oUT&S ¯ �#ADJ9MUi@oUT&P�oUT�#T&PQSU[QT&PkPQijYOJ1T&Y�oUA&P9FIC&C&ij[Qo�o q SUY*� FICDJ9T&SU[ � � $Xn ¢   ¢ ��� ��ROSUE�?BTDSmJ%,DJ9[QT�FwJQJ9[QE6lUSUA �
Hrq FIlUPQij[Q?mJ9E6ijY"oXFIYUPkH6T&P�� FIE6PQC&T FIS ¯ oUS�?UE6_&njT ¢

f T0YUij�WlU[QT0o q FwJ9ij�#T&P/?UE6A&nIA&P
oUijE J/oUijYUC�,DJ9[QT0C FIH6C&SUH6A��"?XFw[QJ9E6[doUT0HGF eXSUij[QT&P ¤
C&T&YUC&T�E6YUoUSUEKJ9T/?XFI[kHGF0PQijYUoUT ¢ `�T&?�T&YUoXFIYOJ � Hrq ADJ9SUoUT
C&ij�#?XFI[9FwJ9EKsjT/oUT�HGF#$XnjSU[QT�  ¢ �|�
?�T&[Q�#TDJ/o q T ¯ J9[9FI?�ijH6T&[d?BijSU[1J9ijSmJ�YUij�WlU[QT�o q FwJ9ij�#T&PdHrq T���TDJ�oUT�Hrq FIlUPQij[Q?mJ9E6ijY�oXFIYUP
H6T&P � FIE6PQC&T FIS ¯ oUS ?UE6_&njT ¢ a�Y ?�T&SmJ FIE6YUPQE1[QT&YUij[Q�)FIH6EKPQT&[

NPMO
p

?BijSU[)ijlmJ9T&YUE6[)H6T
YUij�WlU[QT/o q FwJ9ij�#T&P]T���T&CDJ9EKsZT&�#T&YZJ1?UE6A&njA&P ¢

f T"YUiI�0lU[QT��)F ¯ E6�)FwH�o q FwJ9ij�#T&PWoXFIYUP0H6T�L ¡ a.F�ADJ9A"�#T&PQSU[QA F sjT&C"SUY ��ijSU[
C�MXFIS ��A � �  j� o

` � SUYUT�?USUE6PQP9FIYUC&T�oUT]�;T � � oXFIYUP H6T&P � FIE6PQC&T FIS ¯ oUS
?UE6_&njT(TDJh Z� � �oXFIYUP�C&T&H6SUE1oUS [9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY x�iIY�F ijlmJ9T&YOS
1.3 × 109

FwJ9ij�#T&P)?UE6A&njA&P
� $Xn ¢   ¢ ��  ¢ F � C&ijSU[QlBT�\8\ � ¢ `�T�YUij�0lU[QT�T&P8J"C FIH6C&SUH6A�T&Y;[QT&YUij[Q�)FIH6E6P9FIYZJ#H6T�YUij�WlU[QT
o q FwJ9ij�#T&PdoUA&oUSUEKJ/oUTWHGF)�#T&PQSU[QTWoUT eXSUij[QT&PQC&T&YUC&T�oUS�L ¡ a � C&iISU[9l�T0\ � ¢ a�Y�?BT&SmJ
��b�cAqLzKcAqjp�dycAqLr${ e �,qjhVdyg8iyn hVu3r�p]�Je5nQqyk(cAe5p3qjhVu,r8cNu�cEg0c�dyzKc(ijiyc�u
i�g,eVqLr8cHk�e5mQk(p�m c�dLm cEu�hVz ��dyc

r${ e*iyhVzKcAq:g�n s�|VsAq4r8c>zIe5u�n ��dycNqjp �Xqye5zKzKc�u
iLg�dysAk(nQqjcNk�e5d:m�{ n u,k(c�djiyn iyp,r8cFqjp�dLmQeEife5n m m cNr8cNmQe��0hVp�m c
r${ e*iyhVzKcAq}��dyhVnQr�q:dyc�u,r�q:m�{ n uViyc�dyg�dys(ife*iyn hVu@r8cFk(cAq:zKcAqjp�dycAq4r8n �Xk(n m cV�
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�����("*�8C

[QT&�)FI[QROSUT&[�ROSUT0?BijSU[dC&T0YUij�WlU[QTWo q FwJ9ij�#T&Pd?UE6A&njA&P/HGF#C
MXFw[9nIT0TDJ/HGF)oUADC
MXFI[QnjT0oUS
L ¡ a YUTWPQijYZJ
?XFIP�P8N@�#ADJ9[QE6ROSUT&P ¢ f�F�C�MXFI[QnjTWY q T&P8J
o q FIE6H6H6T&SU[QPd?UH6SUP�T ¯ ?�ijYUT&YZJ9E6T&H6H6T
C&T ROSUEk?�T&SmJ ,DJ9[QT�FwJQJ9[QE6lUSUA FIS ¯ C&ijH6H6EKPQE6iIYUP0T&YZJ9[QT�FwJ9ij�#T&P#��[QijE6oUP0ijS ��Hrq T���TDJ�oUT
Hrq FIlUPQij[Q?mJ9E6ijY"oXFIYUPkH6T&P�� FIE6PQC&T FIS ¯ oUS�L ¡ a ¢

f�F�$XnjSU[QT�  ¢ ��  ¢ l [QT&?U[QA&PQT&YZJ9T�H6T�J�FIS ¯ oUT�C FI?mJ9SU[QT�oUS ?UE6_&njT�ROSUE/T&P8J�A&nZFIH �
HGF�oUA&[QEKsjA&T�oUT�HGF�C&iISU[9l�T�oUT�C�MXFI[QnjT&�#T&YZJ)[QT&YUij[Q�)FIH6E6PQA&T ?BijSU[�J9T&YUE6[�C&ij�#?mJ9T�oUT
Hrq FIlUPQij[Q?mJ9E6ijY � C&ijSU[QlBT1\8\ � ¢ \^HBFwJQJ9T&E6YZJ�SUYUTkswFIH6T&SU[��)F ¯ E6�)FIHKT]oUT

4×1010
FwJ9ij�#T&P �wP ¢

`�TkJ�FIS ¯ T&P8Jª?U[Q_&P�oUT���� ��ijE6P(?UH6SUP�A&H6TDsjA1ROSUTdH6Tk�)F ¯ E6�WSU� ijlmJ9T&Y@S)?U[QA&C&A&oUT&�#�#T&YZJ
F sZT&C
oUT&PdF|J�iI�#T&PkoUT
P8J9[QijYZJ9E6SU� H � �RI ¢

����� ��� � � ��
 � � ��� � � 
���
#��
 �3� � � � � ����� � 


L'ijSU[�oUADJ9T&[Q�#E6YUT&[�Hrq T��#C FIC&EKJ9AkoUS)[9FIH6T&YOJ9E6PQPQT&SU[ ��T&T&�)FIY � E6H � FISmJ�T&P8J9E6�#T&[�H6T�eXS ¯
o q FwJ9ij�#T&P1[9FIH6T&YZJ9E6P ¢ `�T&P/F|J�iI�#T&P1PQijYZJ�oUADJ9T&CDJ9A&P/FIS�C&T&YZJ9[QT�oUT�HGF � ijYUT�oUT�C FI?mJ9SU[QTT&Y��#T&PQSU[9FIYZJ
HGF eXSUij[QT&PQC&T&YUC&T#E6YUoUSUEKJ9TW?XFI[�SUY � FIE6PQC&T FIS�PQijYUoUT ¢ f T&P/�#T&PQSU[QT&P
ijYZJ
ADJ9A�T���T&CDJ9SUA&T&PkF sZT&C�HGF�PQijYUoUT�SmJ9E6H6EKPQA&T1?U[QA&C&A&oUT&�#�#T&YOJ]ROSUE ��ij[Q�#TdSUY"FIYUnjH6T1oUT � � o?XFI[k[9FI?U?Bij[8J%��HGF0oUE6[QT&CDJ9E6ijY�oUT
?U[Qij?XFInZFwJ9E6ijY oUS�v8TDJ ¢ f T � FIE6PQC&T FIS�?BijPQPQ_&oUT�SUY�C&ijH
oUT � ¢ � C&� TDJ�PQijY�oUEGFI�#_DJ9[QT0FIS�YUEKsjT FIS�oUT�Hrq E6YZJ9T&[9FICDJ9E6ijY�F sZTDC#H6T&P
FwJ9ij�#T&P�T&P8J�oUT
� ¢U� C&� � H6E6�#E J9AW?XFI[
Hrq FIC&C&_&P
ij?mJ9E6ROSUT ¢ f�F ��[QA&ROSUT&YUC&T)oUS�HGFIPQT&[
PQijYUoUT�T&P8J��#i@oUSUH6A&T
?BijSU[dijlUPQT&[8sjT&[/HGF)oUE6PQ?�T&[QPQE6ijY�T&Y�s@EKJ9T&PQPQT ¢ pdT&S ¯ �#T&PQSU[QT&P�PQijYZJ/[9FI?U?Bij[8J9A&T&P�PQSU[�HGF
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��-*�]��

���I���
%B

���(-*�5

+ ���*�!27

�]�$� � Z}2 � �!�}+$�]�$"*-5

�J

���NGF�("*�(���/

��-*�

δ
R ���*�!27

��U

/2π = −503
Y � ��C

R.
�UL�!�XR�=�UFO�%.��+$�N-(�/

+ ��"H�(�*��;<�*-!����1��!23�!�0�FG � � �
o
�!� � � � o � C �	�E%B

���(-*�5

+��(�����$�H;��8�(���*�$�

+$�&��
 ����� �$�]T8C�T�-!2 G�T �
e2
�!�F+$���I;$+$���(��

��-*�I�$� Z?C �}2�� R.
�U>�!� ��C �42 � R�=�UAC

$XnjSU[QT   ¢ � � ¢j© H6H6T&P ijYZJ(ADJ9A�� FIEKJ9T&P'T&Y�C&ij[Q[QT&PQ?BijYUoXFIYUC&T1F sjT&CkH6T&P �#T&PQSU[QT&P(oUS�YUij�WlU[QT
o q FwJ9ij�#T&P]?UE6A&njA&P]J9[9FIC&A&T&PkPQSU[kH6T&P�$XnjSU[QT&PX  ¢ �j��TDJd  ¢ ��  ¢

��������� � # 0�/ � ! 0�/ ��( 345 � 5�	 3 � ! 0 �	� $)# & !�� $)( 0�/ #

LhijSU[0T&P8J9E6�#T&[WH6T eXS ¯ o q FwJ9ij�#T&PW[9FIH6T&YZJ�EKP � E6H � FISmJ0oUADJ9T&[Q�#E6YUT&[WH6T�YUij�0lU[QT�oUT
?UMUiIJ9ijYUP'A&�#E6P'?XFI[ FwJ9ij�#T ¢ ¥;C�MXFIROSUTª?UMUiIJ9ijY�FIlUPQij[Ql�A � HGF���[QA&ROSUT&YUC&T]oUTª[QA&PQijYXFIYUC&T
oUT&PdFwJ9ij�#T&PkT&P8JdoUA&C FIH6A&T�?XFI[kT���TDJ�pdij?U?UH6T&[ko q SUYUT�ROSXFIYZJ�E J�A

k × vrec
� i �

k
T&P8JdH6T

sjT&CDJ9T&SU[
o q ijYUoUTWTDJ
vrec

HGF#s@EKJ9T&PQPQT0oUT0[QT&C&SUH �
vrec = ~ k/m ' 1

C&� �wP � ¢ a�Y�?�T&SmJ
oUijYUC�C&ijYUPQE6oUA&[QT&[ ROSUT�H6TDP�FwJ9ij�#T&P"YUT�PQijYOJ ?UH6SUP [QA&PQijYXFIYZJ9P1�=HGF���[QA&ROSUT&YUC&T�oUS
� FIE6PQC&T FIS PQijYUoUT�FI?U[Q_&PdF sjijE6[kFIlUPQij[Ql�A&P

Nν

?UMUiIJ9ijYUP]J9T&H ROSUT�x

Nν × k vrec = Γ461 ⇒ Nν ' 1 500 photons
�   ¢ �@���

`�T&P ?UMUiIJ9ijYUP PQijYOJ(AD�#E6P	�dSUYWJ�FIS ¯ x
τν ' Γ461 smoy/2

� A&R ¢   ¢ � � ¢ LhijSU[ SUY#� FIE6PQC&T FIS
oUT�� ¢ � C&� oUT)[9F NjijY���� �

e2
TDJWSUYUT#?USUE6PQP9FIYUC&T)oUT � ¢ � � � �

smoy = 2.7 × 10−2 ¢f T&P0FwJ9ij�#T&P�PQijYOJWoUA&C FIH6A&P0oUT�[QA&PQijYXFIYUC&T FI?U[Q_&PWSUYUT�oUSU[9ADT"o q E6YZJ9T&[9FICDJ9E6ijY;x
ts '

Nν/τν = 0.5
�#P ¢ f T&PWFwJ9ij�#T&P
H6T&P�?UH6SUP
[9FI?UE6oUT&P�oUADJ9T&CDJ9A&PW?XFI[
HGF PQijYUoUT)ijYZJ�SUYUT

s@EKJ9T&PQPQT�H6ijYUnjE J9SUoUE6YXFIHKT�oUT0Hrq ij[QoU[QTWoUT � � � �wP ¢ `�T&P�FwJ9ij�#T&P�PQij[8J9T&YOJ
oUT0[QA&PQijYXFIYUC&T



� � � � � � � u � � ��u ���
	�� � ��������� u ��� ��� � � � � 
���� V �

( a )

( b )

v s , i

D v s

v s , m o y

- 1 0 0 - 8 0 - 6 0 - 4 0 - 2 0 0 2 0
0

1 0

2 0

3 0

4 0

5 0

6 0

7 0

8 0

flu
o
re
sc

en
ce

 (
n
W
)

d é c a l a g e  à  r é s o n a n c e  d e  l a  s o n d e  ( M H z )

 

  N a t / s  =  2 . 4  x  1 0 1 0  a t o m e s / s ;  D v s  =  2 1 . 5  m / s

 N a t / s  =  2 . 1  x  1 0
1 0
 a t o m e s / s ;  D v s  =  1 5  m / s

p ( v s , i )

� 	�� �   ¢ � � � R.
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∆vs
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vs,moy
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�23�*��+$�(� � �?;<"!����23�!�,��
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Nat/s



�(��23�*�
;/

�E�(�*-*�����$� 
*1,�*-K+$���X�?����������=$+$�������\�$�K10���(�*�(�(�I-5

���("*�8C

FI?U[Q_&PkF sZijE6[�?XFI[QC&ijSU[QS SUYUT/oUE6P8J�FIYUC&T/oUT��'C&� � E6Y ��A&[QE6T&SU[QT �WHGF�oUE6�#T&YUPQE6ijY�oUS � FIE6P ¤
C&T FIS�PQijYUoUT ¢ a�Y�?�T&SmJ�oUijYUC0C&ijYUPQE6oUA&[QT&[
ROSUT0J9ijSUP/H6T&P
FwJ9ij�#T&P�[9FIH6T&YOJ9E6PdA&�#TDJQJ9T&YOJ
� � �j�0?UMUiIJ9ijYUP ¢ f T eXS ¯ o q FwJ9ij�#T&Pk[9FIH6T&YZJ9E6P]T&P8JdFIH6ij[QP]C FIH6C&SUH6A ��?XFI[8J9E6[ªoUT�HGFW?USUE6P ¤
P9FIYUC&T

Pmes

� A&R ¢   ¢ V �ª�#T&PQSU[QA&T
?XFI[kHGFW?UMUiIJ9i@oUE6i@oUT/PQT&H6ijY HGFW[QT&HGFwJ9E6ijY�x

Nat/s =
Pmes

η × h ν461 × 1 500

�   ¢ �j� �

f T&P/�)F ¯ E6�)F�oUT eXSUij[QT&PQC&T&YUC&T�oUT&P/C&ijSU[QlBT&P � F �1TDJ � l��kJ9[9FIC&A&T&P/PQSU[/HGF $XnjSU[QT   ¢ � �
C&ij[Q[QT&PQ?BijYUoUT&YZJ/FIE6YUPQE3�#oUT&P eXS ¯ oUT

0.7× 1010
TDJ

1.7× 1010
FwJ9ij�#T&P �wPk[QT&PQ?BT&CDJ9E ¤

sjT&�#T&YOJ ¢
`�TkC FIH6C&SUHXPQE6�#?UH6T�?BT&[Q�#TDJ�o q T&P8J9E6�#T&[(H6T eXS ¯ o q FwJ9ij�#T&P([9FIH6T&YZJ9E6P �)FIE6P YUTkoUijYUYUT

ROS q SUYUT0sIFIH6T&SU[/nj[QijPQPQE6_&[QT ¢ a�Y�F�?XFI[/T ¯ T&�#?UH6T0YUA&njH6E6njA�HGF)sIFI[QEGFwJ9E6iIY�oUT0HGF)s@EKJ9T&PQPQT
oUT&P)FwJ9ij�#T&P0H6ij[QP0oUT Hrq E6YZJ9T&[9FICDJ9E6ijY F sjT&C�H6T � FIE6PQC&T FIS PQijYUoUT ¢ a�[�SUY oUA&C FIHGFInjT"oUT
��[QA&ROSUT&YUC&T�oUT

Γ461/2π
C&ij[Q[QT&PQ?BijYUo ��SUYUT��#i@oUE $XC FwJ9EKijY oUT s@EKJ9T&PQPQT�oUT�� � � �wP ¢

LhijSU[/T&PQP9F NjT&[
oUT0?U[QT&YUoU[QT0T&Y�C&ij�#?mJ9TWC&TDJ
T���TDJ � SUY�FISmJ9[QTWC FIH6C&SUH F�ADJ9A0�#T&YUAWT&Y
C&ijYUPQE6oUA&[9FIYZJ(SUYUTªsIFI[QEGFwJ9E6iIYWoUT�s@EKJ9T&PQPQT]T&Y���ijYUCDJ9E6ijYWoUSWJ9T&�#?UP

t
o q E6YZJ�TD[�FwCDJ9E6ijY0F�sjT&C

H6T/� FIE6PQC&T FIS PQijYUoUT�oUT
HGF ��ij[Q�#T0x

vs(t) = vs,i − vrec × 1 500
t

ts

�   ¢ �I  �



V � ��� ��� 	 ����� �

vs,i

TDJ
vs

PQijYZJ�H6T&Pds@EKJ9T&PQPQT&P�oXFIYUP/HGF�oUE6[QT&CDJ9E6ijY�oUS � FIE6PQC&T FIS�PQijYUoUT�F�swFIYZJ
TDJ�?�T&Y ¤
oXFIYZJ/Hrq E6YZJ9T&[9FICDJ9E6ijY�F sjT&C0C&T � FIE6PQC&T FIS ¢ f TWYUij�WlU[QTWoUTW?UMUiIJ9ijYUP�?XFI[/FwJ9ij�#T�P&q A&C&[QEKJ
�)FIE6YZJ9T&YXFIYZJ/x

Nν [vs,i, δ(sonde)]
�   ¢ � � �

=
s Γ461

2

∫ ts

0

1

1 + s +
4

Γ2
461

[

δ(sonde) + k(vs,i − vrec × 1 500
t

ts
)

]2 dt

f(q E6YZJ9A&nj[9FIH6T�oUT0C&TDJQJ9T#��ijYUCDJ9E6ijY�PQSU[�HGF)oUE6P8J9[QE6lUSmJ9E6ijY�oUTWs@EKJ9T&PQPQT���HGF#P9iI[QJ9E6T�oUS�[9F ¤
H6T&YZJ9E6PQPQT&SU[ �

vs,i

��oUijYUYUT
H6T/YUij�0lU[QT/oUT
?UMUiIJ9ijYUPkAD�#E6P]?XFI[]Hrq T&YUPQT&�0lUH6T/oUT&P1FwJ9ij�#T&P
[9FIH6T&YZJ9E6P�?�ijSU["SUYUT�swFIH6T&SU["oUijYUYUA&T�oUT

δ
� PQijYUoUT�� ¢ ¦1ijSUP�F sjijYUP C FIH6C&SUH6A�YOSU�#A&[QE ¤

ROSUT&�#T&YZJ�C&TDJQJ9T�EKYOJ9A&nj[9FIH6T/T&Y�C&ijYUPQE6oUA&[9FIYZJdSUYUT�oUE6P8J9[QE6lUSmJ9E6ijY oUT
s@EKJ9T&PQPQT�C FI[Q[QA&T�oUT
HGFI[QnjT&SU[

∆vs

FISmJ9ijSU[koUT�HGF0sIFIH6T&SU[k�#i|NjT&YUYUT
vs,moy = 22

� �wP � $Xn ¢   ¢ � �@¢ F � ¢ `�TDJQJ9T
swFIH6T&SU[
T&P8J]v8SUP8J9E $XA&T#FIS�?XFI[9FInj[9FI?UMUT�PQSUEKsIFwYOJ ¢ f T0[QA&PQSUHKJ�FwJ�F"ADJ9A�YUij[Q�)FIH6EKPQA0?BiISU[
,DJ9[QT�C&ij�#?XFI[QAWFIS ¯ �#T&PQSU[QT&P ¢ a�Y�F)E6YZJ9[Qi@oUSUEKJ1SUY�?XFI[9FI�#_DJ9[QTWF|v8SUP8J�FIlUH6T

Nat/s

[QT ¤
?U[QA&PQT&YZJ�FIYZJ1H6TdYUij�0lU[QT�o q FwJ9ij�#TDP][9FIH6T&YZJ9E6P�?XFI[ªPQT&C&ijYUoUT ¢ >@SU[ªHGF $XnjSU[QT�  ¢ � �@¢ l"PQijYZJ
J9[9FIC&A&T&PdH6T&Pd[QA&PQSUHKJ�FwJ9P1ijlmJ9T&YOSUP�ROSUE'FI?U?U[Qi@C�MUT&YZJ
FIS��#E6T&S ¯ HGF�C&ijSU[QlBT�T ¯ ?BA&[QE6�#T&Y ¤
J�FIH6T � l���oUT
HGF $XnjSU[QT�  ¢ � � ¢ a�Y ijlmJ9E6T&YZJ
x

Nat/s ≈ 2× 1010
FwJ �wPkF sjT&C�SUYUT
HGFw[9nIT&SU[

oUT
HGFWoUE6P8J9[QE6lUSmJ9E6ijY"oUT/s@EKJ9T&PQPQT
oUT
Hrq ij[QoU[QT/oUT��I� � �wP ¢
`�Td�#i@oU_&H6TkoUAgv-��?UH6SUP�C&ij�#?UH6T ¯ T � ��ijSU[QYUEKJ�SUYUTdT&P8J9E6�)FwJ9E6iIY#oUTdHGF
oUE6PQ?BT&[QPQE6ijY)T&Y

s@EKJ9T&PQPQTW�)FIE6P1H6T�C FIH6C&SUHhoUS eXS ¯ o q FwJ9ij�#T&Pd[9FIH6T&YOJ9E6P1[QT&P8J9T0FI?U?U[Qi ¯ E6�)FwJ9E � ¢�© Y�T���TDJ �
ijY�F�PQE6�#?UH6T&�#T&YZJkC&ijYUPQE6oUA&[QA�SUYUT�oUA&C&A&H6A&[9FwJ9E6ijY�SUYUE ��ij[Q�#T/oXFIYUP1H6T � FwE6PQC&T FIS�PQijYUoUT
F sjT&C�SUY J9T&�#?UP)o q E6YZJ9T&[9FICDJ9E6ijY C&ijYUP8J�FIYOJ � A&R ¢   ¢ � � � ¢ \gH�� FISUoU[9FIEKJ#�#i@oUA&H6E6PQT&[�?UH6SUP
?U[QA&C&E6PQA&�#T&YZJ]Hrq ADsjijH6SmJ9E6ijY)oUT�H6F�s@EKJ9T&PQPQT�oXFIYUPªHGF�oUE6[QT&C
J�EKijY�oUS � FIE6PQC&T FIS�PQijYUoUT ¢ L Fw[
FIE6H6HKT&SU[QP � HGFªoUE6PQ?BT&[QPQE6ijY
oUT�HGF�s@EKJ9T&PQPQT�J9[9FIYUP8sjT&[QPQT�Y q T&P8J'?XFIP�YUA&njH6E6njT FIlUHKT(?XFI[ [9FI?U?Bij[8J
�

vs

C FI[dT&H6H6T�T&P8J/o q T&YZs@E6[QijY����(� �wP � $Xn ¢ � ¢ � � ¢ \^H3� FISUoU[9FIEKJ1oUijYUC�J9T&YUE6[1C&ij�#?mJ9T�oUT
C&TDJQJ9T"oUE6P8J�[QE6lUSmJ9EKijY � TDJ)FISUPQPQEªoUT HGF�oUE6P8J�[QE6lUSmJ9E6iIY�TDJ#oUT"Hrq ADsjijH6SmJ9E6ijY�PQ?XFwJ9EGFIH6T�oUT&P
FwJ9ij�#T&P]oXFIYUPkH6T/� FIE6PQC&T FIS PQijYUoUT ¢

b1Y �#i@oU_&H6T�?U[QT&YXFIYZJ�T&Y C&ij�#?mJ9T�J9ijSUP�C&TDP � FICDJ9T&SU[QP PQT&[9FIEKJ�lBT FISUC&ijSU?�?UH6SUP
H6ijSU[Qo ¢ \^HdY q F�?XFIP�ADJ9A�oUADsjT&H6ij?U?BA�C FI[�?�ijSU[�T&P8J9E6�#T&[�H6T%eXS ¯ o q FwJ9ij�#T&P)[9FIH6T&YOJ9E6P
YUijSUPWoUE6PQ?�ijPQijYUPWo q SUYUT"FISmJ9[QT��#T&PQSU[QT�ROSUE�T&P8J0C&T&H6H6T#oUS=C�MXFI[QnjT&�#T&YZJ0oUS L ¡ a x
H6T�eXS ¯ o q FwJ9ij�#T&P�[9FIH6T&YZJ9E6PdT&P8J�FIS��#ijE6YUPdA&nZFIH FIS�J�FIS ¯ oUT0C�MXFI[QnjT&�#T&YZJ/oUS�?UE6_&njT
?USUE6PQROSUT1H6T&P�FwJ9ij�#TDP�C FI?mJ9SU[QA&P�ijYZJ�ADJ9A1oUA&C&_&H6A&[QA&P�?XFI[�H6Tk[9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY � ¢ f�F
C&ijSU[Ql�T]oUT�HGF.$XnjSU[QT   ¢ ��  ¢ lW�#ijYOJ9[QT�ROSUT]?�ijSU[ SUY#��ijSU['C�MXFIS ��A�� �  j� o

` � HKT�J�FIS ¯ oUT
C FI?mJ9SU[QT1oUS)L ¡ a FwJQJ9T&E6YOJ�SUYUTksIFIH6T&SU[��)F ¯ E6�)FwHKT]oUT

4×1010
FwJ9ij�#T&P �wP ¢ ¥ � �j� o

`
��b/eK��dfeVk�iyn hVu]r${ e*iyhVzKcAqDeAl
e5u
iLp�u�cE��n iycAqyqjcNn u8��s�dyn c�p�dycE�
�
�<z �*qL�ImQeXqjhVdjiyn cFr8p@��hVp�d�kf�,e5p8~?s

�E�V�V�
o
�\cAqBi}s�|
e5m c��

4× 10−5
� " k(c(ijiycDiyc�zKg0s�dfe*iyp�dyc

w
m c �,p � e*iyhVzKnQo
p�cLcAqBi4r${ c�u���n dyhVu

2× 1012e*iyhVzKcAq �*q��(b�c �,p �Nr${ e*iyhVzKcAq�e!lVe5u
i�p�u�c	��n iycAqyqjc�n u8��s�dyn c�p�dyc	� �
��z �*q$qye5u,q$m c	dfe5m c�uViynQqyqjc�p�d��0c�c�zIe5u
cAqBiLr8hVu,kNqjc�p�m c�zKc�uViDr8cNm�{ hVdfr8dyc>r8c

108
e*iyhVzKcAq �*q��



� � � � � � � u � � ��u ���
	�� � ��������� u ��� ��� � � � � 
���� V4T

HGF�sIFIH6T&SU[]�)F ¯ E6�)FwHKT�C FIH6C&SUH6A&T �0?XFI[8J9E6[ªoUT
HGFWC&ijSU[QlBT
oUT/C
MXFI[QnjT&�#T&YZJk[QT&?U[QA&PQT&YOJ9A&T
PQSU[(HGF�$XnjSU[QT�  ¢ �j�]TDPQJ(oUT

1.4×1010
FwJ9ij�#T&P �wP ¢Z¡ FIH6nj[QA�J9ijSmJ9T&P(H6T&P(FI?U?U[Qi ¯ E6�)FwJ9EKijYUP

PQSU[/H6T&PQROSUT&H6H6T&P�[QT&?BijPQT&YZJ�HKTWC FIH6C&SUH'oUSKeXS ¯ o q FwJ9ij�#T&P�[9FIH6T&YOJ9E6P/��?XFI[8J9E6[doUS�P9EKnjYXFIH
oUT�eXSUij[QT&PQC&T&YUC&T � H6T&P1swFIH6T&SU[QPdijlmJ9T&YOSUT&P�[QT&P8J9T&YZJ/C&ij�#?XFwJ9E6lUHKT&PdF sjT&CWC&T&P��#T&PQSU[QT&P/�
SUY*� FICDJ9T&SU[d�W?U[Q_&P ¢

f T][9FI?U?�ij[8J(T&YZJ9[QT]H6T eXS ¯ FwJ9ij�#E6ROSUT�oUA&C&A&H6A&[QA]?XFI[ H6Tª[9FIH6T&YZJ9E6PQPQT&SU[���T&T&�)FIYWTDJ(H6T
eXS ¯ o q FwJ9ij�#T&P �
HGF�PQij[8J9E6TkoUS���ijSU[ � §   ¢   ¢ � �'T&P8J�oUTkHrq ij[QoU[QTkoUT
� � � T&Y�FIC&C&ij[Qo)F�sjT&CH6T&P][QA&PQSUHKJ�FwJ9PkoUT
HGFW�#i@oUA&H6E6P9FwJ9EKijY"YOSU�#A&[QE6ROSUT/oUA&C&[QEKJ9T�FIS�C�MXFI?UEKJ9[QT/?U[QA&C&A&oUT&YZJ ¢

�%3 8?+.:a:>+ -�@ 
9+.7D7J+KAJ+.: ]^8?@9-�+.:�/;]`[5+.798;3\:
f�F��#T&PQSU[QTdoUTdHGF eXSUij[QT&PQC&T&YUC&T/E6YUoUSUEKJ9T1?XFI[�HGF�PQijYUoUT � $Xn ¢   ¢U� �(?�T&[Q�#TDJªoUTdC FIH ¤

C&SUH6T&[�HGF s@EKJ9T&PQPQT"��i|NjT&YUYUT�oUT&P0FwJ9ij�#T&P�[9FIH6T&YZJ9E6P ¢ f T��)F ¯ E6�WSU� oUT eXSUij[QT&PQC&T&YUC T
T&P8J
ijlmJ9T&YOS�?BijSU[

δ
� P9iIYUoUT�� ≈ −30

¡ � � C&T0ROSUE C&ij[Q[QT&PQ?BijYUo ��SUYUTWs@EKJ9T&PQP9T0oXFIYUPHGF�oUE6[QT&CDJ9E6ijY�oUS1� FIE6PQC&T FIS�PQijYUoUTWoUT)� � � �wP ¢�© Y�C&ijYUPQE6oUA&[9FIYOJdROSUT�H6T&P�FwJ9ij�#T&P1PQS ¤
lUE6PQPQT&YZJ�oXFIYUP�HGF�PQijYUoUTkSUY#oUADC FIHGFInjT]oUT���[QA&ROSUT&YUC&T1A&nZFIH �

Γ461/2π
� HGF�oUE6P8J9[QE6lUSmJ9E6ijY

oUT�s@EKJ9T&PQPQT�oUT&P/FwJ9ij�#T&P1T&P8J/FIH6ij[QPkoUA&C FIH6A&T�?XFI[1T���TDJ/pdij?U?UH6T&[doUT#� � � �wPk?BT&YUoXFIYZJ
Hrq E6YZJ9T&[9FICDJ9E6ijY"F�sjT&C
C&T � FIE6PQC&T FIS ¢ f�FWs@EKJ9T&PQPQT
�#i�NZT&YUYUT
oUT&P1FwJ9ij�#T&PkF sIFIYZJ1HGFWPQijYUoUT
T&P8J/oUijYUCW?UH6SmJ�	IJ

vs, moy = 22
� �wP ¢ ¥�sZT&CWSUY�s@EKJ9T&PQPQT0�#i�NjT&YUYUTWoXFIYUP/H6F)oUE6[QT&CDJ9E6ijY

J9[9FIYUP8sjT&[QPQT]oUT T'� �wP � $Xn ¢ � ¢ � ��TDJ(C&iI�#?mJ9T�J9T&YOS0oUTªHrq FIYUnjH6T�oUT � � o T&YZJ9[QTªH6T � FIE6PQC&T FISPQijYUoUT/TDJ]Hrq F ¯ T�oUS�v8TDJ � HGF
s@EKJ9T&PQPQT/�#i|NjT&YUYUT�H6ijYUnjEKJ9SUoUE6YXFwH6T1oUT&PkFwJ9ij�#T&P��WHGF�PQij[8J9E6T
oUS [9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY�T&P8JWFIH6ij[QP/o q T&YOs@E6[QijY�� � � �wP ¢ `�TDJQJ9T�swFIH6T&SU[
T&P8J�T&Y lBijY
FIC&C&ij[Qo"F�sjT&C�HGF�PQE6�WSUHGFwJ9EKiIY)YOSU�#A&[QE6ROSUTdoUS�?U[Qi@C&T&PQPQSUP]oUT�[9FIH6TDYOJ9E6PQPQT&�#T&YZJ�oXFIYUPªH6T&P
C&ijYUoUEKJ9E6ijYUP]T ¯ ?BA&[QE6�#T&YZJ�FIH6T&P ¢
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f T�oUA&C FIHGFInjT��d[QA&PQijYXFIYUC&T�oUS � FIE6PQC&T FISWoUSW[9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIYWFdADJ9A�ij?mJ9E6�#EKPQA
T&Y��)F ¯ E6�#EKP9FIYZJ�H6T eXS ¯ o q FwJ9ij�#T&P�[9FIH6T&YZJ9E6P�oUADJ9T&CDJ9A&PkF sjT&CdH6T�� FIE6PQC&T FIS)PQijYUoUT ¢ a�Y�F
ijlmJ9T&YOS x

δ
� ��T&T&�)FIY��

/2π = −503
¡ � � ¢ `�TDJQJ9T0ij?mJ9E6�#E6P9FwJ9EKijY�F"A
J�A0T���T&CDJ9SUA&T�T&YF|v8SUP8J�FIYOJ'HGF���[QA&ROSUT&YUC&TªoUSW�#i@oUSUHGFwJ9T&SU[hFIC&ijSUP8J9i ¤ ij?mJ9E6ROSUT ¡ ¥da � SmJ9E6H6E6PQA�T&YWoUijSUlUH6T

?XFIPQP9FInjT � $Xn ¢   ¢ ��� ¢ `�ij�#?mJ9T�J9T&Y@S�oUS�PQC�MUA&�)F/oUT���[QA&ROSUT&YUC&TkSmJ9E6H6E6PQA � Hrq ij?mJ9E6�#EKP9FwJ9EKijY
oUT

δ
� ��T&T&�)FIY��dPQSU[/H6T0YUij�WlU[QT0o q FwJ9ij�#T&P/?UE6A&njA&P
FISU[9FIEKJ/ADJ9A0?UH6SUP/HGFIlBij[QE6T&SUPQT ¢ © Y

T���TDJ � E6HBT&P8Jk?BijPQPQE6lUH6T�oUT�sIFI[QE6T&[�E6YUoUA&?BT&YUoXFI�#�#T&YZJ]HGF ��[QA&ROSUT&YUC&T�oUT&P�� FIE6PQC&T FIS ¯ oUS
[9FIH6T&YZJ9E6PQPQT&SU[kTDJkoUS�?UE6_&njT/�)FIE6PªE6H � FISmJkT&YUPQSUEKJ9T
[QA FIH6E6njYUT&[ªH6T&SU[]oUE6[QT&CDJ9E6ijY ¢

f T&P�lBijlUE6YUT&P
oUT�C�MXFI�#?��)FInjYUADJ9E6ROSUT0oUS�[9FIH6T&YOJ9E6PQPQT&SU[/ijYZJ�ADJ9A#C&ijY +&SUT&P�?BijSU[
,DJ9[QT�SmJ9E6H6EKPQA&T&P�F sjT&CWSUY1� FIEKP9CDT FIS�HGFIPQT&[1C&ijYZsjT&[QnjT FIYOJ � C
MXFI?UEKJ9[QT�� � ¢ f�F���i@C FIH6E6P9FwJ9EKijY
oUS � FIE6PQC&T FIS F o q FIl�ij[Qo;ADJ9A�[QA&njH6A&T�?�ijSU[)�)F ¯ E6�#EKPQT&[#H6TIeXS ¯ o q FwJ9ij�#T&P)[9FIH6T&YZJ9E6P
?USUE6P(F|v8SUP8J9A&T�$XYUT&�#T&YZJ�?�ijSU[ ij?mJ9E6�#E6PQT&[hH6TªYUij�WlU[QTªo q FwJ9ij�#TDP ?UE6A&njA&P ¢ f�Fd�#T&E6H6HKT&SU[QT
C&ijY $XnjSU[9FwJ9E6ijY"ijlmJ9T&YOSUT
C&ij[Q[QT&PQ?BijYUo1�0SUY C&ijH oUT0� �

µ
� PQEKJ9SUA Vj  C&� FI?U[Q_&PkH6T/MOS ¤

lUH6iIJ
oUS [9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY ¢ f T&P�[9F NjijYUP ��� �
e2
� Hrq T&YZJ9[QA&T#TDJ � HGF"PQij[8J9E6T�oUT&P
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l�ijlUE6YUT&P
oUS�[9FIH6T&YZJ9E6PQPQT&SU[/PQijYZJ�FIHKij[QP
we = 1.8

�#� TDJ
ws = 4.6

�#�.[QT&PQ?BT&CDJ9EKsjT ¤
�#T&YZJ ¢ `�T&P(sIFIH6T&SU[QP oUE ��A&[QT&YOJ(PQT&YUPQE6lUH6T&�#T&YZJ�oUT]C&T&H6H6T&P ijlmJ9T&YOSUT&P�F sZT&C]HGFdPQE6�0SUHGFwJQE6iIY
YOSU�#A&[QE6ROSUT �

we = 1
�#��TDJ

ws = 8
�#� � § � ¢ � ¢   �ªC FI[1T&Y�?U[9FwJ9E6ROSUT
HGF�oUEKsjT&[QnjT&YUC&TT&P8J'H6E6��E J9A&T�?XFI[�H6T&PhoUE6FI?UMU[9FInj�#T&P�C&ijYUP8J9EKJ9SUA&Ph?XFI[hH6T&P�oUEKsjT&[QPhA&H6A&�#T&YOJ9P�oUT�Hrq T&YUC&T&E6YOJ9T

�Ws@E6oUT ¢
© Y $XY �

vmoy

� HGF�s@EKJ9T&PQPQTd�#i�NZTDYUYUT1oUT&PªFwJ9ij�#T&P �
HGF/PQij[8J9E6TkoUS)[9FIH6T&YZJ9E6PQPQT&SU[�oUijEKJ
,DJ9[QT�FIoXFI?mJ9A&T0T&Y ��ijYUCDJ9E6ijY�oUT0HGF)s@EKJ9T&PQPQT�oUT0C FI?mJ9SU[QT0oUS�L ¡ a ¢

vmoy

oUA&?BT&YUo�oUT
δ
� ��T&T&�)FIY���TDJWoUS�C�MXFI�#? �)FInjYUADJ9E6ROSUT ��HGF�PQij[8J9E6T#oUS�[9FIH6T&YZJ9E6PQPQT&SU[ ¢ `�T)oUT&[QYUE6T&[
oUA&?�T&YUo�oUT

I
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HGF)PQE6�#?UH6EKC&E J9A�oUTWHrq ij?mJ9E6�#EKP9FwJ9EKijY � CIq T&P8J
C&T0?XFI[9FI�#_DJ9[QTWROSUE F�ADJ9A0SmJ9E6H6EKPQA�_ � ¢ >@SU[/HGF
$XnjSU[QT   ¢ � � PQijYZJWJ9[9FIC&A&P0H6T&PW[QA&PQSUHKJ�FwJ9PWo q SUYUT"PQA&[QE6T�o q T ¯ ?BA&[QE6T&YUC&T&P�ROSUE]F�C&ijYUPQE6P8J9A
� �#T&PQSU[QT&[�H6T0YUij�0lU[QT�o q FwJ9ij�#T&P
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?�ijSU[�oUE ��A&[QT&YZJ9T&PdsIFIH6T&SU[QPdoUT

I
� ��T&T&�)FIY�� ¢ f�F#s@EKJ9T&PQPQT0�#i�NjT&YUYUTWH6ijYUnjEKJ9SUoUEKYXFIHKT�T&Y

��ijYUCDJ9E6ijYWoUS#C&ijSU[9FIYZJ � $Xn ¢   ¢ � � ¢ F �hT&P8J(J9[9FIC&A&TkT&Y�C&ij[Q[QT&PQ?BijYUoXFIYUC&T1F sZT&C]Hrq ADsZijHKSmJ�EKijY
oUS"YUij�WlU[QT�o q FwJ9ij�#T&Pª?UE6A&njA&P � $Xn ¢   ¢ � � ¢ l�� ¢ a�Y"?BT&SmJ1FwE6YUPQE�T&P8J9E6�#T&[ªROSUT/HGF
s@EKJ9T&PQPQT
oUT(C FI?mJ9SU[QT�oUS�L ¡ a T&P8JhoUT�Hrq iI[9oU[QT oUT� j� � �wP ¢ `�TDJQJ9T(sIFIH6T&SU[ T&P8J�SUY�?BT&S
E6Y ��A&[QE6T&SU[QT
��C&T&H6H6TWSmJ9E6H6E6PQA&TW?�ijSU[/HGF�PQE6�WSUHGFwJ9EKijY�YOSU�#A&[QE6ROSUT � � � � �wP � ¢ `�T&C&E(T ¯ ?UH6E6ROSUT0ROSUT�H6T
C&ijSU[9FIYZJ�ROSUE'ij?mJ9E6�#EKPQT�H6T�YUij�0lU[QT�o q FwJ9ij�#T&Pd?UE6A&njA&PdPQijEKJ�H6A&nj_&[QT&��T&YOJdPQSU?BA&[QE6T&SU[ �
HGF�sIFIH6T&SU[kFwJQJ9T&YUoUSUT � �;T ¥ C&ijYZJ9[QT�� � ¥�� ¢

>@SU[)H6T�� ,&�#T�nj[9FI?UMUE6ROSUT�ROSUT�H6T�YUij�0lU[QT�o q FwJ9ij�#T&P)?UE6A&njA&P)T&Y ��ijYUCDJ9E6ijY�oUT
I
� ��T&T&�#FIY�� � $Xn ¢   ¢ � � ¢ l�� � PQijYZJ#J9[9FIC&A&T&P#H6T&P0sIFIH6T&SU[QP�oUS_eXS ¯ FwJ9ij�#E6ROSUT"oUA&oUSUEKJ9T&P
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SUY�C&ijSU[9FIYZJdE6Y ��A&[QE6T&SU[.� �;T'¥ � H6T eXS ¯ o q FwJ9ij�#T&Pk[9FIH6T&YOJ9E6P]?BT&SmJ%,DJ9[QTWFISUnj�#T&YZJ9A
P9E ¤
njYUE $XC FwJ9EKsjT&�#T&YZJ ¢ `�T&?BT&YUoXFIYZJ�HGF s@EKJ9T&PQPQT��#i�NjT&YUYUT�oUT&P0FwJ9ij�#T&P�[9FIH6T&YZJ9E6P�oUTDs@E6T&YZJ
PQSU?�A&[QE6T&SU[QT��1HGF]s@EKJ9T&PQPQTªoUT�C FI?mJ9SU[QT�oUSWL ¡ a;TDJ H6T�YUij�WlU[QT�o q FwJ9ij�#T&Ph?UE6A&njA&PhoUE6�#E ¤
YOSUT ¢m© Y"FISUnj�#T&YZJ�FIYZJ

I
� ��T&T&�)FIY�� � HGF/s@EKJ9T&PQPQTdoUT&PªFwJ9ij�#T&P���HGF�PQij[8J9E6TkoUS�[9FIH6T&YZJ9E6P ¤

PQT&SU[koUE6�#EKY@SUT�TDJkHGFWoUEKsZT&[QnjT&YUCDT�oUSWv8TDJdFwJ9ij�#EKROSUT/[QT���[QijE6oUE FISUnj�#T&YZJ9T � C
MXFI?UEKJ9[QT�� �
$Xn ¢ � ¢ � � ¢ L'FI[0C&ijYUPQA&ROSUT&YOJ � H6T eXS ¯ o q FwJ9ij�#T&PW[9FIH6T&YZJ9E6P0FI[Q[QEKswFIYOJWoXFIYUP0HGF � ijYUT"oUTC FI?mJ9SU[QT
oUA&C&[Qi��6JkC&ijYUPQE6oUA&[9FIlUH6T&�#T&YZJ ¢
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?�ij[8J9A/��C�MXFIROSUTd?XFI[8J9E6T1oUT1Hrq T ¯ ?BA&[QE6T&YUC&T�xOHGF
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a�� � u3�*e5dynQe5u
i

I
� �0c�c(zIe5u �
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p�cEo
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p�cAq:g0hVn u
ifqLr8c>zKcAqjp�dycAq4o
p�{ hVu@dyc(iydyhVp��5c>m c>z���zKc
u�hVz ��dyc�r${ e*iyhVzKcAq�g�n s�|VsAq�hVg8iyn zIe5m0g?hVp�d:r8cAq��5e5m c�p�dfq�r8n ~?s�dyc�uViycAq:r8c
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J9E6ijY)oUT�Hrq T&YUC&T&E6YZJ9T ��s@E6oUT � Hrq A
J�SUoUTdoUS"[9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY�TDJ]Hrq ij?mJ9E6��EKP�F|J�EKijY#oUS
YUij�WlU[QT]o q FwJ9ij�#T&P�?UE6A&njA&P ¢ ¦1ijSUP�F sZijYUP��#ijYZJ9[QA]ROS q T&H6H6Tk?�T&[Q�#TDJ�oUTk?UE6A&njT&[ v8SUPQROS q �
1.3 × 109

FwJ9ij�#T&PWoUT
88
>@[0F sjT&C"SUY�J�FIS ¯ oUT"C FI?mJ9SU[QT�oUT

4 × 1010
FwJ9ij�#T&PW?XFI[

PQT&C&ijYUoUT ¢ f T0lBijY ��ijYUCDJ9E6ijYUYUT&�#T&YZJ
oUT�C&TDJQJ9T�PQijSU[QC&T#F�v8ijSUA0SUY�[
	jH6TWoUA&C&E6PQE ��oXFIYUP
H6T&P]�#T&PQSU[QT&PkoUT ��[QA&ROSUT&YUC&T&PdoUT&PkJ9[9FIYUPQEKJ9E6ijYUP]FwJ9ij�#EKROSUT&P

3P0 − 3S1

� 3P1 − 3S1

TDJ
J9ijSmJ�?XFI[8J9E6C&SUH6E6_D[9TD�#T&YOJ
oUT#HGF�J9[9FIYUPQEKJ9E6ijY�o q MUij[QH6ijnjT

1S0 − 3P0
¢ `�T&P��#T&PQSU[QT&P�oUT

��[QA&ROSUT&YUC&T&PdPQijYZJ1[9FI?U?�ij[8J9A&T&P1oXFIYUPkH6T&P]C
MXFI?UEKJ9[QT&P]PQSUEKsIFIYZJ9P ¢
f T�J
FwS ¯ oUT�C FI?mJ9SU[QT�ijlmJ9T&YOS�PQT&[9FIEKJ PQS �#P9FIYOJ�?BijSU[�FIPQPQSU[QT&[�SUY�lBijY ��ijYUC ¤

J9E6ijYUYUT&�#T&YZJ�oUTkHrq MUij[QH6ijnjT ¢ `�T&?�T&YUoXFIYOJ � E6HU?BijSU[Q[9F ,DJ9[QTkT&YUC&ij[QTdFI�#A&H6EKij[QAªH6ij[QPQROSUTkHGF
oUT&S ¯ E6_&�#T]PQijSU[QC&TkHGFIPQT&[�� � � � YU� PQT&[9F/ij?BA&[9FwJ9E6ijYUYUT&H6H6T ¢ f�F/?USUE6PQP9FIYUC&TkPQSU?U?UH6A&�#T&Y ¤
J�FIE6[QT�?BT&[Q�#T
J9J9[9F)o q T���T&CDJ9SUT&[
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?�ijSU[1FISUnj�#T&YZJ9T&[kHrq T��#C&FIC&EKJ9A
oUS�[9FIH6T&YZJ9E6PQPQT&SU[ ��T&T&�)FIY ¢ a�Y�?BijSU[Q[9F�FISUPQPQE�[QA FIH6E6PQT&[
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[9FwJ9E6ijY)?UH6SUPªA&H6TDsZA&P]?�ijSU[ªoUE6�#E6YOSUT&[�Hrq T���TDJ]oUT�Hrq FIlUPQij[Q?mJ9E6ijY�?XFI[ªH6T&P]FwJ9ij�#T&P ��[QijE6oUP ¢
© Y�ijSmJ9[QT � C&TDJQJ9TdoUT&S ¯ E6_&�#TdPQijSU[QC&Tdi���[QE6[9F
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\^H PQT&[9FIEKJ
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?�T&[Q�#TDJQJ9[9FIEKJkoUT��#E6T&S ¯ C&ijYZJ9[
	jH6T&[kH6T
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�LT �j�j� ¢ f�F�C F s@EKJ9AkT&P8JªC&iIYUPQJ9EKJ9SUA&T1oUT1oUT&S ¯ �#E6[QijEK[QP
C&ijYUC F sZTDP
F NOFIYZJ�oUT&P�[9F NjijYUP�oUT�C&ijSU[QlUSU[QTWoUT � � C&� ¢ f T&P��#E6[QijEK[QPkPQijYZJ/C&iIYOJ�FICDJ9A&P
ij?mJ9E6ROSUT&�#T&YZJ PQSU['SUY0lXFw[9[QT FwS0o q bdf ©�� SUY�sZT&[Q[QT]F NZFIYZJ SUY0C&iOT��#C&E6T&YZJ(o q T ¯ ?XFIYUPQE6ijY
J9MUT&[Q�#E6ROSUT]J9[Q_&P � FIE6lUH6T��/J9T&�#?BA&[9FwJ9SU[QTdFI�WlUEGFIYZJ9T/xOT&YZJ9[QT � TDJª  � o ` � C&T1C&i@T��#C&E6T&YZJT&P8J0PQ?BA&C&E $XA�T&Y�sIFIH6T&SU[�[QT&HGFwJ9EKsjT �

0 ± 1 10−10
� ®0¢ f�F�C F s@EKJ9A�H6ijYUnjSUT#oUT����(C&� �

?BijPQPQ_&oUT�SUY E6YZJ9T&[8sIFIH6H6T�PQ?BT&CDJ9[9FIH/H6E6lU[QT�oUT � ¢U� ¬�� � ¢ f�F HGFI[QnjT&SU[�oUT&P��#i@oUT&P"oUT[QA&PQijYXFIYUC&T�oUT
HGFWC F�s@E J�A/T&P8J1oUT � � � � � ¢
f�F�C F�s@EKJ9A1T&P8Jª?UHGFIC&A&TdoXFIYUP�SUYUTdT&YUC&T&E6YZJ9TdSUHKJ9[9F ¤ s@E6oUT ¢ `�T&C&E�?�T&[Q�#TDJªo q SUYUTd?XFI[8J

oUT�[QA FIH6E6PQT&[�SUY�lUH6E6YUoXFInjTkJ9MUT&[Q�#E6ROSUTdTDJkFIC&ijSUP8J9E6ROSUTdTDJ]o q FISmJ9[QTd?XFI[8JªoUT��#E6YUE6��EKPQT&[
H6T&PªoUA&?UHGFIC&T&�#T&YOJ9P]oUT/��[QA&ROSUT&YUC&T
oUT&P]�#i@oUT&P]oUT/[QA&PQijYXFIYUC&T/H6E6A&P]FIS ¯ swFI[QEGFwJ9E6ijYUP�oUT
Hrq E6YUoUE6C&T�oUT#[QA���[9FICDJ9E6ijY ¢ ¦1iIJ9ijYUP�ROSUT)oUT&P eXSUCDJ9SXFwJ9E6ijYUP�oUT)?U[QT&PQPQE6ijY oUT

5 10−6
L F

C&ij[Q[QT&PQ?BijYUoU[9FIE6T&YZJ ��oUT&P eXSUCDJ9SXFwJ9E6ijYUP([QT&HGFwJ9EKsjT&P oUT]Hrq E6YUoUEKC&T�oUT][QA���[9FICDJ9E6ijY � TDJ(oUijYUC
a�b�c�� � ��
��*�IcAqBiL�Vc�u,r8p^g,e5d4mQeKqjh�k(n s(iys � � "L� � �����N� c�u,eVk5� k(hVz ���
��b�c����*�?���4� 
��(�8� 
�cAqBiLp�u^g�dyh�r8p�n iLr8cNmQeKqjh8k(n s(iysN�]n u�p,qL� � �����N� zKn u�p,q �?� k(hVz ���
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oUT HGF ��[9ADROSUT&YUC&T�oUT&P#�#iOoUT&P �0oUT����
−15 ¢ b1YUT�?�ij�#?BT E6ijYUE6ROSUT"oUT�� � H �wP�FIPQPQSU[QTSUYUT"?U[QT&PQPQE6ijY=oUT

2 10−7
L'F�oXFIYUPWHrq T&YUC&T&E6YOJ9T ��s@E6oUT ¢ `�TDH6H6T ¤ C&E�T&P8J�C&ijYUP8J9EKJ9SUA&T"oUT

J9[QijE6PdCDN@H6E6YUoU[QT&P/C&ijYUC&T&YZJ9[9EKROSUT&P�T&Y�FIH6SU�#EKYUE6SU� � § E6njSU[QT � ¢ � � ¢ LhijSU[/�#E6YUE6��EKPQT&[�H6T&P
C&ijYZJ9[9FIE6YZJ9T&P��#A&C FIYUE6ROSUT&P � HGF"C F s@EKJ9A § FIlU[8N ¤ LhA&[QiIJ�T&P8JWPQE6�#?UH6T&��T&YOJ
?�ijPQA&T)PQSU[�SUY
PQSU?U?�ij[8J�T&Y�\^YOswFI[(T&Y���ij[Q�#T�oUT « ?XFI[ Hrq E6YZJ9T&[Q�#A&oUEGFwEK[QT�oUT'v8ijE6YZJ9P « EKJ9ijY ¢ `�T&P v8ijE6YZJ9P
ROSUE�[QA FIH6E6PQT&YZJ�FISUPQPQE�H6T#C&ijYZJ�FICDJWT&YZJ9[QT)H6T&P
J9[QijE6P
CDN@H6E6YUoU[QT&P � ?�T&[Q�#TDJQJ9T&YOJ�o q FIPQPQSU[QT&[
SUYUTkl�ijYUYUTkE6PQijHGFwJ9E6iIYWJ9MUT&[Q�#E6ROSUT]TDJ�oUTk�#E6YUE6��EKPQT&[ HGF�J9[9FIYUPQ�#E6PQPQE6ijYWoUT&P�s@E6lU[9FwJ9E6ijYUP
MXFISmJ9T&P���[QA&ROSUT&YUC&T&P ¢
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LhT&YUoXFIYOJ/H6T&P��#T&PQSU[QT&P/oUT ��[QA&ROSUT&YUC&T&P � Hrq T&YUC&T&E6YZJ9T��#s@E6oUTWY q ADJ�FIEKJ�?XFIP
FIPQPQT&[8s@E6T
T&Y�J9T&�#?�A&[9FwJ9SU[QT��)FIE6P�HGF=oUA&[QEKsjT�oUT ��[QA&ROSUT&YUC&T�oUT&P��#i@oUT&P"oUT�HGF=C F s@EKJ9A�A
J
FwEKJ
�#T&PQSU[QA&T�TDY�?BT&[Q�)FIYUT&YUC&T ?XFI[�H6T H6FIPQT&[���T&��J9ijPQT&C&ijYUoUT � sjijE6[#$XnjSU[QT � ¢ �j��� ¢ ¦1ijSUP
F sjijYUP�T&YU[QT&njE6P8J9[QA1oUT&P�oUA&[QEKsjT&P�FIH6HGFIYZJ�oUT1ROSUT&H6ROSUT&P �1T&[8J � �
SUYUT1C&T&YOJ�FIE6YUTkoUT �1T&[8J �?XFI[]PQT&C&ijYUoUT ¢

� �����	� � #%#%$�&�-�/ #%#%$ � $)( 0 � ! & � ! 0�$)* �4(4/�� 54$ 34$ � ��54(43 � � & $�-�$�& �
� !�� �

`�TDJQJ9TkJ9T&C
MUYUE6ROSUTdFISwv8ijSU[Qo q MOSUEXJ9[Q_&P�[QA&?XFIYUoUSUT � F
ADJ9A1E6YZsZT&YZJ9A&T1oXFIYUP�H6T&P�FIYUYUA&T&P
ROSXFI[9FIYZJ9Tª?XFI['c ¢|«W¢ L'ijSUYUoW?BijSU['P8J�FIlUE6H6EKPQT&[hSUY0ijPQC&EKH6HGFwJ9T&SU[��#E6C&[Qi ¤ ijYUoUT1H �j�;TRI ¢I© H6H6T
F"T&YUPQSUEKJ9T#ADJ9A#njA&YUA&[9FIHKE6PQA&T#FIS�oUij�)FIE6YUT0ij?mJ9E6ROSUT�?XFI[�c ¢ pd[QTDsjT&[�TDJ £m¢ �dFIH6H'H �j� � I
FIS oUA&lUSmJdoUTDPdFIYUYUA&T&P1ROSXFwJ9[QT ¤ s@E6YUnIJ ¢
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��/23\7D143�
d+c8 �DZ0@ /23�
�CJ+
f TkC�MXFI�#?�HGFIPQT&[ oUTk?USUH6P9FwJ9E6ijY0?U[Qij?U[QT

ωl
� T&P8J���i@oUSUH6AªT&Y#?UMXFIPQT.��HGF�?USUH6P9FwJ9E6ijY

Ω
¢ ¦1ijSUPkA&C&[QE6[QijYUPkH6T/C�MXFI�#? �#i@oUSUH6A�PQijSUP1H6F#��ij[Q�#T�P9SUE sIFIYZJ9T�x

Em(t) = E0 exp [ i{ωlt + βsin(Ωt)} ]
� � ¢ ���

i �
β
T&P8J Hrq E6YUoUEKC&T�oUT��#i@oUSUHGFwJ9EKijY ¢�© YWE6YZJ9[Qi@oUSUE6P9FIYZJhH6T&P3��ijYUCDJ9E6ijYUPhoUT ¨ T&PQPQT&H

Jn(β)
�

C&TDJQJ9T
T ¯ ?U[QT&PQP9E6ijY�PQT
[QA&A&C&[QEKJ�x

Em(t) = E0

+∞
∑

n=−∞

Jn(β) exp [ i(ωl + nΩ)t ]
� � ¢ � �

© Y�?U[9FwJ9E6ROSUT � Hrq E6YUoUE6C&T
oUT��#i@oUSUHGFwJ9EKijY T&P8J.� FIE6lUH6T � JgN@?UE6ROSUT&�#T&YZJdoUT�Hrq ij[QoU[QT
oUT#���
TDJ1PQT&SUH6T&P1H6T&P���ijYUCDJ9E6ijYUPkoUT ¨ T&PQPQT&Hho q ij[QoU[QT���TDJ ± ��ijYOJ1SUYUT/sIFIH6T&SU[kPQE6njYUE $XC FwJ9EKsjT ¢a�Y�F0?XFI[kFIE6H6HKT&SU[QP

J−1(β) = −J1(β)
¢ f(q A&ROSXFwJ9E6ijY � � ¢ � ��oUTDs@E6TDYOJdFIH6ij[QP�x

Em(t) ' E0[ J0(β)eiωlt + J1(β)ei(ωl+Ω)t − J1(β)ei(ωl−Ω)t ]
� � ¢   �

f TkC�MXFI�#?#HGFIPQT&[(�#i@oUSUH6Aª?BijPQPQ_&oUTkJ9[QijE6P(C&ij�#?BijP9FIYZJ9T&P���[QA&ROSUT&YZJ9E6T&H6H6T&PkxZH6F/?Bij[8J9T&SUPQT
oUT]?USUH6P9FwJ9E6ijY

ωl

TDJ(H6T&P(oUT&S ¯ lXFIYUoUT&P�HGFwJ9A&[9FIH6T&P'oUT]?USUH6P9FwJ9E6ijY
ωl±Ω

¢ `�TkC�MXFI�#?0T&P8J
C&ijSU?UH6A
oXFIYUP1SUYUT
C F�s@EKJ9A § FIlU[8N ¤ LhA&[QiIJ1oUijYZJ1Hrq T ¯ ?U[QT&PQPQE6ijY�njA&YUAD[�FwH6T
oUS5,�!R��� ,��"��*/)
���%����� �
7b�"!+* 
 T&P8J�x

F (ωi) = r
1− e−iωi/νISL

1− r2e−iωi/νISL

� � ¢ � �
i �

ωi

T&P8J0H6F�?USUH6P9FwJ9E6ijY�oUT)Hrq ijYUoUT)E6YUC&E6oUT&YZJ9T#TDJK�
H6T#C&i@T��#C&E6T&YZJWoUT)[QA eXT ¯ E6ijY�T&Y
FI�#?UH6E J9SUoUT/oUT&Pk�#E6[QijEK[QPªoUT
HGF0C&F�s@EKJ9A ¢

`�ij�#?mJ9T
J9T&YOS�oUT&PdA&ROSXFwJ9E6ijYUP � � ¢   �ªTDJ � � ¢ � � � H6T
C�MXFI�#?�[QA eXA&C
MUEh?XFI[kHGF�C F s@EKJ9A
P&q A&C&[QEKJ�x

Er(t) = E0 [ F (ωl) J0(β) eiωlt + F (ωl + Ω) J1(β) eiωl+Ωt

− F (ωl − Ω) J1(β) eiωl−Ωt ]

� � ¢U� �

¥.$XY o q ijlmJ9T&YUE6[ªH6TdPQE6njYXFIH�o q T&[Q[QT&SU[]oUT/Hrq FIPQPQT&[8s@E6PQPQT&�#T&YZJ � ijY oUADJ9T&CDJ9T/PQSU[]SUYUT/?UMUi ¤
J9i@oUE6iOoUT ��F�swFIHGFIYUC
MUT/Hrq E6YZJ9T&YUPQEKJ9A/oUS C
MXFI�#? [QA eXA&C�MUE�x

I(t) = |E2
r (t)|

= Ip |F (ωl)|2 + Il{ |F (ωl + Ω)|2 + |F (ωl − Ω)|2 }
+ 2

√

Ip Il{Re[ F (ωl)F
∗(ωl + Ω)− F ∗(ωl)F (ωl − Ω) ] cos(Ωt)

− Im[ F (ωl)F
∗(ωl + Ω)− F ∗(ωl)F (ωl − Ω) ] sin(Ωt)}

+ (
J9T&[Q�#T&PkT&Y

2Ω)

� � ¢ � �

��b�c7�f�A���\�(�J�(�	
��V� ����	:��
V�J�*�]cAqBiEr8s(t,u�n}k(hVzKzKcKm cIdfe5g�g0hVdjiNc�uViydycIm cXkf�,e5zKg�n u,k(nQr8c�uViEc(iFm c
kf�,e5zKg^dys��,sAkf��n��
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i � ijY0F1E6YZJ9[Qi@oUSUEKJhHrq E6YZJ9T&YUPQEKJ9A�[9AD?XFI[8J�EKT�oXFIYUP'HGFk?Bij[8J9T&SUPQT
Ip

TDJ oXFIYUP'C�MXFIROSUTªlXFIYUoUT
HGFwJ9A&[9FIH6T

Il

x
Ip = J0(β)2 |E0|2
Il = J1(β)2 |E0|2

� � ¢ T �
p�FIYUP�YUijPdC&ijYUoUEKJ9E6ijYUP1T ¯ ?BA&[QE6�#T&YZJ�FIH6T&P � H6ij[QPQROSUT�HGF#?�ij[8J9T&SUPQT0T&P8J�?U[Qi@C�MUTWoUTW[QA&PQi ¤
YXFIYUC&T
ijY ?BT&SmJ1C&iIYUP9EKoUA&[QT&[kROSUT�H6TDPklXFIYUoUT&PkHGFwJ9A&[9FIH6T&PªPQijYZJkJ9iIJ�FIH6T&�#T&YZJ][QA eXA&C�MUE6T&P ¢
© Y�T���TDJ � H6T&PdlXFIYUoUT&P/HGFwJ9A&[9FIH6T&PdPQijYZJ � � � ¡ � � oUTWHGF)?Bij[8J9T&SUPQT�FIH6ij[QPdROSUT0H6F)HGFI[ ¤njT&SU[�oUT&PW�#iOoUT&P�oUT)HGF C F s@EKJ9A)T&P8JWoUT � � � � � ¢ p�FIYUPWC&T)C FIP � F (ωl ± Ω) ' 1

TDJ
Hrq T ¯ ?U[QT&PQPQE6ijY�PQSUEKswFIYOJ9T/T&P8Jd?USU[QT&�#T&YZJ1E6�)FInjEKYXFIEK[QTWx

F (ωl)F
∗(ωl + Ω)− F ∗(ωl)F (ωl − Ω) ≈ −2 i Im{F (ωl)}

� � ¢ V �
L'FI[�C&ijYUPQA&ROSUT&YOJ�H6T�J9T&[Q�#T)T&Y=C&ijPQE6YOSUP�oUT�Hrq A&ROSXFwJ9E6ijY � � ¢ � �
P&q FIYUYOSUH6T ¢ ¥d?U[Q_&P0oUA ¤
�#iOoUSUHGFwJ9E6iIY�oUT/Hrq E6YZJ9T&YUPQEKJ9AdoUADJ9T&CDJ9A&T
?XFI[]H6FW?UMUiIJ9iOoUE6i@oUT �WHGF ��[QA&ROSUT&YUC&T

Ω/2π
ijY

ijlmJ9E6T&YZJkH6T/PQE6njYXFIH o q T&[Q[QT&SU[
x
ε = −2

√

Ip Il Im{F (ωl)F
∗(ωl + Ω)− F ∗(ωl)F (ωl − Ω) } � � ¢ S �

`�T
PQE6njYXFIH T&P8J1[QT&?U[QA&PQT&YZJ9A�PQSU[kHGF $XnjSU[QT � ¢   ¢

X @9798?] � +N+ � 
dZ0/23\-�+.798?]`[
f T��#ijYZJ�FInjT)T ¯ ?BA&[QE6�#T&YZJ�FIH�oUT"Hrq FIPQPQT&[8s@E6PQPQT&�#T&YZJ�oUT"LhijSUYUo ¤ pd[QTDsZT&[ ¤ �dFIH6H�T&P8J

PQC�MUA&�)FwJ9E6PQA#PQSU[�HGF $XnjSU[QT � ¢ � ¢ b1Y HGFIPQT&[ ��C F s@EKJ9A#ADJ9T&YUoUSUT �
§ � ¢ � ¢ ����T&P8JW�#i@oUSUH6AT&Y ?UMXFIPQT�?XFI[�SUY��#iOoUSUHGFwJ9T&SU[
A&H6T&CDJ9[Qi ¤ ij?mJ9E6ROSUT � ¡�© a�� � � � ¡ � � ¢ f q E6YUoUE6C&T#oUT�#iOoUSUHGFwJ9E6iIY=T&P8J)oUT Hrq ij[QoU[QT"oUT�� ¢ \^HkF�ADJ9A�[QA&njH6A"?BijSU[0�)F ¯ E6�#EKPQT&[0HGF�?�T&YZJ�T oUS

PQE6njYXFIH@o q T&[Q[QT&SU[cH �j�?V+I ¢ f T�� FIE6PQC&T FIS0HGFIPQT&[ T&P8J�T&YUPQSUEKJ9T]C&ijSU?UH6AªoXFIYUP(HGF�C F s@EKJ9A § FIlU[8N ¤
LhA&[QiIJ0PQEKJ9SUA&T"oXFIYUPWHrq T&YUC&T&E6YZJ9T ��s@E6oUT�?U[QA&C&A&oUT&�#�#T&YZJ�oUA&C&[QEKJ9T � ����� � ¢ f T&P0T���TDJ9P
J9MUT&[Q�#E6ROSUT&P�oXFIYUPWH6T)PQSUlUP8J9[9FwJ0oUT&PW�#E6[QijE6[8P�oUT�HGF�C F�s@EKJ9A)E6YUoUSUE6PQT&YZJWSUY=oUA&C FIHGFInjT
oUT ��[QA&ROSUT&YUC&T0oUT&P��#i@oUT&P1oUTW[QA&PQijYXFIYUC&TWoUTWHGF�C F�s@EKJ9A § FIlU[8N ¤ L'A&[QiIJdoUTWHrq ij[QoU[QT�oUT
��� � � µ � H �  JI ¢ ¥.$XY�oUT��#E6YUEK�#EKPQT&[ C&T&S ¯O¤ C&E � ijY�YUT�C&ijSU?UH6T�ROS q SUYUT�C&T&YZJ�FIE6YUT�oUT

µ �oXFIYUP ����� ¢ f�F�$XlU[QT�ij?mJ9E6ROSUT�PQEKJ9SUA&T�F sIFIYZJ'H6T ¡�© a�?BT&[Q�#TDJhoUT $XHKJ9[QT&[�PQ?XFwJ9EGFIH6T&�#T&YZJ
H6T��#iOoUT�oUS�HGFIPQT&["F $XY o q F�sjijE6[�SUYUT�l�ijYUYUT�T��#C FIC&EKJ9A�oUT�C&ijSU?UHGFInjT � TI�	� � ¢ f T
� FIE6PQC&T FIS
[QA eXA&C�MUEOT&P8Jh?U[QA&H6TDsjA�FIS
�#i�NZT&Y
o q SUYUT�HGFI�#T PQA&?XFI[9FwJ9[QE6C&T(?BijSU[ ,DJ9[QT���i@C FIH6E6PQA
PQSU[kSUYUT
?UMUiIJ9iOoUE6i@oUT ��F sIFIHGFIYUC�MUT � L�pk¥�� ¢ f�F0HGFI�#T�PQA&?XFI[9FwJ9[QE6C&T
F0SUY�C&i@T��#C&E6T&YZJ
oUT�J�[9FIYUPQ�#EKP9PQE6iIY=oUT����	� � T&H6H6T"FIPQPQSU[QT�F sjT&C Hrq E6PQijHGFwJ9T&SU[�ij?mJ9E6ROSUT � \8a���oUT � �(o ¨
Hrq FwJQJ9A&YOSXFwJ9E6ijY�oUS � FIE6PQC&T FIS�[QA eXA&C�MUE'sjT&[QP/HGF#oUE6iOoUT ¢ f TWPQE6njYXFIHh[9FIoUE6i ¤ ��[8A&ROSUT&YUC&TWoUT
HGF)L�p]¥ T&P8J
FI�#?UH6E $XA�?USUE6PdoUA&�#i@oUSUH6A#� � � ¡ � � ¢ f T�PQE6njYXFIHho q T&[Q[QT&SU[�ijlmJ9T&YOS�T&P8J
$XHKJ9[QAW?XFI[
SUY $XHKJ9[QT0?XFIPQPQT#lXFwP
?USUE6P/?XFI[
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L'ijSU[0C FI[9FICDJ9A&[QE6PQT&[�H6T"lU[QSUEKJ�oUS HGFIPQT&[�FIPQPQT&[8s@E � ijY SmJ9E6H6EKPQT�SUYUT oUT&S ¯ E6_&�#T C F ¤
s@EKJ9A § FIlU[8N ¤ LhA&[QiIJ � ��� � �/oUT�$XYUT&PQPQT � � � �j� oUE6PQ?�ijPQA&T)oXFIYUP�SUYUT#T&YUC&T&E6YZJ9T � s@E6oUT
E6oUT&YZJ9E6ROSUT �WC&T&H6H6TdoUT ����� ¢ b1YUT/?XFI[8J9E6TdoUS � FIE6PQC&T FIS"HGFIPQT&[ªT&P8J]?U[QA&H6TDsZA&T
F $XY"o q ,DJ9[QT
C&ijSU?UH6A&T�oXFIYUP ��� � � ?XFI[8J9E6T�E6Y ��A&[QE6T&SU[QT�oUT�HGF § E6njSU[QT � ¢ � � ¢ b1Y��#i@oUSUHGFwJ9T&SU[hFIC&ijSUP8J9i ¤
ij?mJ9E6ROSUT � ¡ ¥da���?BT&[Q�#TDJ�oUT�C&ij�#?BT&YUPQT&[�H6T(oUADC FIHGFInjT(oUT���[QA&ROSUT&YUC&T�T&YZJ9[QT�H6T&P �#i@oUT&P
oUT ����� TDJ ��� � ¢ `�T�oUA&C FIHGFInjT�T&P8J)oUT � � � ¡ � � � � Sm��YU� � H6ijYUnjSUT&SU[#o q iIYUoUT �HGFIROSUT&H6H6T]ijYZJ�ADJ9AdT ��T&CDJ9SUA&T&PªH6T&P���T&PQSU[9TDP�oUT1lU[QSUEKJ ¢ ¥.$XY)oUT1�#E6YUEK�#EKPQT&[(H6T&P�C&ij[Q[QA&HGF ¤
J9E6ijYUP(oUTklU[QSUEKJ�H6E6A&T&P�FIS ¯ s@E6lU[9FwJ9E6ijYUP(�#A&C FIYUE6ROSUT&P � H6T&P(oUT&S ¯ C F s@EKJ9A&P�PQijYZJ�ij[QE6T&YZJ9A&T&P
?BT&[Q?�T&YUoUE6C&SUHGFIE6[QT&�#T&YOJ�PQSU[�HGF"J�FIlUH6T#ij?mJ9E6ROSUT ¢ a�Y�SmJ9E6H6EKPQT�SUY�oUT&S ¯ E6_&�#T)�#iIYOJ�FInjT
A&H6T&CDJ9[QijYUE6ROSUT"?BiISU[0njA&YUA&[QT&[�H6T�PQE6njYXFIH�o q T&[Q[QT&SU[�SUYUT YUijSmsjT&H6H6T ��ijE6P0F�sjT&C HGF�J9T&C
M ¤
YUE6ROSUT�oUT
LhijSUYUo ¤ pd[QTDsjT&[ ¤ �dFIH6H ¢ f T�lU[QSUEKJªoUT/C&T�PQE6njYXFIH�o q T&[Q[QT&SU[]?�T&[Q�#TDJ]o q T&P8J9E6�#T&[
H6T/lU[QSUEKJkoUS�HGFIPQT&[kFIPQPQT&[8s@E�PQSU[ ����� ¢

f�F $XnjSU[QT � ¢U� [QT&?U[QA&PQT&YZJ9T/HGF�oUT&YUPQEKJ9A�PQ?BT&CDJ9[9FIH6T�oUT&P eXSUCDJ9SXFwJ9E6ijYUP�oUT%��[QA&ROSUT&YUC&T
�
Sν(f)

�doUS�PQE6njYXFIH'o q T&[Q[QT&SU[/ijlmJ9T&YOS�F sjT&C ��� � ¢ f ij[QPQROSUT0H6TWHGFIPQT&[dT&P8J�FIPQPQT&[8s@E(PQSU[
����� � ?�ijSU[ªoUT&P���[QA&ROSUT&YUCDT P]oUT § ijSU[QE6T&[�C&ij�#?U[QE6PQT&P�T&YZJ9[QT0� �j��� � TDJ1�I�	� � � � Sν(f)FwJQJ9T&E6YZJ�SUY�?XFIH6E6T&[ oUT�lU[QSUEKJ lUHGFIYUC(oUT���[QA&ROSUT&YUC&T�oUT
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��� � ¢ ¥ oUT&P ��[9ADROSUT&YUC&T&PPQSU?BA&[QE6T&SU[QT&P��/�I�	� � � � Sν(f)
T&P8J H6E6�#E J9A�?XFI['H6T�nZFIE6Y $XYUE@oUTªHrq FIPQPQT&[8s@E6PQPQT&�#T&YZJ ¢ ¥dS ¯
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Sν(f)
¢ f(q E6PQijHGFwJ9EKijY��#A&C FIYUE6ROSUTWoUS�lXFIYUC0ij?mJ9E6ROSUT�Y q F�?XFIP/T&YUC&iI[9TWADJ9A0ij?mJ9E6�#EKPQA&T �

T&H6H6T"oUTDs@[9FIEKJ#?BT&[Q�#TDJQJ9[QT�SUYUT�FI�#A&H6E6iI[9FwJ9EKijY PQE6njYUE $XC FwJ9EKsjT"oXFIYUP)C&T
J9J9T�nZFI�#�#T"oUT
��[QA&ROSUT&YUC&T ¢

pdT&P
�#T&PQSU[QT&P
oUT
Sν(f)

� ijY�?BT&SmJ�oUA&oUSUE6[QT0HGF�HGFI[QnjT&SU[�oUT0[9FIE6TWoUS�HGFIPQT&[ �
∆υ

�
oUA�$XYUE6T
?XFI[AH �j�?SJI�x

∫

∞

∆υ/2

Sφ(f)df = 2/π
� � ¢ ��� �

i �
Sφ(f) = Sν(f)/f 2

T&P8J0HGF�oUT&YUPQEKJ9A�PQ?BT&CDJ9[9FIH6T)oUT&P eXSUCDJ9SXFwJ9E6ijYUP�oUT�?UMXFIPQT�oUS
HGFIPQT&[ ¢ f�FkHGFI[QnjT&SU[ oUT�[9FIE6T(oUS�HGFIPQT&[hFIPQPQT&[8s@EOT&P8J oUT�  � � � FIH6ij[QP ROS q T&H6H6T�T&P8J'o q T&YZs@E6[QijY j�j�	� � � ?�ijSU[kH6T/HGFIPQT&[]H6E6lU[QT ¢LhijSU[�SmJ9E6H6EKPQT&[(C&TkHGFIPQT&[�C&ij�#�#T]ijPQC&E6H6HGFwJ9T&SU[ o q E6YZJ9T&[Q[QijnZFwJ9E6ijY0?BijSU[�Hrq MUij[QH6ijnjTªij? ¤
J9E6ROSUT � E6H�� FISUoU[9Fk��TDJQJ�[QT(T&Y�i@T&Sms@[QT�SUYUT�oUT&S ¯ E6_&�#T�ADJ�FI?�T�oUT�P8J�FIlUE6H6EKP9FwJ9E6iIY ¢ f T�lU[QSUEKJ
oUT&P]HGFIPQT&[QPªSUHKJ9[9F ¤ P8J�FIlUH6T&P�[QT&�#ijYZJ9T�njA&YUA&[9FIH6T&�#T&YZJ]T&Y

1/f
?BijSU[ªoUT&P���[QA&ROSUT&YUC&T&P1oUT

§ ijSU[QE6T&[
E6Y ��A&[QE6T&SU[QT&P#��ROSUT&H6ROSUT&P �1T&[8J � H �  +I ¢ L'ijSU[�[QA&oUSUE6[QT)C&T�lU[QSUEKJ�ijY�?BijSU[Q[9FIEKJ
P8J�FIlUE6H6EKPQT&[
H6T#HGFIPQT&[�PQSU[�H6F J9[9FIYUPQEKJ9E6ijY�o q MUij[QH6ijnjT ��Hrq FIE6oUT�o q SUY�?U[QT&�#E6T&[
�#ijYOJ�FInjT
T ¯ ?�A&[QE6�#T&YOJ�FIH�ij?mJ9E6�#EKPQA#?BijSU[�HGF�P8J�FIlUE6H6E J9A � nj[9FIYUo YUij�0lU[QT#o q FwJ9ij�#T&P � J9T&�#?UP�oUT
CDN@C&H6T � F sjij[9FIlUH6T ¢K¢K¢ � ¢ a�Y�?BT&SmJd�#ijYZJ9[QT&[kROS q SUYUT�P8J�FIlUE6H6E J9A/oUT ��[QA&ROSUT&YUC&TWFIS�YUEKsjT FIS
oUT
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J9ijPQT&C&ijYUoUT"SmJ9E6H6EKPQA�FIS ¨ ¦ ¡"¤ >��
c'e ©]¢ ¦kijSUPWsjT&[Q[QijYUP0T&YUPQSUEKJ9T�ROSUT"H6T)PQ?BT&CDJ9[QT"oUT
C&T�HGFIPQT&[d?BT&SmJ/,DJ9[QT�A&HGFI[QnjE�?XFI[dSUYUT $XlU[QT#�)C&[QE6P8J�FIH�?UMUiIJ9ijYUE6ROSUTWF $XY�o q ijlmJ9T&YUE6[dSUY
?BT&E6njYUTWoUT���[QA&ROSUT&YUCDT P�C&T&YZJ9[QA�PQSU[ Vj�j� YU� ROSUE P&q ADJ9T&YUo�PQSU[
?UH6SUP�oUT � �j�(YU� ¢ f T&P
�#i@oUT&P�oUS�?BT&E6njYUTWPQijYOJ
C&ijMUA&[QT&YZJ9P
T&Y�?UMXFIPQT�TDJ/PQA&?XFI[QA&P�?XFI[�H6TW� ,&�#TWE6YZJ9T&[8sIFIH6HKT
oUT���[QA&ROSUT&YUC&T)A&nZFIH�� Hrq E6YZsjT&[QPQT�oUS�J�FIS ¯ oUT�[QA&?�ADJ9EKJ9E6ijY�oUS�HGFIPQT&[ ¢ f T0J�FIS ¯ oUT�[QA ¤
?BADJ9EKJ9E6ijY�T&P8J�FIPQPQT&[8s@EªPQSU[WHGF*��[QA&ROSUT&YUC&T"o q SUY=�)FIPQT&[#��MZN@oU[Qijnj_&YUT ¢ `�TDJQJ9T"C�MXF �GYUT
oUT ��[QA&ROSUT&YUC&T0oUADsjT&H6ij?U?�A&TW?XFI[dHrq A&ROSUE6?�T�oUTWp�FIYUE6T&H6T�cki�sjT&[9F � ?BT&[Q�#TDJdoUT�[QT&H6E6T&[kH6T
oUij�)FIE6YUTWoUT#��[QA&ROSUT&YUC&T#�#E6C&[Qi ¤ ijYUoUT0FIS�oUij�)FIE6YUT�ij?mJ9E6ROSUT ¢ p�FIYUP/H6T0C FIoU[QT�oUT0C&T
J9[9F sIFIE6H � T&H6H6T�F�ADJ9A�SmJ9E6H6EKPQA&T)?�ijSU[WT���T&CDJ9SUT&[0oUT&PW�#T&PQSU[QT&P0FIlUPQijH6SUT&PWoUT ��[QA&ROSUT&YUC&T
ij?mJ9E6ROSUT ¢
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f T(HGFIPQT&[ ��T&��J9ijPQT&C&ijYUoUT�T&P8JhSUY
HGFIPQT&[ J9EKJ�FIYUT ¤ P9FI?UMUE6[ � e]E]x >mF ��?Bij�#?BA(T&Y
C&ijYOJ9E6YOS
?XFI[
SUY HGFIPQT&[�¦1o�x � « a

4

oUijSUlUH6A � �  Z� YU� � ����� 	�� � ¢ ¥dS oUA&�)FI[Q[9FInjT � H6T�HGFIPQT&[
e]Ekx >mF]T&P8JhT&Y��#i@oUT(oUT���ijYUCDJ9E6ijYUYUT&�#TDYOJ�C&ijYZJ9E6YOS � �0SUHKJ9E ¤ ��iOoUTªx�SUY
nj[9FIYUo�YUij�WlU[QT
oUT��#i@oUTDPªH6ijYUnjEKJ9SUoUEKYXFIS ¯ ijPQC&E6H6H6T&YZJ�oXFIYUPªHGF�C F s@EKJ9A�HGFwP9TD[ ¢ LhijSU[ªROSUT/H6TdHGFIPQT&[ ��ijYUC ¤
J9E6ijYUYUT/T&Y��#iOoUT
EK�#?USUH6PQE6ijYUYUT&H � E6H � FISmJkROSUT
?UH6SUPQE6T&SU[QPkC&ijYUoUEKJ9E6ijYUPªPQijE6T&YOJk[QA&SUYUE6T&P ¢
p�q FIl�ij[Qo�E6H�oUijEKJ1T ¯ E6P8J9T&[dSUYUT�[QT&HGFwJ9E6ijY oUT�?UMXFIPQT�T&YOJ9[QT�H6T&P1�#i@oUT&P1?BijSU[1ROS q E6H6P1E6Y ¤
J9T&[ ��_&[QT&YZJ/TDJ�oUijYUYUT&YOJ/YXFIE6PQP9FIYUC&T#�)SUY�J9[9FIE6Y�o q E6�#?USUH6PQE6iIY ¢B© YUPQSUEKJ9T � ?�ijSU[�ROSUTWC&T
J9[9FIE6Y o q E6�#?USUH6PQE6ijY ?USUE6PQPQT�PQT�?U[Qij?XFInjT&[kP9FIYUPdA&HGFI[QnjE6PQPQT&�#T&YZJkJ9T&�#?Bij[QT&H � E6H � FISmJdE6Y ¤
J9[QiOoUSUE6[QT
oXFIYUPdH6F�C F s@EKJ9A�oUT&P1A&H6A&�#T&YOJ9PkROSUEhC&ij�#?�T&YUPQT&YZJ�HGF�oUE6PQ?�T&[QPQE6ijY�YXFwJ9SU[QT&H6H6T ¢
© Y $XY0H6T�[QA&njE6�#T�E6�#?USUH6PQEKijYUYUT&HOoUijEKJ	,DJ9[QT�� F sjij[QE6PQAª?XFI['[9FI?U?BiI[QJ(FISW[QA&njE6�#T�C&ijYZJ9E6Y@S ¢
p�FIYUPkYUiIJ9[QT
C FIPkijY SmJ9E6H6E6PQT�H6T�sjT&[Q[QijSUE6H6HGFInjTdoUT��#iOoUT/?XFI[kT���TDJ ® T&[Q[ ¢

� ]`:>+0/,+.7)-�@BAJ+N3\- 
 CD[\:a3 @97D7J+.[
a�Y ?BT&SmJ�oUA&C&[QE6[QT�J9[Q_&P PQE6�#?UH6T&�#T&YZJ H6T��#i@oUT�E6�#?USUHKPQE6ijYUYUT&H�o q SUYUT��)FIYUE6_&[QT

FIYXFIHKNOJ9E6ROSUT�oXFIYUP�H6T�C FIP"i � J9ijSUP�H6T&P��#iOoUT&P�H6ijYUnjEKJ9SUoUEKYXFIS ¯ oUT�HGF C F s@EKJ9A�PQijYZJ
oUT)� ,&�#T�Fw�#?UH6EKJ9SUoUT

E0

� E6YUoUA&?BT&YUoXFIYZJ9T�oUS�J9T&��?UP ¢ LhijSU[
N = 2n + 1

�#i@oUT&P
H6ijYUnjEKJQSUoUE6YXFIS ¯ oUT ��[QA&ROSUT&YUC&T"C&T&YZJ9[9FIH6T

fc
� C&ijMUA&[QT&YZJ9PWT&Y�?UMXFIPQT � H q FI�#?UH6E J9SUoUT�oUS

C�MXFI�#? [QA&PQSUHKJ�FIYOJk?BT&SmJ1P&q A&C&[QE6[QT�x

E(t) = Eo

n
∑

k=−n

cos [2π(fc + k νISL) t]
� � ¢ �j���

i �
νISL

T&P8JªHrq E6YOJ9T&[8swFIH6HKT1PQ?BT&C
J�[9FIHKT�H6E6lU[QT1oUTdHGF�C F�s@EKJ9AdoUS�HGFIPQT&[�e]Ehx >mF ¢ f(q E6YZJ9T&YUPQEKJ9A
oUS�C�MXFI�#? P&q A&C&[QEKJdFIH6ij[QP�x

I(t) ∝ E2
o

sin2[π N νISL t]

sin2[π νISL t]
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`�TDJQJ9T���ijYUCDJ9E6ijY�T&P8J�[QT&?U[QA&PQT&YOJ9A&TdPQSU[�HGF/$XnjSU[QT � ¢ � ?�ijSU[�¦
�
� � �#iOoUT&P ¢ f T]J�FIS ¯ oUT

[QA&?�ADJ9EKJ9E6ijY�oUT&P�E6�#?USUH6PQEKijYUP1C&ij[Q[QT&PQ?BijYUo �
νISL

� E6HhT&P8J/YUiIJ9A
fr

oXFIYUP�HGF#PQSUEKJ9T ¢ f�F
HGFI[QnjT&SU[�J9T&�#?Bij[QT&H6H6TWo q SUYUT)E6�#?USUH6PQEKijY
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[QT&�#?UH6E6[�C&T&P"C&iIYUoUEKJ9E6ijYUP � ijY;SmJ9E6H6E6PQT�SUYUT�lBijSUC&H6T ��sZT&[Q[QijSUE6H6H6FInjT�oUT�?UMXFIPQT�F sZT&C
SUY�oUA&C FIHGFInjT
oUT ��[QA&ROSUT&YUC&T0FIC&C&ij[QoXFIlUH6T
?BijSU[1FIPQPQT&[8s@E6[1H6T
HGFIPQT&[kPQijYUoUT�PQSU[1H6T
HGFIPQT&[
SUHKJ9[9F ¤ P8J�FIlUHKT ¢ f T
?U[QE6YUC&E6?�T/C&ijYUPQE6P8J9T �0�#T&PQSU[QT&[kHGFW?UMXFIPQT
[QT&HGFwJ9EKsjT/oUT&PkoUT&S ¯ H6FIPQT&[QP
TDJ �dC&ij[Q[QE6njT&['HGF.��[QA&ROSUT&YUC&TkoUS0HGFIPQT&['PQijYUoUTkF sjT&C]SUYUT]lXFIYUoUTªoUT]CDijYOJ9[
	jH6T�lBT FISUC&ijSU?
?UH6SUPknj[9FIYUoUT�ROSUT�HGF�HGFI[QnjT&SU[]oUT�[9FIE6T
oUT&PdHGFIPQT&[QP ¢ p�FIYUPdYUiIJ9[QT
C FIP1CIq T&P8J�HGF�HGFw[9nIT&SU[
oUT
[9FIE6T
oUS�HGFIPQT&[kPQijYUoUT � ROSUT&H6ROSUT&PdC&T&YZJ�FIE6YUT&P1oUT � � � �]ROSUE�C&ijYZJ9[9FIE6YZJ1HKT
P8N@P8J9_&�#T ¢f�F0lXFIYUoUT
?XFIPQP9FIYZJ9T�oUT
Hrq FIPQPQT&[8s@E6PQPQT&�#T&YZJdoUiIEKJ1FIH6ij[QP�,DJ9[QT
oUT
Hrq ij[QoU[QT�oUS ¡ � � ¢f T#�#ijYOJ�FInIT#SmJ9E6H6EKPQA�T&P8J�PQC
MUA&�)FwJ9E6PQA#PQSU[�HGF $XnjSU[QT � ¢ ��� ¢ f T&P � FIE6PQC&T FIS ¯ E6PQPQSUP
oUT&P�oUT&S ¯ HGFIPQT&[QP �

∼ 30µ � ?XFI[%� FIE6PQC&T FIS��kPQijYZJ/PQSU?BT&[Q?BiIP9ADP
PQSU[�SUYUT0?UMUiIJ9iOoUE6i@oUT
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p�c�u,k(c3g,e5dXm c3g�dyh8k(cAqyqjp,q
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L�p]¥ T&P8J�oUT��h¬�� � ¢ f TªPQE6njYXFIHmijlmJ9T&YOS0T&P8J�FI�#?UH6E $XA�?USUE6P T&YZsji|NjA]oXFIYUP(SUY0oUEKs@E6PQT&SU[oUT ��[QA&ROSUT&YUC&T�?XFI[]ROSXFwJ9[QT�F $XY�o q F sjijE6[]SUYUT
omN@YXFI�#E6ROSUT
o q FIPQPQT&[8s@E6PQPQT&�#T&YZJ�oUT �

π
¢

a�Y)F/SmJ9E6H6E6PQAªSUY#oUEKs@E6PQT&SU[�YOSU�#A&[QE6ROSUT � ij?�A&[9FwJ9E6ijYUYUT&HIv8SUPQROS q � � ¬�� � ¢ f TkPQE6njYXFIHUT&P8JT&YUPQSUEKJ9TkC&ij�#?XFI[QA��/SUY#PQE6njYXFIHUoUT][9A ��A&[QT&YUC&T%�
HGF%��[QA&ROSUT&YUC&T
fsynthe

� oUA&H6EKs@[QA]?XFI[�SUY
P8N@YZJ9MUADJ9E6PQT&SU[�[�FwoUE6i ¤ ��[QA&ROSUT&YUC&T#C&ij�#�#T&[QC&EGFIH oUijYZJ�HGF [QA&PQijH6SmJ9E6ijY�T&P8J�oUT���� � ¢ a�YSmJ9E6H6EKPQTªSUY#C&ij�#?XFI[9FwJ9T&SU[(?UMXFIPQT � ��[QA&ROSUT&YUC&T � SUY�C&ij�#?BijP9FIYZJ�H6ijnjE6ROSUTªoUijYOJ�Hrq ADJ�FwJ(oUT
PQij[8J9E6T�oUA&?�T&YUo�oUT�HGF�oUE ��A&[QT&YUC&T�oUT ��[QA&ROSUT&YUC&TWT&YZJ9[QT�H6T&P1oUT&S ¯ PQE6njYXFIS ¯ o q T&YZJ9[QA&T�x
H6ij[QPQROS q T&H6H6T1T&P8JªA&H6TDsjA&T � H6T1PQE6njYXFIH�oUTdPQij[8J9E6T1T&P8J�� ± �h« PQT&H6ijY�H6T1PQE6njYUTdoUTdC&TDJQJ9TdoUE � ¤��A&[QT&YUC&T	�mROSXFIYUo�Hrq A&C FI[8J�oUT.��[QA&ROSUT&YUC&T/oUTDs@E6T&YZJ�� FIE6lUH6T � H6T1PQE6njYXFIH�T&P8Jª?U[Qij?Bij[8J9E6ijYUYUT&H
�#Hrq A&C FI[8JdoUT�?UMXFIPQT ¢ f�F#PQij[8J9E6T�oUS�C&ij��?XFI[9FwJ9T&SU[1?UMXFIPQT � ��[QA&ROSUT&YUC T0T&P8J%$XHKJ9[QA&T�?XFI[
SUY�ADJ�FInjTWo q FI�#?UH6E $XC FwJ9E6iIY�?USUE6P�?XFI[dSUY�ADJ�FInjTW?U[Qij?Bij[8J9E6ijYUYUT&H ¤ EKYZJ9A&nj[9FwJ9T&SU[ ¢ f TWPQE ¤
njYXFIHmijlmJ9T&YOS�T&P8J�o q SUYUTk?XFI[8J � T&YZsji|NjA]sjT&[QP�SUY0oUT&S ¯ E6_&�#T]ADJ�FInjTªo q E6YOJ9A&nj[9FwJ9E6ijY�?BijSU[
njA&YUA&[QT&[dH6T�PQE6njYXFIH�oUT�C&ij[Q[QT&CDJ9E6ijY�ROSUE'FInjEKJ1PQSU[dHGF�C FIH6T�L ��e oUT�HGF�C F s@EKJ9A�ADJ9T&YUoUSUT
oUS"HGFIPQT&[�PQijYUoUT ¢ p�q FISmJ9[QT�?XFI[8J � E6HBT&P8J]T&YOsji�NjA
oUE6[QT&CDJ9T&�#T&YZJ]PQSU[ªHrq T&YZJ9[QA&T�oUT��#i@oUS ¤
HGFwJ9E6ijY�[9FI?UE6oUTWoUS�C&ijSU[9FIYOJ
o q E6Ywv8T&CDJ9E6ijY�oUT0HGF�oUE6i@oUT ¢ b1Y $XHKJ9[QTWC&ij�#?BT&YUP9FwJ9T&SU[/oUT
?UMXFIPQT�?BT&[Q�#TDJªo q FISUnj�#T&YZJ9T&[�HGF�lXFIYUoUT�?XFIPQP9FIYZJ9T�oUT�Hrq FIPQPQT&[8s@E6PQPQT&�#T&YZJ 
kROSUEBT&P8J]oUT
� ¢ � ¡ � � � $XnjSU[QT � ¢ ��  �'FIH6ij[QP ROS q T&H6H6T]Y q ADJ�FIEKJ(ROSUTkoUT/� ¡ � � P9FIYUP�H6TªC&ij�#?BT&YUP9FwJ9T&SU[oUT
?UMXFIPQT ¢

f ij[QPQROSUT�HGF�lBijSUC&H6T/��sjT&[Q[QijSUE6H6HGFInIT1oUT�?UMXFIPQTdT&P8J���T&[Q�#A&TdHGF�oUE ��A&[QT&YUC&T�T&YZJ9[QT�HGF
��[QA&ROSUT&YUC&TdoUS)HGFIPQT&[(PQijYUoUT �

fsonde

� TDJ�oUS#HGFIPQT&[�SUHKJ9[9F ¤ P8J�FIlUH6T �
fultra−stable

�'sjA&[QE $XT�x

(fsonde − fultra−stable)/4− fsynthe = 0

⇔ fsonde = fultra−stable + 4× fsynthe
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E6H�PQS ��JWoUT)�#i@oUE $XT&[
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¢ f�F*$XnjSU[QT � ¢ �� �[QT&?U[QA&PQT&YZJ9T"H6T#lXFwJQJ9T&�#T&YZJ�T&YOJ9[QT)H6T&P
oUT&S ¯ HGFIPQT&[QP]?BijSU[

fsynthe = 159.5
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fsonde

PQSU?BA&[QE6T&SU[ �
fultra−stable

� PQE6YUijY�H6T�PQE6njYXFIH�oUT�C&ij[Q[QT&CDJ9E6ijY T&P8J�oUS �)FISmsIFIE6P"PQE6njYUT�� ¢ f�F L�p]¥
F NOFIYZJªSUYUTdlXFIYUoUT�?XFIPQP9FIYZJ9T�oUTW�h¬�� � � C&Td�#ijYZJ�FInjT1YUT�?�T&[Q�#TDJª?XFIPªoUTdlXFIHGF NZT&[�HGF
��[QA&ROSUT&YUC&T�oUS�HGFIPQT&[�PQijYUoUT0PQSU[�J9ijSmJ/Hrq \8>mf=oUT0HGF)C F s@EKJ9A § FIlU[8N ¤ LhA&[QiIJ ¢ f ij[QPQROS q ijY
sjT&SmJ�F sZijE6[ FIC&C&_&P ��HGFd?UHGFwnjTªoUT���[QA&ROSUT&YUC&Tk[QT&P8J�FIYZJ9T � E6H2� FISmJ�FIPQPQT&[8s@E6[ H6TªHGFIPQT&['SUHKJ9[�F ¤
P8J�FIlUH6T�PQSU[
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PQijYUoUT�T&P8JWFIH6ij[QP/E6Y ��A&[QE6T&SU[QT
��C&T&H6HKT�oUS HGFIPQT&[)SUHKJ9[9F ¤ P8J�FIlUH6T�TDJ"E6H�� FISmJ"[9F|v8ijSmJ9T&[)SUY��#A&HGFIYUnjT�F�sjT&C�SUY�FISmJ9[QT
P8N@YZJ9MUADJ9E6PQT&SU[�c § � TDY=nj[QE6P�PQSU[�HGF*$XnjSU[QT � ¢ �|� �/?BijSU[�?BijSmsjijE6[�P&q FIPQPQT&[8s@E6[0F sjT&C�H6T
lBijY PQE6njYUT�x

fdecalage + (fsonde − fultra−stable) > 0
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fdecalage

oUA&PQE6njYUT(HGF���[QA&ROSUT&YUC&T�oUS
P8N@YZJ9MUADJ9E6PQT&SU[hFIoUoUEKJ9E6ijYUYUT&H ¢ f ij[QPQROSUT�HGFªlBijSUC&H6T
�WsjT&[Q[QijSUE6H6HGFInjT�oUT
?UMXFIPQT
T&P8J���T&[Q�#A&T
HGF ��[QA&ROSUT&YUC&T�oUS�H6FIPQT&[kPQijYUoUT
T&P8JdFIH6ij[QP/x

fsonde = fultra−stable + 4× fsynthe − fdecalage
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� i � HGF
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§ � ¢   ¢ � � ¢ f T"C&[QT&S ¯o q FIlUPQij[Q?mJ9E6ijY�P9FwJ9SU[QAWoUT�HGF�$XnISU[9T �@¢   ¢ l�T&P8J�o q T&YOs@E6[QijY �L� �	� � � ¢ \^HhT&P8J/A&HGFI[QnjE�?XFI[P9FwJ9SU[9FwJ9E6ijY ¢Z© Y#T���TDJ � C&TDJQJ9T1[QA&PQijYXFIYUC&T1?BijPQPQ_&oUT1SUYUT1HGFI[QnjT&SU[(YXFwJ9SU[QT&H6H6T
Γ689/2π =

7.6
� � � C&ij[Q[QT&PQ?�ijYUoXFIYOJ �#SUYUT�E6YZJ9T&YUPQEKJ9A�oUT�P9FwJ9SU[9FwJ9E6ijY Isat = 3 µ � �wC&�

2 ¢ p�FIYUPH6T&P'C&ijYUoUEKJ9E6ijYUPhT ¯ ?�A&[QE6�#T&YOJ�FIH6T&P'C&ij[Q[QT&PQ?�ijYUoXFIYOJ �dHGF�$XnjSU[QT �@¢   � H6T�?XFI[9FI�#_
J�[QT�J9iIJ�FIH
oUTWP9FwJ9SU[9FwJ9E6ijY�TDPQJ

s = I/Isat = 6 500
¢ f�F�HGFI[QnjT&SU[doUT0HGF#J9[9FIYUPQEKJ9E6ijY�A&HGFI[QnjE6T�?XFI[

P9FwJ9SU[9FwJ9E6ijY"T&P8JdFIH6ij[QP/x
Γ

′

= Γ689

√
1 + s ' 2π × 600

� � � ¢

��������� � #%#%$�&�-�/ #%#%$ � $)( 0'345 � !�#%$�&

f Td?U[QE6YUC&E6?BT1o q FIPQPQT&[8s@E6PQPQT&�#T&YZJkoUS�HGFIPQT&[�PQSU[ªHGF
[QA&PQijYXFIYUC&T/FwJ9ij�#E6ROSUT1T&P8JªPQC
MUA ¤
�)FwJ9E6PQA�PQSU[hHGF�$XnjSU[QT �@¢ � ¢ a�Y�SmJ9E6H6E6PQT�SUYUT�oUADJ9T&CDJ9E6ijY�P8N@YUC
MU[QijYUTªF�sjT&C�SUYUT ��[QA&ROSUT&YUC&T
oUT��#i@oUSUHGFwJ9EKijY/oUT�Hrq ij[QoU[QT(oUTª�I�j� � � oUA&H6EKs@[QA&T�?XFI[�SUY�njA&YUA&[9FwJ9T&SU[hlXFIPQPQT ��[QA&ROSUT&YUC&T
� ¬ ¨ª§ � ¢ `�TDJQJ9T ��[QA&ROSUT&YUC&T)T&P8JWH6E6��E J9A&T0?XFI[�HGF"lXFIYUoUT#?XFIPQP9FIYZJ9T)oUS oUADJ9T&CDJ9T&SU[ � oUT
a�b�cAq}�JeVk�iyc�p�dfq4r8cFb/e5u,r8sNqjhVu
iLr8hVu�u�sAq4r�e5u,q:m�{ e5u�u�c��8c � � �V�
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B � T8C�T<23�IW�%B

���(-*�5

+�$�

1.4 × 9.6
2]2 R'�?�J

2��!���(�*�^G[T �

e2
UH�!�

P = 250 µ
� CLR�=�U

B � �?C�T �}23�IW�%B

���(-*�5

+ �$�
0.7× 3

2]2 �!�
P � T �42�� C

Hrq ij[QoU[QT�oUT#� � � � � ¢ >@SU[�HGF $XnjSU[QT �@¢ � PQijYOJ/[QT&?U[QA&PQT&YZJ9A&P�oUT&P/PQE6njYXFIS ¯ o q T&[Q[QT&SU[�J^N ¤?UE6ROSUT&PkoUT
HGF0oUADJ9T&CDJ9E6iIY�P8N@YUC�MU[9iIYUT ¢ LhijSU[kH6T 88
>@[ � ijY�oUE6P8J9E6YUnjSUT�H6T&P1 0[QA&PQijYXFIYUC&T&P

oUT&PkPQijSUP ¤ YUEKsjT FIS ¯ ��T&T&�)FIY"oUT
Hrq ADJ�FwJ
3P1

¢ f�F0�#T&PQSU[QT/oUT ��[QA&ROSUT&YUC&T�T&P8JkT���T&CDJ9SUA&T
T&Y=FIPQPQT&[8s@E6PQP9FIYZJ0H6T�HGFIPQT&[�PQSU[�HGF"J9[9FIYUPQEKJ9E6ijY�C&T&YZJ9[9FIH6T

m = 0 − m′ = 0
� C FI[�T&H6H6T

T&P8JkE6YUPQT&YUPQE6lUH6T�FIS"oUA&?UHGFIC&T&�#T&YOJ]oUT%��[QA&ROSUT&YUC&T
?XFI[ªT���TDJ ��T&T&�)FIY ¢ p�FIYUPªC&T&[8J�FIE6YUT&P
C&ijY $XnjSU[9FwJ9E6ijYUP � ijY�ijlUPQT&[8sZT0?�ijSU[�H6T 87

>@[�?UH6SUPQE6T&SU[QPd[QA&PQijYXFIYUC&T&P
PQSUl ¤ pdij?U?UH6T&[dT&Y
[9FIE6PQijY oUT�HGFWP8J9[QSUCDJ9SU[QT�MZN@?BT&[ $XYUT ¢ f T&P���[QA&ROSUT&YUC&T&PdoUT�C&T&H6H6T&P]C&E�oUA&?�T&YUoUT&YOJ%��ij[8J9T ¤
�#T&YZJdoUS�C�MXFI�#?��)FInjYUADJ9E6ROSUT�x�?�ijSU[1SUYUT�J9[9FIYUPQEKJ9E6ijY E6�#?UHKEKROSXFIYOJkH6T
PQijSUP ¤ YUEKsjT FIS
��T&T&�)FIY

mF ′

oUT�Hrq ADJ�FwJ
3P1

� H6T�oUA&?UHGFIC&T&�#T&YZJ"oUT1��[QA&ROSUT&YUC&T�?XFI[)T���TDJ ��T&T&�)FIY
T&P8J#oUT�x

mF ′ × 0.8
¡ � � �w�#e ¢ LhijSU[�P&q F ��[9FIYUC�MUE6[0oUT C&TDJ#T���TDJ � H6T&P��#T&PQSU[QT&P�oUT

��[QA&ROSUT&YUC&T)ijYZJ�ADJ9A#T���T&CDJ9SUA&TDP0F sZT&C#SUYUT#?USUE6PQP9FIYUC&T#HGFIPQT&[
A&H6TDsjA&T � � � � � �di � ijY
oUADJ9T&CDJ9T�SUYUT�PQT&SUH6T�[QA&PQijYXFIYUC&T�PQSUl ¤ pdij?U?UH6T&[ � $Xn ¢��@¢ � ¢ l�� ¢ p�FIYUP)C&T�C FIP � J9ijSUP#H6T&P
PQijSUP ¤ YUEKsjT FIS ¯ ��TDT&�)FIY�C&ijYOJ9[QE6lUSUT&YZJ0FIS=PQE6njYXFIH�T&Y=[9FIE6PQijY�oUT�Hrq ADHGFI[QnjE6PQPQT&�#T&YZJ�oUT
[9FIE6T/?XFI[1P9FwJ9SU[9FwJ9E6ijY �

Γ
′

/2π ' 7
¡ � � � ¢ f T
oUA&?UHGFIC&T&�#T&YOJ1oUT ��[QA&ROSUT&YUC&T�?XFI[kT���TDJ

��T&T&�)FIY�T&P8J
P8N@�#ADJ9[QE6ROSUTW?BijSU[dH6T&P�PQijSUP ¤ YUEKsjT FIS ¯ −mF ′

TDJ
+mF ′

¢ `�ij�#?mJ9T�J9T&YOS
oUT0Hrq ij[QE6T&YZJ�FwJ9EKijY�oUS�C�MXFI�#?��)FInjYUADJ9E6ROSUT � HGF)?BijHGFI[QE6P9FwJ9EKijY�oUS�HGFIPQT&[�?�ijPQPQ_&oUT�SUYUT
C&ij�#?BijP9FIYZJ9T

π
TDJ�SUYUTdC&ij�#?BijP9FIYZJ9TdP8N@�#ADJ9[QE6ROSUT1T&Y

σ+
TDJ

σ−
¢ L'FI[�C&ijYUPQA&ROSUT&YZJ]H6T

C&T&YZJ9[QT/oUTdHGF�[QA&PQijYXFIYUC&T/T&P8J]E6YUoUA&?�T&YUoXFIYOJ]oUS�C�MXFI�#?��)FInjYUADJ9E6ROSUT ¢ `�T&C&E F�ADJ9AdsZA ¤
[QE $XA�T ¯ ?BA&[QE6�#T&YZJ�FIH6T&�#T&YOJ � H6T&P���T&PQSU[9TDP/PQijYOJ/[9FI?U?Bij[8J9A&T&P/FIS�?XFI[9FInj[9FI?UMUTWPQSUEKsIFIYZJ
� $Xn ¢��@¢ S � ¢

f�F���[QA&ROSUT&YUC&TªoUS�HGFIPQT&[�PQijYUoUT�T&P8J ��i@oUSUH6A&T(s@EGFkH6T�P8N@YZJ9MUADJ9E6PQT&SU[ c § ROSUE@E6�#?BijPQT
H6T�oUA&C FIHGFInjTªoUT���[QA&ROSUT&YUC&TkoUT]HGF1lBijSUC&H6Tªo q FIPQPQT&[8s@E6PQPQT&�#T&YZJ��dsjT&[Q[QijSUE6H6HGFwnjT�oUTª?UMXFIPQT
�
§ � ¢ � ¢ ��� ¢ f T"P8N@YZJ9MUADJ9E6PQT&SU[�T&P8J�SmJ9E6H6E6PQA)T&Y �#i@oUT�oUT"�#iOoUSUHGFwJ9EKijY�T ¯ J9T&[QYUT ¢ p�FIYUP
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���(-*�5

+

�!������;$����),+�� � 
 �
µ
2
× � 2]2 R'�?�J

2��!���(�*�HG�T �

e2
UAW�
51��*-I+$���K;$+$���(��

��-*�X�$� Z � �

µ
� C

C&TDJQJ9T]C&ijY $XnjSU[9FwJ9E6ijY � HGF.��[QA&ROSUT&YUC&TkoUA&H6EKs@[QA&TªY q T&P8J�?UH6SUP [QA���A&[QT&YUC&A&T%�dHrq ijPQC&E6H6H6FwJ9T&SU[	�
ROSXFI[8J � E6YZJ9T&[QYUT ¢ ¦1ijSUP�F sjijYUP��#T&PQSU[QA1oUT&P�oUA&C FIHGFInjT&P�?BiISmsIFIYZJªFwJQJ9T&E6YUoU[QT1?UH6SUPQE6T&SU[QPoUE � FIE6YUT&P0oUT � � � ?XFI[0[9FI?U?Bij[8J ��HGF1��[QA&ROSUT&YUC&T�FwJQJ9T&YUoUSUT
` ¢ LhijSU[�oUADJ9T&[Q�#E6YUT&[0HGF
��[QA&ROSUT&YUC&T�oUS;P8N@YOJ9MUADJ9E6PQT&SU[

fsynthe
� YUijSUP)SmJ9E6H6EKPQijYUP)FIH6ij[QP#SUY;C&ij�#?mJ9T&SU[ ¢ `�TDJQJ9T

�#T&PQSU[QT
T&P8J1C&ijYZJ9[
	jH6A&T
?XFw[kij[QoUE6YXFwJ9T&SU[ ¢
f�F ��[QA&ROSUT&YUC&T�FIlUPQijH6SUT"oUT HGF�J9[9FIYUPQEKJ9E6ijY=FwJ9ij�#E6ROSUT�T&P8J)FIH6ij[QPWijlmJ9T&Y@SUT PQT&H6ijY

Hrq A&ROSXFwJ9E6ijY � � ¢ �;T ��oUS�C�MXFI?UEKJ9[QT/?U[QA&C&A&oUT&YOJ�x

f689(t) = fultra−stable(t) + 4× fsynthe(t)
� �@¢ ���

a�Y�[9FI?U?BT&H6H6T ROSUT
fultra−stable

T&P8J�HGF ��[QA&ROSUT&YUC&T�oUS�HGFIPQT&[#SUHKJ9[9F ¤ P8J�FIlUH6T �#T&PQSU[QA&T
F sjT&C�HGFWC�MXF �GYUT
oUT ��[QA&ROSUT&YUC&T�lXFIPQA&T�PQSU[kSUY�HGFIPQT&[���T&��J9ijPQT&C&ijYUoUT ¢

>@SU[�HGF*$XnjSU[QT �@¢U� T&P8JWJ9[9FIC&A)Hrq A&C FI[8J�J^N@?BT�o q ¥dHKHGFIY � C��1FIYUYUT ¯ Th` ��o q SUYUT�PQA&[QE6T
oUT �#T&PQSU[QT JgN@?UE6ROSUT�oUT HGF ��[QA&ROSUT&YUC&T�oUT HGF�J9[9FIYUPQEKJ9E6ijY

1S0 − 3P1

oUS
88
>@[ ¢ f�F

oUA&C&[QijE6PQP9FIYUC&T
T&Y
t−1/2

T&P8J1C FI[9FICDJ9A&[QE6P8J9E6ROSUT/o q SUY�lU[QSUEKJ]lUHGFIYUC/oUT/��[QA&ROSUT&YUC&T ¢ LhijSU[
SUYUT�oUSU[QA&T�oUT��#T&PQSU[QT�oUT1���j� P � ijYWFwJQJ9T&E6YZJhSUYUT�[QA&PQijH6SmJ9E6ijY
�#T&E6HKH6T&SU[QT(ROSUT

5×10−13T&Y#sIFIH6T&SU[�[QT&HGFwJ9EKsjT � PQijEKJª�I�j��� � ¢ LhijSU[�H6T&P��#T&PQSU[QT&P�oUT.��[QA&ROSUT&YUC&T�oUT1HGF/J9[9FIYUPQEKJ9E6ijY
1S0, F = 9/2 − 3P1, F

′ = 9/2
oUS

87
>@[ � HGF�[QA&PQijH6SmJ9E6ijY�T&P8J�njA&YUA&[9FIH6T&�#T&YZJ)oUT

Hrq ij[QoU[QT/oUT����	� � � T&Y�[9FIE6PQijY oUS ?UH6SUP�� FIE6lUH6T�[9FI?U?�ij[8J1PQE6njYXFwH ��lU[QSUEKJ ¢

��b�cFqjl�uViy��s(iynQqjc�p�d4p8iyn m n�qjs>cAqBiLm c>zKh�r ��m c 
5��
 �Hr8c>mQeKzIe5dfo
p�c � � � �
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© Y�FIPQPQT&[8s@E6PQP9FIYZJ/HGF���[QA&ROSUT&YUCDT0oUS�HGFIPQT&[1PQSU[1HGF0J9[9FIYUPQEKJ9E6ijY 1S0 − 3P1

oUS
88
>@[

F sZT&C�C&T��#ijYOJ�FInjT�PQE6�#?UH6T � YUijSUP(F sjijYUP'?USWijlUPQT&[8sZT&[ oUT&P'P8J�FIlUE6H6EKJ9A&P�?U[Qi@C�MUTªoUT
10−12

�"��P � $Xn ¢ �@¢U� � ¢
`�T1[QA&PQSUHKJ�FwJ�T&P8J�E6�#?Bij[8J�FIYZJ�?�ijSU[�H6T���ijYUCDJ9E6ijYUYUT&�#T&YZJ�oUT1HGF/��SmJ9SU[QT1MUij[QH6ijnjT]C FI[

H6T]HGFIPQT&[�o q E6YZJ9T&[Q[QijnZFwJ9E6ijY0?BT&SmJ ,DJ9[QT1?U[QA ¤ P8J�FIlUE6H6EKPQA]PQSU[�C&TDJQJ9T1[QA&PQijYXFIYUC&T1T&Y)SmJ9E6H6EKP9FIYZJ
C&T�v8TDJ]FwJ9ij�#EKROSUT ¢ f Td�#ijYZJ�FInjT1FICDJ9SUT&H�TDPQJª?U[QA&H6E6�#EKYXFIEK[QT � E6H�?BijSU[Q[9F ,DJ9[QTdHGFI[QnjT&�#T&YZJ
FI�#A&H6E6iI[QA1��?UH6SUPQE6T&SU[QP�YUEKsjT FIS ¯�¢ f T&P�[9FIE6T&P�H6TDP�?UH6SUP�ADJ9[QijEKJ9T&P�ijlmJ9T&YOSUT&P"ijYZJ"SUYUT
HGFI[QnjT&SU[/oUT#Hrq ij[QoU[QT�oUT)�I�j�	� � � � ?U[QijlXFIlUH6T&�#T&YZJ�H6E6��E J9A&T0?XFI[
HGF"ROSXFIH6EKJ9A0oUS ��[QijYZJo q ijYUoUT ¢(© Y=C
MXFIYUnjT FIYZJ0H6T&PWM@SUlUH6iIJ9P�oUT"Hrq T&YUC&T&E6YZJ9T ��s@E6oUT � oUT&P0[QA&PQijYXFIYUC&T&P�?UH6SUP
ADJ9[QijEKJ9T&P(oUTDs@[9FIE6T&YZJ ,DJ9[QTkijlUPQT&[8sjA&T&P ¢ a�Y#?�T&SmJ�[QT&�#FI[QROSUT&[�ROSUTkHrq A&ROSUE6?BT]oUTd¬ ¢ e]E6YUi
FIS�f © ¦�> � � § H6ij[QT&YUC&T � F#[QA&C&T&���#T&YOJ1ADJ9SUoUE6A�C&T
J9J9T
J9[9FIYUPQEKJ9E6ijY FwJ9ij�#E6ROSUT ¢ \^H6PkijYZJ
ijlUPQT&[8sjA�oUT&P�HGFI[QnjT&SU[QP#oUT�[9FIE6T�oUT � �	� � � H �|�ES+I ¢ b1Y FISmJ9[QT�?BijE6YZJ)?BijSmsIFIYZJ ,DJ9[QT
FI�#A&H6E6iI[QA/T&P8JdH6T/[9FI?U?Bij[8J1PQE6njYXFIH ��lU[QSUEKJ1oUT
HGF0oUADJ9T&CDJ9E6ijY ¢ b1Y�YUijSmsjT FIS�oUADJ9T&CDJ9T&SU[
F�ADJ9A1oUADsjT&H6ij?U?BA � E6HXoUTDs@[9FIEKJ�?�T&[Q�#TDJQJ9[QTdoUT1oUE6�#E6YOSUT&[(H6T1lU[QSUEKJ�o q SUY � FIC
J�TDSU[]� ¢ L'FI[
FIE6H6HKT&SU[QP � E6HIT&P8J'?�ijPQPQE6lUH6T(o q FISUnj�#T&YOJ9T&[ H6T(PQE6njYXFIHjoUTdeXSUij[QT&PQC&T&YUC&T�oUT�?UH6SUP�o q SUY�ij[QoU[QT
oUTdnj[9FIYUoUT&SU[�T&Y�SmJ9E6H6EKP9FIYOJ�HKT���ijSU[���?UH6SUP�MXFwSmJ�TkJ�TD�#?BA&[9FwJ9SU[QTdTDJªT&Y�T���T&CDJ9SXFIYZJ]SUY
[QT���[QijE6oUE6PQPQT&�#T&YZJ�J9[9FIYUP8sZT&[QPQT�oUS�v8TDJ ¢ ¥�sjT&C�C&T&P0FI�#A&H6E6ij[9F|J9EKijYUP � E6H�PQT&�WlUH6T)[QA FIH6E6P8J9T
o q FI?U?U[Qi@C�MUT&[kSUYUT�P8J�FIlUE6H6E J9A�oUT

1× 10−14
� � P ¢

�������	� 	�& 1 � 54$)(4*,$ !�� # ��� 54$

L'ijSU[�oUADJ9T&[Q�#E6YUT&[WH6F ��[QA&ROSUT&YUC&T FIlUPQijH6SUT�oUT&P�J9[9FIYUPQEKJ9E6ijYUPWFwJ9ij�#EKROSUT&P � E6H � FISmJ
ADJ9SUoUE6T&[]H6T&PªT���TDJ9Pk?�ijSmsIFIYZJkoUA&?UHGFIC&T&[]C&TDJQJ9T ��[QA&ROSUT&YUC&T ¢ ¥�sZT&C
H6FW�#ADJ9MUi@oUT�SmJ9E6H6E6PQA&T �
Hrq T���TDJ�H6E6��E J�FIYZJ�Hrq T ¯ FICDJ9EKJ9SUoUT1oUT1HGF
�#T&PQSU[QT1T&P8JªHrq T���TDJªpdij?U?UHKT&[�oUS�?U[QT&�#E6T&[�ij[QoU[QT ¢

� [\3 �97J+.-�+.7 8 AJ+.: � ]`3\:a1L+0]`C �
pdT&P�oUA&?UHGFIC&T&�#T&YZJ9P
oUT���[QA&ROSUT&YUC&T#?XFI[/T���TDJWpdij?U?UHKT&[
oUS�?U[QT&�#E6T&[/ij[QoU[QT0PQijYOJ

E6YZJ9[Qi@oUSUEKJ9P(?XFI[�SUY)�)FISmsIFIE6P�FIH6E6njYUT&�#T&YZJ�oUT&P � FIE6PQC&T FIS ¯ ?XFI[�[9FI?U?Bij[8J��
HGF
YUiI[9�#FIH6T
��Hrq F ¯ T"oUT ?U[Qij?XFInZFwJ9E6ijY=oUS�v8TDJ � TDJ#?XFI[0SUY�FIYUnjH6T"[QA&PQE6oUSUT&H]T&YZJ9[QT H6T&P�� FIE6PQC&T FIS ¯
E6YUC&E6oUT&YZJ"TDJ"[QA eXA&C�MUE ¢ LhijSU[��#E6YUE6��EKPQT&[)C&T&P"T���TDJ9P � HGF ?U[Qi@C&A&oUSU[QT�SmJ9E6H6EKPQA&T�T&P8J HGF
PQSUEKsIFIYZJ9T ¢

a�Y�T���T&CDJ9SUT�SUY"?U[QT&��E6T&[�FIH6E6njYUT&�#T&YZJ�nj[QijPQPQE6T&[�oUT&P�� FIE6PQC&T FIS ¯ � ?USUE6P�ijY)�#T&PQSU[QT
HGF*��[9ADROSUT&YUC&T oUT�HGF�J9[9FIYUPQEKJ9E6ijY FwJ9ij�#E6ROSUT)T&Y FIPQPQT&[8s@E6PQP9FIYZJ�H6T)HGFIPQT&[�PQSU[0H6T)C&[QT&S ¯
o q FIlUPQij[Q?mJ9E6ijY�P9FwJ9SU[QA&T ¢h© YUPQSUEKJ9T � H6T#� FIE6PQC&T FIS�[QADJ9[Qi ¤ [QA eXA&C
MUE(T&P8J�lUH6iOROSUA�TDJ�ijY FIP ¤
PQT&[8s@EKJdH6T/HGFIPQT&[kPQSU[1H6T
?U[Qi�$XHhpdij?U?UH6T&[koUT�HGF0[QA&PQijYXFIYUC&T ¢ f�F�oUE6[QT&CDJ9E6ijY oUS � FIE6PQC&T FIS
E6YUC&E6oUT&YZJ�T&P8J�[QA&njH6A&T"?BijSU[0C&T&YZJ9[QT&[�H6T�?U[Qi�$XH]pdij?U?UH6T&[0PQSU[0HGF1��[QA&ROSUT&YUC&T��#T&PQSU[QA&T
?U[QA&C&A&oUT&�#�#T&YZJ ¢ `�T/� FIE6PQC&T FIS T&P8JdFwH6ij[QPªij[QE6T&YZJ�A�?BT&[Q?�T&YUoUE6C&SUHGFIE6[QT&�#T&YZJkFISWv8TDJ1FwJ9i ¤
�#E6ROSUT ¢ \^H�[QT&P8J9T�T&YUPQSUEKJ9T �#FIH6E6njYUT&[]H6T � FIE6PQC&T FIS�[QTDJ9ijSU[kPQSU[1C&TDJQJ9T�oUE6[QT&CDJ9E6ijY � C&T�ROSUE
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� � � � � � ��� � u � u ��� 1S0 − 3P1

�|�@�

C&ijYUP8J9EKJ9SUT�H6T�?�ijE6YZJ�C&[QEKJ9E6ROSUT0oUS�[QA&njHGFInjT ¢ f T�� FIE6PQC&T FIS�T&P8J�[QADJ9[Qi ¤ [QA eXA&C�MUE�F sZT&C#SUY
�
E6H oUT�C
MXFwJ � $Xn ¢U�@¢ � � ¢ f T�[QA&njHGFInjT $XY�oUT�C&T�P8N@P8J9_&�#T�T&P8J�T���T&CDJ9SUA�T&Y�Fwv8SUP8J�FIYZJdHGF
?BijPQEKJ9E6ijY
oUT�HGFkH6T&YZJ9E6H6HKT ¢|© H6H6T�T&P8J $ ¯ A&T�PQSU['oUT&PhJ9[9FIYUPQHGFwJ9E6ijYUP�MUij[QE � ijYZJ�FIH6T&P � ij[QE6T&YZJ9A&T&PPQT&H6ijY�Hrq F ¯ T�oUT�?U[Qij?XFInZFwJ9E6ijY�oUS � FIE6PQC&T FIS � F ¯ T�YUiIJ9A

z
�dTDJ�?BT&[Q?BT&YUoUE6C&SUHGFwE6[QT&�#T&YOJ

� F ¯ T
x
� ¢ f ij[QPQROSUTdHGF
oUE6P8J�FIYUC&T

dLM

T&YZJ9[QT1HGF
H6T&YZJ9E6H6HKT]TDJ�H6Tk�#E6[QijEK[(T&P8J�oUE ��A&[QT&YZJ9T1oUT
HGF oUE6P8J�FIYUC&T���iOC FIH6T

f
� Hrq FIYUnjH6T0T&YZJ9[QT)H6T�� FIE6PQC&T FIS E6YUC&E6oUT&YZJ�TDJ�H6T�� FwE6PQC&T FIS [QA eXA&C�MUE

oUA&?BT&YUo�oUTWHGF#?BijPQEKJ9E6ijY�oUTWHGF#H6T&YZJ9E6H6HKT�PQT&H6ijY
x

� $Xn ¢ �@¢ � ¢ F � ¢ f T�[9ADnjHGFInjT�C&ijYUPQE6P8J9T��
� FIE6[QT)C&i�� YUC&E6oUT&[WHGF�oUE6[QT&CDJ9E6ijY=T
J�HGF�J�FIE6H6HKT)oUT&P0oUT&S ¯ � FIE6PQC&T FIS ¯�¢ f T&PWJ9[9FIYUPQHGFwJ9E6ijYUP
PQT&H6ijY

x
TDJ

z
PQijYOJ�FIE6YUPQE [QA&njH6A&T&P �"�#E6T&S ¯ ROSUT)� ¢U� �#� � C&T�ROSUE(C&ij[Q[QT&PQ?BijYUo �"SUY

FIYUnjH6T�[QA&PQE6oUSUT&H�T&YOJ9[QT)H6T&P�oUT&S ¯ � FIE6PQC&T FIS ¯ E6Y ��A&[QE6T&SU[ �����
µ
[9FIo ¢ f T#oUA&C FIHGFInjT#?XFI[

T���TDJdpdij?U?UH6T&[kTDPQJdFIH6ij[QPªE6Y ��A&[QE6T&SU[��"���	� � � ¢
L'ijSU[�J9T&P8J9T&[]C&T/[QA&njHGFInjT � ijY"?BT&SmJk�#T&PQSU[QT&[]HGF ��[QA&ROSUT&YUC&T
oUT�HGF�[QA&PQijYXFIYUC&T�FwJ9i ¤

�#E6ROSUT
T&Y1��ijYUCDJ9E6ijY�oUT�HGF�?BijPQEKJ9E6ijY oUT�H6F�H6T&YOJ9E6HKHKT ¢�© Y�T���TDJ � H6ij[QPQROSUT
dLM 6= f

� H6T
oUA&C FIHGFInjT
oUT ��[QA&ROSUT&YUC&T�?XFI[1T���TDJ�pdij?U?UH6T&[ksIFI[QE6T
T&Y1��ijYUCDJ9E6ijY oUT

x
¢B© Y�[QTDsIFIYUC�MUT

H6ij[QPQROSUT
dLM = f

� H6T#� FIE6PQC&T FIS�[QA eXA&C�MUE�T&P8J
J9ijSwv8ijSU[QP/?XFI[9FIH6H6_&H6TWFIS � FIE6PQC&T FIS�EKYUC&E ¤
oUT&YZJ#TDJ0HGF1��[QA&ROSUT&YUC&T oUT HGF�[QA&PQijYXFIYUC&T�FwJ9ij�#E6ROSUT)T&P8J#E6YUoUA&?�T&YUoXFIYOJ9T"oUT

x
¢ >@SU[

HGF�$XnjSU[QT �@¢ � ¢ l�PQijYOJd[9FI?U?Bij[8J9A&T&P1C&T&Pd�#T&PQSU[QT&PdoUT ��[QA&ROSUT&YUC&T ¢ f ij[QPQROSUT�HGF�?�ijPQEKJ9E6ijY
oUT�HGF0H6T&YZJ9E6H6HKT/T&P8Jdij?mJ9E6�)FIHKT �

z = 0
PQSU[kHGF�$XnjSU[QT�� � HGF0swFI[QEGFwJ9E6ijY"[9ADP9EKoUSUT&H6H6T
o q T���TDJ

pdij?U?UH6T&[ T&Y���ijYUCDJ9E6ijYWoUT
x
T&P8J�oUT]Hrq ij[QoU[QT�oUT/� � � � ¢ L'FI[�FIE6H6HKT&SU[QP � ijY0?BT&SmJ(T&P8J9E6�#T&[Hrq T���TDJ�oUT#Hrq FIYUnjH6T�[QA&PQE6oUSUT&H�T&YOJ9[QT#HGF oUE6[QT&CDJ9E6ijY�oUT)?U[Qij?XFInZFwJ9E6ijY�oUT&P � FIE6PQC&T FIS ¯ TDJ

HGF�YUij[Q�)FIH6T ��Hrq F ¯ T)oUS�v8TDJWFwJ9ij�#E6ROSUT ¢ f ij[QPQROSUT�Hrq �
E6H(oUT)C�MXFwJWT&P8J0lUE6T&Y [QA&njH6A � E6H
?BT&[Q�#TDJ�oUT�� FIE6[QTªsIFI[QE6T&[(SUYUE6ROSUT&�#T&YZJ�C&Tk?XFI[9FI�#_DJ9[QTkT&Y/v8ijSXFIYOJ�PQSU[�HGF/oUE6[QT&CDJ9E6ijY�oUS
� FIE6PQC&T FIS�E6YUC&E6oUT&YZJ ¢ ¦1ijSUP/F�sjijYUP/oUA&[QA&njH6AWHGF)oUE6[QT&CDJ9E6ijY�oUS � FIE6PQC&T FIS�E6YUC&E6oUT&YOJ�?BijSU[
ijlUPQT&[8sjT&[�SUY)oUA&C FIHGFInjT

δD

T&YOJ9[QT1H6T]?U[Qi�$XHBpdij?U?UH6T&[�TDJ�H6TkC&[QT&S ¯ o q FIlUPQij[Q?mJ9E6ijY#P9FwJ9S ¤
[QA&T ¢ LhijSU[

δD �
� �j�	� � � � HGF/��[QA&ROSUT&YUC&TdoUT1HGF/[QA&PQijYXFIYUC&TdFwJ9ij�#E6ROSUT]T&P8J�oUA&?UHGFIC&A&T1oUT j�	� � � ¢ © Y�?U[9FwJ9E6ROSUT � H6T�?U[Qi�$XH'pdij?U?UH6T&[d?�T&SmJ ,DJ9[QT�C&T&YOJ9[QA#�)�#E6T&S ¯ ROSUT��I�	� � � �Hrq T���TDJkoUT
Hrq FIYUnjH6T�[QA&PQE6oUSUT&H T&P8JdFIH6ij[QP]oUT
Hrq ij[QoU[QT/oUT�� � � � ¢

�cZ � ]`CB8;: AJ+�� /;@9798 A�� @97DAJ+
f T&P1sIFI[QEGFwJ9E6ijYUPkoUT�HGF�?UMXFIPQT�oUS1� FIE6PQC&T FIS�HGFIPQT&[1oXFIYUPdH6T�?UHGFIY�?BT&[Q?BT&YUoUE6C&SUHGFIE6[QT

��Hrq F ¯ T�oUT�?U[Qij?XFInZFwJ9E6ijY;E6YUoUSUE6PQT&YZJ"A&nZFIH6T&�#T&YZJ"SUY�oUA&C FIHGFInjT�oUT ��[QA&ROSUT&YUC&T�?XFI[
T���TDJ/pdij?U?UH6T&[doUS�?U[QT&��E6T&[1ij[QoU[QT ¢ `�T�oUA&C FIHGFInjT�T&P8J/H6iOC FIH6T&�#T&YZJ1A&nZFIH �#HGF�s@EKJ9T&PQPQT
oUT�Hrq FwJ9ij�#T��WSUHKJ9EK?UH6EKA&T ?XFI[)H6T�nj[9FIoUE6T&YOJ)oUT�HGF�?UMXFIPQT ¢ \^H1T&P8J"oUE �#C&EKH6T�o q ADswFIH6SUT&[
J9MUA&ij[QE6ROSUT&�#T&YZJ�C&TDJ#T���TDJ ¢ \^H�� FISUoU[9FIEKJ0?�ijSU[0C&T&HGF�C&ijYUYXF �6J9[QT"HGF�C FI[8J9ijnj[9FI?UMUE6T"oUS
��[QijYZJ�o q ijYUoUT1FIS�YUEKsjT FIS#oUT]Hrq E6YOJ9T&[9FICDJ9EKijY�F sjT&CkH6T&P�FwJ9ij�#T&P � ?USUE6P J9T&YUE6[(C&ij�#?mJ9T]oUT&P
oUE6P8J9[QE6lUSmJ9E6ijYUP�T&Y s@EKJ9T&PQPQT
TDJkT&Y�?�ijPQEKJ9E6ijY"oUT&P1FwJ9ij�#T&PªoXFIYUPkH6T�v8TDJ]J9MUT&[Q�#E6ROSUT ¢ `�TDJ
T���TDJ�F#ADJ9A�ADJ9SUoUE6A�T ¯ ?BA&[QE6�#T&YZJ�FIH6T&�#T&YZJ1T&Y��#T&PQSU[9FIYZJdHGF#��[QA&ROSUT&YUC&TWoUT�[QA&PQijYXFIYUC&T
oUS

88
>@[�?�ijSU[�oUE ��A&[QT&YZJ9T&P ��ij[Q�#T&P�oUT�� FIE6PQC&T FIS ¯ � TDJ�oUijYUCdoUE ��A&[QT&YZJ9P ��[QijYZJ9P�o q ijYUoUT ¢

`�T&[8J�FIE6YUT&P(�#T&PQSU[QT&P(ijYOJ(ADJ9A]T���T&CDJ9SUA&T&P�T&Y�SmJ9E6H6E6P9FIYZJ SUYUT�$XlU[QT]ij?mJ9E6ROSUTª?BijSU[ $XHKJ9[9TD[
H6T/�#iOoUT/PQ?XFwJ9EGFIH oUS � FIE6PQC&T FIS ¢ `�T&C&E�Y q F0?XFIPkT&S�o q T���TDJ1YUiIJ�FIlUHKT/C FI[]HGFWROSXFIH6EKJ9A/oUS



�|�j� ��� ��� 	 ����� �

��[QijYZJ o q ijYUoUT�T&P8J�H6E6�#E J9A&T�?XFI["H6T&P"MOSUlUH6iIJ9P SUHKJ9[9F ¤ s@E6oUT � M@SUlUH6iIJ9P�` § � � � � G��Z �
�
��� ¢
f T&P)[QA&PQSUHKJ�FwJ9P#oUT�C&TDJQJ9T�ADJ9SUoUT�PQijYZJ�[QT&?U[QA&PQT&YZJ9A&P"PQSU[#HGF $XnjSU[QT �@¢ T ¢ ¥ � FIE6lUH6T

?USUE6PQP9FIYUC&T � H6T&P/�#T&PQSU[QT&P/PQijYOJ/C&ij�#?XFwJ9E6lUH6T&P�FIS�YUEKsjT FIS�o q SUY�oUE � FIE6YUT�oUT�� � � ¢�© Y[QTDswFIYUC
MUT � ����ij[8J9T�?USUE6PQP9FIYUC&T�ijY�ijlUPQT&[8sjTªSUYUT�oUE6PQ?BT&[QPQE6ijY�oUT&PhswFIH6T&SU[QPhPQSU['?UH6SUPQE6T&SU[QP
C&T&YZJ�FIE6YUT&P#oUT � � � ¢ LhijSU[#T ¯ ?UH6E6ROSUT&[#C&TDJ)T���TDJ � ijY ?BT&SmJ)SmJ9E6H6EKPQT&[�HGF ��ijYUCDJ9E6ijY oUTPQT&YUPQE6lUE6H6EKJ9A

g(t)
¢ `�T%��ij[Q�)FIH6EKPQ�#TkT&P8J]oUADJ�FIE6H6HKA1oXFIYUPªH6T&P�[QA���A&[QT&YUC&T&P%H �� j� � �� m� � ���LVJI ¢

`�TDJQJ9T ��ijYUCDJ9E6ijY ?�T&[Q�#TDJ1o q T ¯ ?U[QE6�#T&[kHGF0[QA&?BiIYUP9T�oUT&PdFwJ9ij�#T&P���SUYUT
?BT&[8J9SU[QlXFwJ9E6ijY
H6iOC FIH6EKP9ADT � PQT&H6ijY�HGFW[QT&HGFwJ9E6ijY"PQSUEKswFIYOJ9T0x

δP =
1

2

∫

τ

g(t)

(

δ ω(t) +
dφ(t)

dt

)

dt
� �@¢ � �

i �
δP

[9TD?U[9ADP9TDYOJ9T�H6T&P�eXSUCDJ9SXFwJ9E6ijYUP�oUT)HGF�?Bij?USUHGFwJ9E6ijY�oXFwYUPWHrq ADJ�FwJ ��ijYUoXFI�#T&YZJ�FIH
� Hrq E6PQPQSUT#o q SUYUT)E6YZJ9T&[9FICDJ9E6ijY�F sZT&C#H6T#HGFIPQT&[
oUT#oUSU[QA&T

τ
¢
dφ(t)/dt

TDJ
δ ω(t)

oUA&PQE ¤
njYUT&YZJ�[QT&PQ?�T&CDJ9EKsZT&�#TDYOJ�H6T&P/sIFI[QEGFwJ9E6ijYUP/oUT�?UMXFIPQT#oUS HGFIPQT&[
o q E6YZJ9T&[Q[QijnZFwJ9E6ijY�TDJ�H6T&P
eXSUCDJ9SXFwJ9E6ijYUP�oUS�oUA&P9FIC&C&ij[Qo"T&YZJ9[QTdHGF ��[QA&ROSUT&YUC&T�oUTd[QA&PQijYXFIYUC&T/FwJ9ij�#EKROSUT1TDJªHGF ��[QA ¤
ROSUT&YUC&TdoUS#HGFIPQT&[ ¢ LhijSU[�SUY � FIE6PQC&T FIS�HGFIPQT&[�F NOFIYZJ�SUY#?U[Qi�$XHX[QT&CDJ�FIYUnjSUHGFIE6[QT � ijY#?BT&SmJ
�#ijYZJ9[QT&[]ROSUT�x

g(t) =
Ω2 δ

∆3
[ sin(∆t) + sin[∆(τ − t)]− sin(∆τ) ]

� �@¢   �
F sjT&C�x

∆ =
√

Ω2 + δ2
¢
δ
T&P8J)H6T"oUA&P9FIC&C&ij[Qo�T&YZJ9[QT HGF ��[QA&ROSUT&YUC&T�oUS�HGFwP9TD[�TDJ#HGF

��[QA&ROSUT&YUC&T"oUT�HGF�[QA&PQijYXFIYUC&T"FwJ9ij�#E6ROSUT ¢
Ω
oUA&PQE6njYUT�HGF�?USUH6P9FwJ9E6ijY oUT�c1FIlUE ¢ p�FIYUP

YUiIJ9[QT�C FIP �
δ
T&P8J]oUT�Hrq ij[QoU[QTdoUT�HGF�HGFI[QnjT&SU[�oUT�[9FIE6TdROSUE�T&P8JkA&HGFI[QnjE6T1?XFI[�P9FwJ9SU[9FwJ9E6ijY ¢

a�Y#F/oUijYUC
x
δ ∼ Ω

¢ >@SU[(HGF%$XnjSU[QT �@¢ V/PQijYZJ�J9[9FIC&A&T&P�Hrq FI�#?UH6E J9SUoUTªoUT&P�C&ij�#?�ijP9FIYOJ9T&P
oUT § ijSU[QE6T&[]oUT

g(t)
?BijSU[koUE ��A&[QT&YZJ9T&PksIFIH6T&SU[QPkoUS�?XFI[9FI�#_DJ9[QT
oUT
P9FwJ9SU[9FwJ9E6ijY ¢ L(H6SUP

C&T&H6SUE ¤ C&E FISUnj�#T&YZJ9T � ?UH6SUP]H6T&P]C&ij�#?BijP9FIYZJ9T&PkoUT § ijSU[QE6T&[ªoUij�#E6YXFIYZJ9T&P]PQijYZJ1FIS ¯ ��[QA ¤
ROSUT&YUC&T&P)A&H6TDsjA&T&P 
 ¢ f�F�?U[QijlXFIlUE6H6EKJQA"oUT"J9[9FIYUPQEKJ9E6ijY=oUA&?BT&YUo;FIH6ij[QP0oUT&P#oUA�� FISmJ9P�oUT
?UMXFIPQT/oUT/?�TDJ9EKJ9T&P]oUE6�#T&YUPQE6ijYUP ¢ L'ijSU[ªSUY � FIE6PQC&T FIS"oUT/� FIE6lUH6T1E6YOJ9T&YUPQEKJ9A � H6T&PªoUA�� FISmJ9P
PQijYZJk�#i�NZT&YUYUA&P ¢ f�F#��[QA&ROSUT&YUC&T
oUT
HGF�[QA&PQijYXFIYUC&T/J9T&YUoUP1FIH6ij[QP�sjT&[QPkC&T&H6H6T�ROSUE PQT&[9FIEKJ
�#T&PQSU[QA&T0F�sjT&CWHrq ijYUoUTW?UHGFIYUTWFI?U?U[Qi@C�MXFIYZJ
FIS��#E6T&S ¯ H6T ��[QijYZJ�o q ijYUoUT0oUS � FIE6PQC&T FIS
HGFIPQT&[ ¢

f�F���[QA&ROSUT&YUC&TWFIlUPQijHKSUT
oUT�HGF�J�[9FIYUPQEKJ9E6iIY oUijEKJkoUijYUC ,DJ9[QT
oUA&oUSUEKJ9T�oUT&P1�#TDP9SU[QT&P
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Pour 88Sr : ν (1S0 − 3P1) = 434 829 121 300 (20) kHz
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`�TDJQJ9T)sIFIH6T&SU[�T&P8J0T&Y=l�ijY FIC&C&ij[Qo=F�sjT&C�HGF��#T&PQSU[QT�T���T&CDJ9SUA&T"PQE6�WSUHKJ�FIYUA&�#T&YZJ
?XFI[]Hrq A&ROSUE6?BT/oUT�¬ ¢ e]E6YUi#FIS�f © ¦�> � �   � VZ�ESª�|�@�� m�j� � ��� � � � � H ���ES+I�� ¢

���������	��
�� x ¡ E6P/�)?XFI[8J�H q T���TDJ/pdij?U?UH6T&[dADJ9SUoUE6A�?U[QA&C&A&oUT&�#�#T&YOJ � H6T�PQT&SUH'T���TDJ
ROSUEB?BT&SmJªE6YUoUSUE6[QT1SUY�oUA&?UHGFIC&T&�#T&YZJªoUT.��[QA&ROSUT&YUC&T/PQSU?BA&[QE6T&SU[��)� � � � TDPQJªH6E6A.��SUYUTADsjT&YZJ9SUT&H6H6TªFIP8N@�#ADJ9[QE6T�oUSWoUijSUlUH6TDJ'oUTª[QT&C&SUHVH �� Z� � �|�ESJI ¢ `�TDJ T���TDJ(T&P8J(FISW�)F ¯ E6�WSU�
A&nZFIH �0HGF ��[QA&ROSUT&YUC&T�oUT/[QT&C&SUH � PQijEKJ � ¢ V	� � � ¢ \^H T&P8JkoUijYUC
YUA&njH6E6njT FwlUH6Td?XFI[][9FI?U?Bij[8J
�0Hrq E6YUC&T&[8J9EKJ9SUoUT�oUT
YUiIJ9[QT
�#T&PQSU[QT ¢

X +.:aCJ/;+KAJ+K[5]N8?/;]`7D:?3 8;35@97 1S0, F = 9/2− 3P1 F ′ = 9/2
ADC 87 � /

LhijSU[
HGF�J9[9FIYUPQEKJ9E6ijY
1S0, F = 9/2 − 3P1 F ′ = 9/2

oUS
87
>@[ � F sZT&C�oUT&P�?USUE6P ¤

P9FIYUC&T&P1HGFIPQT&[kE6Y ��A&[QE6T&SU[QT&P�� � � � H6T
[9FI?U?�ij[8J1PQE6njYXFIH ��lU[QSUEKJkT&P8J1J9[Qij?*� FIE6lUHKT/?BiISU[
[QA&PQijSUoU[QT)HGF P8J9[QSUCDJ9SU[QT)PQSUl ¤ pdij?U?UH6T&[ ¢ f T&P��#T&PQSU[QT&P�oUT ��[QA&ROSUT&YUC&T&PWijYOJWFIH6ij[QP
ADJ9A
� FIEKJ9T&P �
?UH6SUP�MXFISmJ9Tk?USUE6PQP9FIYUC&Td?XFI[�C&iI�#?XFI[9FIE6PQijY#F sZT&C1HGF/��[QA&ROSUT&YUC&TdoUTk[QA&PQijYXFIYUC&T
oUS

88
>@[ x(YUijSUP)F sjijYUP#�#T&PQSU[QA T&Y;FIHKJ9T&[QYXFIYUC&T H6T&P0J9[9FIYUPQEKJ9E6ijYUPWoUS
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f(q A&C FI[8J1oUT ��[QA&ROSUT&YUC&T�C&ij[Q[QT&PQ?BijYUoXFIYZJdT&P8J1YUiIJ9A
∆
� VLV � V4T � ¢

f T&PW�#T&PQSU[QT&P0PQijYZJ0[9FI?U?Bij[8J9A&T&PWPQSU[WH6T&P $XnjSU[QT&P �@¢ S ¢ f T&P0C FI[9FICDJ9A&[QE6P8J9E6ROSUT&PWoUT&P
� FIE6PQC&T FIS ¯ SmJ9E6H6EKPQA&P�C&ij[Q[QT&PQ?BijYUoUT&YZJ�FIS ¯ swFIH6T&SU[QP"T ¯ J9[-,&�#T&P oUT&P �#T&PQSU[QT&P oUT ��[QA ¤
ROSUT&YUC&T oUT HGF;[QA&PQijYXFIYUC&T oUS

88
>@[ � $Xn ¢��@¢ T � ¢ LhijSU[�C&TDJ�E6PQiIJ9ij?BT � Hrq A&C FI[8J�T&YZJ9[QT

H6T&P ��[QA&ROSUT&YUC&T&P��#i�NZT&YUYUT&P0oUT�C�MXFIROSUT C&ijY $XnjSU[9FwJ9E6ijY�T&P8J�oUT�Hrq ij[QoU[QT�oUT" j�j�	� � �

� $Xn ¢��@¢ S ¢ F � ¢U© Y [QTDsIFIYUC�MUT � ?BijSU[
∆
� VLV � V4T � � H6T&P]oUT&S ¯ �#i�NjT&YUYUT&PkPQijYZJkT&Y�FIC&C&ij[Qo �

� � � � ?U[Q_&P � $Xn ¢ �@¢ S ¢ l�� ¢ `�T&C&E��#ijYZJ9[QT/ROSUT
C&TDJ1A&C FI[8J1YUT
oUA&?�T&YUo�?XFIPkoUT&P1C FI[9FICDJ9A ¤
[QE6P8J9E6ROSUT&PdoUS1� FIE6PQC&T FIS�SmJ9E6H6E6PQA ¢ f�F)oUE6PQ?BT&[QPQE6ijY�oUT&P��#T&PQSU[QT&P�oUS 88

>@[�FISmJ9ijSU[1oUTWHGF
swFIH6T&SU[��#i�NZT&YUYUTdADJ�FIYZJ]oUT����j�	� � � � ijY"F�FwJQJ9[9EKlUSUA/��HGF
�#T&PQSU[QT�oUT ∆

� VLV � V4T �(SUYUT
E6YUC&T&[8J9EKJ9SUoUT/oUT � �	� � � x ∆ � VLV � V4T �

�
�j�@� T@��� � � � � � � � ¢

f T&Pª�#T&PQSU[QT&PªoUTdHGF
J9[9FIYUPQEKJ9E6ijY
1S0, F = 9/2− 3P1 F ′ = 9/2

oUS
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>@[�ijYZJªADJ9A

T���T&CDJ9SUA&T&P0?�ijSU[�oUE ��A&[QT&YOJ9T&P�sIFIH6T&SU[QP�oUS�C�MXFI�#?��)FInjYUADJ9E6ROSUT ¢ `�ij�#�#T)FwJQJ9T&YUoUS �
ijY Y q ijlUPQT&[8sjT�?XFIPkoUT
oUA&?UHGFIC&T&�#TDYOJkoUT ��[9ADROSUT&YUC&T�?XFI[]T���TDJ ��T&T&�)FIY ¢

f�F�swFIH6T&SU[�oUT
∆
� VLV � V4T ��TDJ#HGF ��[QA&ROSUT&YUC&T�FIlUPQijH6SUT"oUT�HGF�J9[9FIYUPQEKJ9E6ijY oUS 88

>@[
oUijYUYUT&YZJdFIH6ij[QP]HGF ��[QA&ROSUT&YUC&T�[QT&C�MUT&[QC�MUA&T)x

Pour 87Sr : ν (1S0, F = 9/2− 3P1 F ′ = 9/2) = 434 829 343 010 (50) kHz� �@¢U� �

��������� � 0%& 54* 0�5 & $ � � � $�& � ( $2$,0'341)*,!�� !���$ / # � 0 � � /�� 54$2345 3P1

`�T&P��#T&PQSU[QT&P�oUT ��[QA&ROSUT&YUC&T&P/?BT&[Q�#TDJQJ9T&YZJ�oUT�C FIH6C&SUH6T&[1H6T�oUA&C FIHGFInjT�E6PQiIJ9ij?UE6ROSUT
oUT
Hrq ADJ�FwJ

3P1

C FI[]HGF0P8J9[QSUCDJ9SU[QT
MON@?�T&[ $XYUT�oUT
C&TDJ1ADJ�FwJkT&P8JdC&iIYUY@SUT ¢
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d+0/ � 7J+
f(q MXFI�#E6H J9ijYUEKT&Y oUT�P8J9[QSUCDJ9SU[QT�MZN@?BT&[ $XYUT�J9[9FIoUSUEKJ1Hrq T���TDJ1oUS�PQ?UE6Y�YOSUC&H6A FIE6[QT
PQSU[

H6T&P�YUEKsjT FIS ¯ o q A&YUT&[QnjE6T ¢ f T&P�A&YUT&[QnjE6T&P�?U[Qij?U[QT&P�PQijYZJ�ijlmJ9T&YOSUT&P�T&Y PQij�#�)FIYZJ�HGF
C&ijYZJ9[QE6lUSmJ9E6ijY;oUT�Hrq T���TDJ"oUE6?BijHGFIEK[QT��)FInjYUADJ9E6ROSUT

∆EA

� J9T&[Q�#T�?U[QA&oUij�#E6YXFIYZJ ��TDJ
oUT
Hrq T���TDJkROSXFIoU[QSU?BijHGFIE6[QT�A&H6T&CDJ9[QE6ROSUT

∆EB

H �  j  � ��  � I(x

∆EA =
A

2
K

� �@¢ � �

∆EB =
B

8

3 K(K + 1)− 4I(I + 1)J(J + 1)

I(2I − 1)J(2J − 1)

� �@¢ T �

avec : K = F (F + 1)− I(I + 1)− J(J + 1)
� �@¢ V �

¥�TDJ ¨ PQijYZJ�[QT&PQ?BT&CDJ9EKsjT&�#T&YOJ�H6T&P�C&ijYUP8J�FIYZJ9T&P�o q E6YZJ9T&[9FICDJ9E6ijY�oUE6?BijHGFIEK[QTª�)FInjYUADJ9E6ROSUT
TDJ0ROSXFIoU[QSU?�ijHGFIE6[QT)A&H6T&CDJ9[QE6ROSUT ¢ © H6H6T&P�ijYZJ0ADJ9A��#T&PQSU[QA&T&P0?BijSU[�Hrq ADJ�FwJ 3P1
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?XFI[1¬ ¢ � S�L(SmJ9H6EKJ � H �   � I(x

A = −260 084(2) kHz et B = −35 658(6) kHz
� �@¢ S �

a�Y ?BT&SmJdFIH6ij[QP]C FIH6C&SUHKT&[]Hrq A&YUT&[QnjE6T/?U[Qij?U[QT
oUT
C�MXFIROSUT�ADJ�FwJkMON@?�T&[ $XY x

∆ Ehf = ∆ EA + ∆ EB

� �@¢ ��� �
`�T&P1sIFIH6T&SU[QPdPQijYZJ�[QT&?�ij[8J9A&T&P�oXFIYUPdH6T
J�FIlUH6T FIS �@¢ � ¢ ¥ ?XFI[8J9E6[koUT�HGF��#T&PQSU[QT�oUT ��[QA ¤
ROSUT&YUC&T�oUT�HGF�J9[9FIYUPQEKJ9E6ijY

1S0, F = 9/2 − 3P1, F
′ = 9/2
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>@[#ijY ?BT&SmJ

FIH6ij[QP/oUA&oUSUE6[QT�C&T&H6H6T&P
oUT&P
J9[9FIYUPQEKJ9E6ijYUP�?BijSU[
H6T&P
YUEKsjT FIS ¯ MZN@?BT&[ $XYUP
F ′ = 7/2

TDJ
F ′ = 11/2

¢ f T
J�FIlUH6T FIS �@¢ �W[QA&C FI?UEKJ9SUH6T
H6T&P���[QA&ROSUT&YUC&T&P�oUT
J9ijSmJ9T&PdH6T&PkJ9[9FIYUPQEKJ9E6ijYUP
1S0 − 3P1
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§ q

∆EA ∆EB ∆Ehf
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ν689(
87Sr)

TDJ'oUS
l�ijPQijY

ν689(
88Sr)

C&ij[Q[QT&PQ?�ijYUo �"HGF�PQij�#�#TWoUS�oUA&C FIHGFInjT0E6PQiIJ9ij?UEKROSUT
∆87,88 [3P1]TDJkoUS J9T&[Q�#T
oUT
P8J9[QSUCDJ9SU[QT
MON@?�T&[ $XYUT)x

ν689(
87Sr, F ′)− ν689(

88Sr) = ∆87,88 [3P1] + ∆Ehf (F
′)
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¦1ijP �#T&PQSU[QT&P�?�T&[Q�#TDJQJ9T&YOJ�oUijYUC(oUT(C FIH6C&SUH6T&[ H6T oUA&C FIHGFInjT E6PQiIJ9ij?UE6ROSUT � F�sjT&C § q
�
S �j� �hx

∆87,88 [3P1] = − 62 150 (70) kHz
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 3P1 − 3S1

���	����� � & / (4*,/ � $ 34$ � ! � $)#%5 & $

L'ijSU[�ijlUPQT&[8sjT&[�HGF J9[9FIYUPQEKJ9E6ijY
3P1 − 3S1

ijY SmJ9E6H6EKP9T�H6T�L ¡ a oXFIYUP�H6T&ROSUT&H
Hrq ADJ�FwJ0T ¯ C&EKJ9A 3P1

T&P8J#?BT&SU?UH6A ¢ `�TDJQJ9T"?U[Qij?U[QE6ADJ9A"oUS ?UE6_&njT"F�oUAgv-��A
J�A"[9FI?U?�ij[8J�ADT
FIS#C�MXFI?UEKJ9[QT   � YUijSUP�[9FI?U?BT&H6ijYUP�E6C&EUH6T]?U[Qi@C&T&PQPQSUP ¢ f�F/J9[9FIYUPQEKJ9E6ijY 1S0− 1P1
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oUS�L ¡ a ROSUE�T&P8J1?U[QijlXFIlUH6T&�#T&YZJkH6E6A&T ��SUYUT eXSUCDJ9SXFwJ9E6ijY oUT�?USUE6PQP9FIYUC&T
oUT&P1HGFIPQT&[QP
lUH6T&SUP�oUS�?UE6_&njT ¢ `�ij�#�#T�ijY�PQijYUoUT�FIHKJ9T&[QYXFwJ9EKsZT&�#T&YZJ�H6T&P�oUT&S ¯ CB	IJ9A&P/oUT0HGF)[QA&PQi ¤
YXFIYUC&T � C&TDJQJ9T�oUA&[QEKsjT�H6T&YZJ9T)Y q F ��T&CDJ9T�?XFIPWHrq FIPQPQT&[8s@E6PQPQT&�#T&YZJ ¢ >@SU[WH6F $XnjSU[QT �@¢ ��  ¢ C
ijY�F0J9[9FIC&A
Hrq A&C FI[8J]J^N@?BT
o q ¥dH6HGFIY"T&Y sIFIH6T&SU[][QT&HGFwJ9EKsjT/oUT

f688(t)
¢ f�F0[QA&PQijH6SmJ9E6ijY"oUT

C&TDJQJ9T/�#T&PQSU[QT/oUT/��[QA&ROSUT&YUC&T � ijlmJ9T&YOSUT/T&Y T ¯ J9[9FI?BijHGFIYZJ]HGF�oUA&C&[QijE6PQP9FIYUC&T/T&Y
t−1/2

�
HGF�oUSU[QA&T
oUT/HGF��#T&PQSU[QT �   � �(P � � T&P8JkoUT

2.5 10−11
T&Y"sIFIH6T&SU[ª[QT&HGFwJ9EKsZT � PQijEKJ/�j� � � � ¢

���	����� � ��(4!	� /�� 54$ 345�� / � ��$

L'ijSU[ªC&ij�#?U[QT&YUoU[QT�Hrq T��#C FIC&EKJ9A�oUT/C&TDJQJ9T/�#ADJ9MUiOoUT/o q ijlUPQT&[8swFwJ9E6ijY"oUT/HGF�J9[9FIYUPQE ¤
J9E6ijY � YUijSUP
FIHKH6ijYUPdC FIH6C&SUH6T&[dH6T�YUij�WlU[QTWo q FwJ9ij�#T&P�oXFIYUP�H6TW?UE6_&njT#��Hrq ADJ�FwJ�P8J�FwJ9E6ijY ¤
YXFIE6[QT
F sjT&C�ijS P9FIYUP1H6T/HGFIPQT&[]PQijYUoUT ¢ ¦1ijSUP]J9[9FIEKJ9ijYUP]H6T/C FIPkoUS 88

>@[ ¢



�� Z� ��� ��� 	 ����� �

� 	�� � �@¢ �� ]�PY\�*��+$�(�H�$�E�J
X����

������������� 3P1− 3S1

�?+
88
�,�5C<R.
�UFO � +����(�*�(-*�!��-*�K23� �,�!�$���

�?+ �LY[M^C:R�=�U O$%'�("*),+��!��-*�@-*�!�,����

���]�?+ � �0�,����"!�����(�!+$��� � C}R'-VUXO�"*-5

���K� �0;<�^��� � ���J

� �!�
18

���!+$�N�(�!�J

����1,�X�$�K�J
^%'�("*),+��!��-*� 

=��(����+��X�$�K�J
@����

�������������\

�(��2]��),+��8C



� � � � � � ��� � u � u ��� 3P1 − 3S1

�� j 

� ]`7D: [5+ [5]`:>+0/,:>@97DAJ+ �
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d N1S0

dt
= −f461 ΓD N1S0

+ Γ689 N3P1
+ Φc

� �@¢ �;T �
d N1D2

dt
= f461 ΓD N1S0

− (Γ1 + Γ2) N1D2

� �@¢ �?V �
d N3P1

dt
= Γ1N1D2

− Γ689 N3P1
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i � ijY F�YUiIJ9A
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=
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2

s461
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∆2

461

Γ2
461
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s461 = I/Isat
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d N3P1

dt
= Γ1N1D2

− Γ689 N3P1
− f688 Γ∗N3P1
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i �

Γ∗ = Γ707 + Γ679

TDJ
f688

T&P8J�HGF���[9FICDJ9E6ijY�o q FwJ9ij�#T&P1T ¯ C&EKJ9A&PdoXFIYUPdHrq ADJ�FwJ
3S1

?XFI[]H6T/HGFIPQT&[]PQijYUoUT ¢ ¥�sjT&C�H6T&PkYUiIJ�FwJ9E6ijYUPªoUT
Hrq A&ROSXFwJ9E6ijY � �@¢ �I� �1x

f688 =
N3S1

N3P1

=
1

2

s688

1 + s688 + 4
∆2

688

ΣΓ2

� �@¢ � � �

a�Y oUA&oUSUE J#oUT&P#A&ROSXFwJ9E6ijYUP � �@¢ �?T � � � �@¢ �?V ��TDJ � �@¢ � � ��H6T YUij�WlU[QT o q FwJ9ij�#T&P
oXFIYUPkHrq ADJ�FwJ

1S0

F sjT&C�H6T/HGFIPQT&[]PQijYUoUT�x

N1S0,avec 688 =

(

1 +
Γ1

Γ2

)

1

1 +
Γ1

Γ2

×
(f688 Γ∗)/Γ689

1 + (f688 Γ∗)/Γ689

× Φc

f461 ΓD

� �@¢ � � �
f T&Pk?BT&[8J9T&PdFISUnj��T&YOJ9T&YZJdF sjT&C

f688

���=����F sjT&C�HGF0P9FwJ9SU[9FwJ9E6ijY"oUS�HGFIPQT&[kPQijYUoUT ¢
¥�HGF/H6E6�#E J9Tªi �

f688 � Γ689/Γ
∗
� E ¢ T ¢

f688 � 10−3
�
I � 4 µ � �wC&�

2
� � ijY)F�x

N1S0,avec 688 =
Φc

f461 ΓD

� �@¢ �LT �

¥dE6YUPQE(H6T�YUij�WlU[QT�o q FwJ9ij�#T&P/oXFIYUP�H6T�?UE6_&njT0?BT&SmJ ,DJ9[QT���ij[8J9T&�#T&YOJ
oUE6�#E6YOSUA0T&Y
?U[QA&PQT&YUC&T]oUS0HGFIPQT&[	� � VLV YU� ¢ f T�[9FIE6PQijYUYUT&�#T&YOJ'?U[QA&C&A&oUT&YOJ��#ijYZJ9[QT�ROS q E6H@?BT&SmJ�,DJ9[QT
oUEKs@E6PQAk?XFI[�SUY � FICDJ9T&SU[�  � �)FIE6P(C&T1C&i@T��#C&E6T&YZJ�J9MUA&ij[QE6ROSUT1T&P8J��
Y@SXFIYUC&T&[�?BijSU[�oUT&S ¯
[9FIE6PQijYUP ¢ p�q FIlBij[Qo�C&ij�#�#T�YUijSUP/H q F�sjijYUP��#T&YZJ9E6ijYUYUA�?UH6SUP�MXFISmJ � E6HhT&P8J/oUA&oUSUEKJ/oUS
[9FI?U?�ij[8J

Γ1/Γ2

ROSUE�Y q T&P8Jk?XFIP]lUE6T&Y�C&ijYUY@S ¢U© YUPQSUEKJ9T � YUijSUPkF sjijYUP]PQSU?U?�ijPQA
E6C&E�ROSUT
H6T�J�FIS ¯ oUT0C FI?mJ9SU[QT0[QT&P8J9T�C&ijYUP8J�FIYZJ�F sZT&C0ijS�P9FIYUP/H6TWHGFIPQT&[�PQijYUoUT ¢ ¦1ijSUP�sZTD[9[QijYUP
FIS�?XFw[�Fwnj[9FI?UMUTWPQSUEKsIFIYZJ/ROSUT0H6T�?U[Qi@C&T&PQPQSUP
oUTWC FI?mJ9SU[QT0T&P8J
T&Y � FIEKJ�F ��T&CDJ9A0?XFI[�HGF
?U[QA&PQT&YUC&TWoUT�C&T�HGFIPQT&[ ¢ f T&PdC&ijYZJ9[9FIP8J9T&P�ijlUPQT&[8sjA&P�PQijYOJdYUA FIYU�#ijE6YUP1C&ijMUA&[QT&YZJ9P/F sZT&C
C&TDJQJ9T"FIYXFIHKN@PQT#J9MUA&ij[QE6ROSUT ¢ ¥ ��ij[8J9T)E6YZJ9T&YUPQEKJ9A)HGFIPQT&[�YUijSUPWF�sjijYUPW?XFI[�T ¯ T&�#?UH6T)?US
ijlUPQT&[8sjT&[1HGFW[QA&PQijYXFIYUC&T�oUS

88
>@[kF�sjT&C
SUY�C&ijYOJ9[9FIP8J9T
oUT TI�	� � $Xn ¢9�O¢ �|� � ¢

LhijSU[�H6T
87
>@[ � H6T&P�A&ROSXFwJ9E6ijYUP�oUT]J�FIS ¯ PQijYZJ�?UH6SUP(C&ij�#?UH6T ¯ T&P�C FI[�E6H � FISmJ�?U[QT&YUoU[QT

T&Y C&ij�#?mJ9T�HGF P8J9[QSUCDJ9SU[QT�MZN@?BT&[ $XYUT ¢ f T&P"ADJ�FwJ9P�MZN@?BT&[ $XYUP"oUS 3P1

YUT�PQijYZJ"?XFIP
A&ROSUE6?�T&SU?UH6A&PhC FI[�H6T&P�[9FI?U?Bij[8J9P�oUT�lU[9FIYUC�MUT&�#T&YZJ'oUT&P�J9[9FIYUPQEKJ9E6ijYUP

1P1, 9/2− 1D2, FTDJ
1D2, F− 3P1, F ′

oUA&?BT&YUoUT&YZJ�oUT&P �#ij�#T&YOJ9PhC&E6YUADJ9E6ROSUT&P � §
�
S �j� � �j� �j�kijS"�   �j�

TDJ § q
�
T �j� � S �j�/ijS��j� �j� � ¢ pdT1?UH6SUP � H6ij[QPQROSUTkH6TkHGFIPQT&[�PQijYUoUT1T&P8J�[QA&PQijYXFIYZJ�?BijSU[�SUY



� � � � � � ��� � u � u ��� 3P1 − 3S1

��  �

ADJ�FwJkMZN@?BT&[ $XY {3P1, F ′} � SUYUT
?XFI[8J9E6T�oUT&P1FwJ9ij�#T&P]?Bij�#?�A&P]sjT&[QP1Hrq A
J
F|J {3S1, F ′′}[QTDJ9ij�WlBT&YZJWoXFIYUP�H6T&P�oUT&S ¯ FISmJ9[QT&P�ADJ�FwJ9P�MON@?�T&[ $XYUP0oUS 3P1

?USUE6P�oXFIYUP�H6T#YUEKsjT FIS
��ijYUoXFI�#T&YZJ�FIH�i � E6H6P�PQijYOJ0[QT&C FI?mJ9SU[QA&P ¢ f T&P0?BT&[8J9T&P�E6YZJ9[Qi@oUSUEKJ9T&P�oUA&?BT&YUoUT&YZJ#oUijYUC
FISUPQPQE1oUS�[9FI?U?Bij[8J)oUT�lU[�FwYUC
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3P1, F ′ − 3S1, F ′′
¢ ¦1ijSUP

F sZijYUP�?US�ijlUPQT&[8sjT&[)TDJ#�#T&PQSU[QT&[#H6T&P T�J9[9FIYUPQEKJ9E6ijYUP
3P1, F ′ − 3S1, F ′′
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3P1 − 3S1

F sZT&C
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������� �	��
�� xOa�Y�?BijSU[Q[9FIEKJ ijlUPQT&[8sZT&[�C&TDJQJ9T]J9[9FIYUPQEKJ9E6ijYWT&Y�oUADJ9T&CDJ�FIYOJ�H6T&P ?UMUiIJ9ijYUP
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3S1

PQT
oUA&PQT ¯ C&EKJ9T&YZJ1sjT&[QP1H6T&P]ADJ�FwJ9P 3P2
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3P0

� C���$XnjSU[QT �@¢ ��� � ¢ \^H � FISmJkC&T&?BT&YUoXFIYZJdYUiIJ9T&[
ROSUT"?BijSU[WSUY=YUij�0lU[QT#JgN@?UE6ROSUT�oUT
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FwJ9ij�#T&PWoXFIYUPWH6T�?UE6_&njT � ijY F�PQT&SUH6T&�#T&YOJ

∼ 104
FwJ9ij�#T&PdoXFIYUPdHrq ADJ�FwJ

3P1

� A&R ¢ � �@¢ �@��� � ¢ ¥�sZT&CWH6T&Pd?BT&[8J9T&P�E6YZJ9[Qi@oUSUEKJ9T&P1?XFI[dH6T
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105?UMUiIJ9ijYUP �wPWA&�#E6P�PQ?�ijYOJ�FIYUA&�#T&YZJ��KTI�4T'YU� ¢ `�T�J�FIS ¯ T&P8J V�ij[QoU[QT&PWoUT�nj[9FIYUoUT&SU[
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�
f Γ461 N1S0

= 2 × 1013
?UMUiIJ9ijYUP �wP � ¢ ¥hsjT&C�SUY P8N@P8J9_&�#T�?UH6SUP A&HGFIl�ij[QA�ROS q SUYUT

PQE6�#?UH6T�?UMUiIJ9iOoUE6i@oUT � $XHKJ9[QT�E6YOJ9T&[ ��A&[QT&YZJ9E6T&H � ?UMUiIJ9i ¤ �WSUHKJ9EK?UHKEKC FwJ9T&SU[ ¢K¢K¢ � � ijY�?BijSU[Q[9FIEKJ
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?UH6SUP]C&ij�#?UH6T ¯ T ¢
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f(q A&ROSXFwJ9E6ijY � �@¢ � � ��?�T&[Q�#TDJ�oUT�C FIH6C&SUH6T&[WHGF�swFIH6T&SU[WoUT

f688

?BijSU[WHGFIROSUT&H6H6T)ijY
P&q FwJQJ9T&YUo1��oUE6�#EKY@SUT&[ªoUT
�#ijEKJ9EKA�H6T/C&ijYZJ9[9FIP8J9T
oUT
HGF0[QA&PQijYXFIYUC&T ¢ a�Y ijlmJ9E6T&YZJ
x

f
1/2
688 =

Γ689

Γ∗
Γ2

Γ1 + Γ2

' 2.4× 10−4
� �@¢ �EV �

a�Y�?�T&SmJ�[QT&�)FI[QROSUT&[ ROS q ijY#[QTDJ9[QijSmsjT.��?BT&S�?U[QA&P�H6F�C&ijYUoUEKJ9E6ijYWE6YZJ9SUEKJ9EKsjT
f688 Γ∗ =

Γ689

ROSUE�PQE6njYUE $XT�ROSUT)H6T0J�FIS ¯ o q T ¯ CDEKJ�FwJ9E6ijY oUT&PWFwJ9ij�#T&P
oUS 3P1

sZT&[QP�H6T
3S1

T&P8J
A&nZFIH��"C&T&H6SUE oUT�Hrq A&�#E6PQPQE6iIY�PQ?�ijYOJ�FIYUA&T0sjT&[QP�H6T ��ijYUoXFI�#T&YZJ�FIH ¢ f�F�swFIH6T&SU[
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688

T&P8J
ijlmJ9T&YOSUT#?BijSU[
SUY�?XFI[9FI�#_DJ9[QT0oUT�P9FwJ9SU[9FwJ9E6ijY�oUT#H q ij[QoU[9T0oUT

5 × 10−4
� A&R ¢ �@¢ � � � �

PQijEKJkSUYUT
E6YZJ9T&YUPQEKJ9A/HGFIPQT&[]oUT#�
µ � �wC&�
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>@SU[ªHGF $XnjSU[QT �@¢ � � � ijY F�J9[9FIC&A�H6T�CDijYOJ9[9FIP8J9T�oUT/HGF�[QA&PQijYXFIYUC&T/�#T&PQSU[QA�T&Y ��ijYUC ¤
J9E6ijY"oUT
Hrq E6YZJ9T&YUPQEKJ9A/�#i�NjT&YUYUT
oUS�HGFIPQT&[]PQijYUoUT�PQSU[kHGF�J�FIE6H6HKT�oUS�?UE6_&njT/oUA�$XYUE6T
?XFI[/x

Imoy = Imax ×
2

r2

∫ r

0

x exp

(−2x2

w2

)

dx
� �@¢ �ES �

i �
2r
T&P8J
HGF#J�FIE6H6HKT�oUS�?UE6_&njT � �'�#� �kT
J

Imax

Hrq E6YZJ9T&YUPQEKJ9A��)F ¯ E6�)FIHKT�oUS � FIE6PQC&T FIS
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HGF�sIFIH6T&SU[ªJ9MUA&ij[QE6ROSUT
C&ij[Q[QT&PQ?�ijYUoXFIYOJ%�

f
1/2
688

¢
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∆ = ΣΓ
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s688
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− (1 + s688)
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¢ f�F�?U[QijlXFIlUE6H6E J9A)o q FwJQJ9T&E6YUoU[QT�Hrq ADJ�FwJ 3P1
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?XFI[
PQijY T ¯ ?U[9TDP9PQE6ijY
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A
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A = −542.0 (1) MHz
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3S1

Y q T&P8J#oUijYUC�?XFIP�FI?U?UH6E6C FIlUH6T ¢ LhijSU[WoUADJ9T&CDJ9T&[�HGF�J9[9FIYUPQEKJ9E6ijY 3P0 − 3S1
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� U �

� ��� � 

� �<� � � )(<3EF:@ 
.@?3 -B1 K"�> <3? $>)54 B1 -&545)5:@?
45:1)( ��@.@ 3P0, F = 9/2 − 3P1, F
′ = 9/20� 3&5:1)(<3 #687%$ "D 3&;45)(='7D&�<
4A$>4(& / �
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4A$>4
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I
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L
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;� N�� [_U�X�TCU * ,_U * Y#� R9X * ]�Y ]�(	X * 3P0 − 3S1

f �YDE��,�8!������/��T���T���` +�+������45 +4#��� 3P0 − 3S1

��,- �,T��45�+�-/- +��,*���! @,*��������,��T.2������#�
88 O � �69 �����I�#� 87 O � B ���d�b,*��������,R���_DE��,�8!������/��_���R�o% ,�/A���> T���R�> +����/- +�����\QG���

3P0, 9/2− 3P1, 9/2
�'� 3<��/?�#���&,*�����������������P +�+������45 +4#����� 3P1, 9/2− 3S1, F

′
p  C��i 

� s q B�������Y.2����3������\���w�/,�����4#���k���aDE��,�8!������/��a���_ +���� +���Y�#���* +�+������45 +4#����� 3P0, 9/2 −

3S1, F
′ � f ���F3����#�������:��4#����4&��i� +���!�����:�����< :�+��.�.2���> �,����e�G�����e�#�@ C��i��#�A��� 

� l �

MON�TCR9QSR�&!U ] * (9Y (	P;] � [_U ,_U Q	�DN1Y R�Y 3P0

f ���e,*�����������e�����F +�+������45 +4#����� 1S0 − 3P1

- U�W�m ��, p  C��i ��

��� q �- e���S�o% ,�/A���> F����> +����/- +�����HQG���*p 

� s U �- 

��
�
 q .2����,*�- � +���< e���H/A���#/����#���u�#�]�/,�/A������$��H4#���� +��.�4#8!���]���



� U s ������� ������	 �

3P0 − 3S1

DE��,�8!������/��Rp � ��� q
88 O � �

�
� j � %

� � s�s � ���<� l 
 � � � p l q p � qh
�
m � � j h % � l � � s�s � ���<
 l s � � s!� p �<
 q pEi q

87 O � h
�
m � � j h % � m � � s�s � �����`� � � � � l p �<
 q pEi qh

�
m � � j h % � ��� � � s�s � ��� � �<� � ��� l p �<
 q pEi q

� ��� � 

� l � � )(<3EF:@ 
.@?3 3&�B1 3&�45)A$>.@&57 457D='.@& 3P0 − 3S1 L 6 $87 � � )(<3EF:@ 
.@?3 J0� 3&5:1)(<3 BC7 )( 3?
4( ��0� 
.F4
L 6<; 7 � � )A<
EF:� .�?
 �? $>"D?
:1"D<3 +* I $>)5457 )_B1 3&/0� 3&5:1)( 3& B1 3& 45)A$>.@&57 457D='.@& 3P1, 9/2− 3S1, F

′

 
4+B1 "�> <3? $>)54GB1 &54()5:@?
45:1)( �@.@ 
3P0, 9/2− 3P1, 9/2 L

�o% ,- C�; 3P0

.G���F�+��.�.2���> -T�o% ,- C�; FDE�����G��,*���< C���6r
∆87,88[

3P0] = {ν689(
87Sr, 9/2− 9/2)− νSF (87Sr, 9/2− 9/2)}
− {ν689(

88Sr)− νSF (88Sr)}
� �V��i� +4#���< Sr

∆87,88[
3P0] = − 62.9 (1.3) MHz

p 

��
 U q
����� �	��

�����
������


� �����Y�A3������*�/,- +����,*4#�/,V���aDE��,�8!������/-�b���V +���� +���*�5���` +�+������45 +4#����� 1S0 − 3P1p  C��i �!

��� q B 3P1− 3S1

p  C��i �!

� s q �- 3P0− 3S1

p  C��i �!

� l q .2�����=�#���=�����
�R4#���� +��.2�-�
87 O �e�1 88 O � � f ���F4#��/����> +45 +�������F���S,*���������S���< .,- �,H����4#$�����������,*���< :���> +4#, ,���� �!� ���,*�����������'���< '.2����,*4#�7���:/����#/����#���?�#���?/������> C���< +���'���:�> +����/- +�����:0<^
.2���>QG���]���e�o% ,- C�; 
3S1

�- "�#�7�/,�/A������$��74#���� +��.�4#8!���7����� ,- C�; +� 3P0

B
3P1

�- 3S1
�x9 ������4#�#�5������� B ���u�> +����/- +�����0<^
.2���>QG���R���\�o% ,- C�; 3P1

� ,- �,\���- +������3�,��\��� �1��/����#�#���! T��/�/������ �x3���/\�#����3;���#������������e/������> C���< C�-�:���S�> +����/- +�����M0<^
.2���>QG���M���M�#�T��,-D ,�������/���` � �<
 a �
9 �����`�#� 88 O � B �����T,*�����������`.2����3����< ��- +���V/���,`.G����,����*���
�Z3����#�������T�������/,����.G����	e��i�i�,Y��� � 

�.����` � � l a p  C��i �!

� W q � f ���@���� +�������]���M/��- � +����,-D ,�������/��I���> +4#,*���< �o% 4#��/����> +45 +�����Y���V�#�������T,*����������� - � � ��� � ��, p ' � ����� ��� q ,Y��4#�MDE���! T����,Y����8!�����8!���\�#��������3;���#�������I�����< T��� ��/�/������ - � � ����� 
 ��, p � ��� � ��� q �A3<��/\�&% ���� +�����I,*�1j����������` � s<� a � f ���P3����#�����������7DE��,�8!������/��'/A���#/���� ,���� -F.G���> C45�P���?/����"�������/,����"��% �A3 � �����< 

�- +���S���< C��/C0/,����]�&% �����S�����������e���S.��#���e��� � ��� � ��� �
� ���� +���I/����I,*�����������T���< ,- �,\�-KL��/- +�/,����T�G�����I�#�*i��� T���Y�/,- +����,*4#�������o% ,�/A���> ���MDE��,�8!������/��I���< C�����#���:��453��A���
� 1S0

�- 3P0

�������T +�+������45 +4#���_�&% 0������#��$��M��� 87 O � �
� �- H��i �>��/- +45D?���> S�; � +��4#�< @�x3���/I������ +� � �@i2�������I��,������#�� +4#���k.���4#��8!�&% -\.G���> +4#�:���I���,*���������'���=�o% ,�/A���> "���=�> +����/- +�����'QG��� 3P0− 3P1

�- (���=���FDE��,�8!������/��u���'���F +�+������45 +4#���
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�0��� �����e,*������������ �+������45 +4#���V��� 88 O �

λair

pE��, q ⇒ ν
p � ��� q ν

p � ��� q
1S0 − 3P1

U�W�m ����
 W 
 s<��s W � m � ��� s<��s W � m � � � � � � p � q
3P1 − 3S1

U�W<l � W � � � s<�<
 l � � 
 ��� s<�<
 l � � U�m�l ��� p 
 q
3P0 − 3S1

U<l�m � � � ��� s�s � ���<� U ��� s�s � ���<� l 
 � � � p l q
� ��� � 

� W � �;='0 I $>)A$>7D&(='.� 
.845)( G.@= &�0� 3&5:1)( 3&;B1 � )(<3EF:@ 
.@?3 # 
4�"D 3&�6 $>"D 
:1)(&�B1<3BC:17 4( 3&;B1 � : ; ; 0�$>)����	��

��� "�, ��� L

1S0 − 3P1

B ���V��i� +4#���< Sr
Pour 87Sr : νindirecte (1S0 − 3P0) = 429 228 004 340 (70) kHz

p 

��
 l q
f % 4#��/����> +45 +�����@��� l ����� � /�����������.������ -I���I����,*,*�]8!�G�����+�; +4#8!���H�����e4#��/����> +45 +������������"�����
�M,*�����������(/-������4#�/,���,����(/���,*,*�74#���/,�.2�����G���< +��� �C� �- � +�',*���������'4#����4#����/- +�?�
,- �,u����� ,- C��.��F�/,�/�4#��453��u.2�����(���]�/,- +��/- +4#���T.G���(�1��/�45 C�; +4#���I��4#����/- +�u���u���: +�+������45 +4#����&% 0������#��$�� B �/,�/���45 +�S���_/C0G��.�45 +���H����453����< �
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1S0 − 3P0���
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f �  +�+������45 +4#��� 1S0 − 3P0

- U�m�W ��, ��� 87 O �R���> VD ��4#i��#��,*���< R.2����,*4#���a.G���/�����.�����$���0<^
.2���>QG� �_� �- � +�T��,������G����/��T.2����� � ���T���I����,Ii������
�a�x3;���< 1�;$����H.������@�����,A���#4#�+�; +45���T�&% ����,- C���#���`���eDE��,�8!������/��]��.� +4#8!��� � � ���� '�&% ��i2����� B �+�S������$������7���:�+��4#��G�; +�������#�#�R���> 
Γ698/2π = 1

, ��� �G� �- � +�V3����#�����*� ,- �,_��i� +���!���_�+�-�#���c�#�V/A���#/�����/,- C��4#�#��,R��� .�����,*4#���I.G���+��$��+��.�0��R���R/��V/C0G��.�45 +��� � f ���T +��/C0���4#8!�����Y��/- +�����#�#���I����> C��i�4#�#4#�+�; +45���c�����R���������\.2����,*�- � +���< V�&% ��i������>3����V�����R��,������G����/����_�; +��,*4#8!�����Y���8!�����#8!����� � ���> � ���I������$���` 
�� a � f �Y3����#�����@���
Γ698

���> S������/T����)*�+��,*,*���< HD ��4#i��5�.2�����`���_.G���*/������> +45 +�����*�����_�#4#,`4  +�%-J���a������$������`���_�+��4#�R�1��.�,���4#,*���< C���#� �?[ �#�#�����4#�����Y��� ���� +���Y�����R,Y����$��*4#,*.2���> C���< +�*���Z3
���R�&% �;, ,��#4#���+�; +45�����MDE�� +�������I���\����> C��i�4#�#45 �,Y�����`�����������T�&% 4#�< +��������$<�; +4#��� � � � .����� *����,Y����8!�����T8!���V/��R�&% ���> *.G���T�#�/A���H���T/����> C��4#�����@ +�+������45 +4#�����]�&% 0������#��$��I��/- +�����#�#��,*���! @�� +4#�#45��,����@/���,*,*�I/����#�#�I���/A���#/�4#��, p 1S0 − 3P1

B s ���+��� q ���g���*�o% 4#���J,`����/������bp 2S1/2 − 2P1/2

B � ��� q �"9 �����4#�#�5������� B ���* +�+������45 +4#��� - U�m�W ��, ��� 87 O �@���> S����)*�+��,*,*���< S������$���.������@8!�&% 4#�(�������45 ?.G���7�/,�/������C�;4#���:�&% �� +4#�#45�����7���uDE���> +���?4#�< +������45 �,��?���;�+�-� �C� 4#����4 B �������?,*���< +�����������8!���H�#���F�/,�.����;/���,*���! +�F�#��,*45�����
�\���H���M +�+������45 +4#���Y�&% 0������#��$��@4#������45 +�=.G���F�#�]����������&% 4#�< +��������$<�; +4#���`���:���-3
�+��4#�-�! '.G���'/������> +45 +�����'�����:�#4#,`4  +�.-S�o% �1����/- +45 +�����e���:�o% 0���� j�#��$�� � 
 ��.2���� ?�����- +���F��45K ,�����,*,*���< 7.������7�����F +�+������45 +4#���I�1�
 +� ��,*��,*���< ?4#�! +������45 +� B/���,*,*�e.G���'�1����,*.��5�]���@ +�+������45 +4#���`�
/- +��.2������4#��� ,��#��/- +��4#8!���:���:�o% 4#���"!@i +
B �����< =���������,��M���H3
4#�H���S�o% ,- C�; e�1��/�45 �,S���> :���> +4#, ,�� -�# � �;���_` s U a �

� �- � +�7 +�+������45 +4#��� - U�m�W ��, .2����� � ���?�&% ���� +�����"�A3����< C��$����P, ,- +�����#��$�458!����� �xO % ��$�4#� j�+���< M�&% �����T +�+������45 +4#���
J = 0 − J ′ = 0

B ���#�#���H���> S +� � �HD ��4#i��#��,*���< H��������4#i��#�`���
��/,�.�����/���,*���< +�'���eDE��,�8!������/��@.G���?�-KL�- �L���-,Y��� �
[ �#�#�F.2����,*�- =���:.��#���?���:��% �;KL�+���
j/C0�4#�:�����:/����#�#4#��45�����F�G�����]�o% �������
s
/A���:�#� 87 O �:�-�� ]���_DE����,*4#��� � � ��4#�:�#�S.���4#��/�4#.G����A3����< C��$��@���@/��- � +�@ +�+������45 +4#���Y���> F8!�&% ���#�#�@��KL���]����.2������4#i�4#�#4  �,:���@��,A���#4#�����=���R�����
j3��A���g ^
.2�*�&% 0������#��$���� �"[ �g�-KL�- B �����#���N���g.���4#��/�4#.2�`.�����.2����,*.G��� � �%$ �; +����47�������.� +��,Ii���� � ��� #+` U s a B 4#�"���> S.2������4#i��#�����I.�4 ,�$����@�#���H�; +��,*���]��� 87 O �@�G�����H���a��,1j
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���A���J��.� +4#8!���T���J�/,�.������A���< H +� � �H.2���J���YDE��,�8!������/-�*���T���Y +�+������45 +4#��� 1S0 − 3P0 �� ���M0������#��$��HDE����/- +4#�����G���< ]�A3<��/�/-���H�; +��,*���e.�4 ,�$ ,��:��,�����4#�+��45 e�#���]�A3����< C��$����]�����0������#��$���� -I�; +��,*���=������ +�����F�- F���-�F0������#��$���� -I4#����� � � �����u�#�:��������4#���u.G���+��$��+��.�0������/���/10G��.�4  C���M�������]�/,- C��4#�#�#���������e�#�M.���4#��/�4#.2�M���MDE����/- +4#��������,*���< ]���I/��- � +��0���� j�#��$��]�- e�������F,*���< +�����������F8!���H�#���F.�������.2��/- +453����:.2�����u���I�> C��i�4#�#4  �,]�- e�o% �1����/- +45 +����������< e +� � �e.�����,*�- � +��������� �f �k.�����,*4#���*.G���+��$��+��.�0��k���k/��b/C0G��.�45 +���k�+��.�.����> C�_�#���Y/A���#/����#�*���b���N������,�����_3
4#�k�- R���cD ��/- +�����\��� f �����/,b���b�o% ,- C�; 3P0 � f �k�����
��4 � ,*�b.G���+��$��+��.�0��k���> /������+��/���,&-u���= +��/C0���4#8!���?,*4#���6���S�
����3
���?.������P��i������>3<�-�"��4#����/- +��,*���< ����' +�+������45 +4#����&% 0������#��$��@��� 87 O � �
� ��� � �	��
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��� �! "
��#�$� 3P0

f&%�')(+*-,.,0/+1�2 ,43 *-5)%76+/ 88 O 5 ,�893 , 8 ,:/+2<;�2<= ,>8>3?8 3P0
%�' 8 (+/+5@% 8 2 3A8 5 3 ,+')* 8 *-BC, 1S0−

3P0

%�' 8 *-, 8 %�5)6+* 8 % -D8 BC/+'
2-%�'�BC5)6+5)%�' �+E BC/+5�2-% 87 O 5�F:/+*G(HBC')' � 6+%I/+,�')(+*-,�,:/+1�2 ,43 *-5)%
I �
m �CJ ;�2<= K 3�L *M2 8 BC,+*-%�,N6+%
' 8 5)/+1 8 /+5)%AK ^ (H%�5 Q ,+%A1�BC/+(+2-%�2-%�,+*MOC% 3 / 3P0

3 /0PQ,+*MOC% 3 /0P
1P1

% 8 3P1

p QSR � U � # q>� f 3D8 5 3 ,+')* 8 *-BC, 1S0− 3P0

%�' 8A3 2-BC5)'UT 3 * i 2-% L %�, 8 (H%�5 L *-')%V( 3 5
1�BC/+(+2 3�R %W6+*-(HBC2 3 *M5)% , 2-%�1 8 5)*-F:/+% �
E BC/+5�1 3 2M1�/+2-%�5	2 3 6+/+5 , %X6+%YO0*-%W6+%X2<= ,�893Z8 3P0

;
,+BC/+' 3 OCBC,+'V/ 8 *-2-*M' , 2<= 3 (+(+5)B:19K+% 8 K , BC5)*-F:/+%D6 , OC%�2-BC(+( , %N( 3 5 	 � � � � 3 5[' 893 , R ` # s�s a% 8 5)%�(+5)*-')%I( 3 5 � 2-2-% � � � �]\ * R %�BC, ` U<l a �
� �_^��_^ �"�������:�U`�
ba7c �2
 �ed�� � ��

�
�:

� �gf �@f � 1P1


gf 3P1

E BC/+5h6 ,�8 %�5 L *-,+%�5V2-%N1�BC/+(+2 3�R %N6+%.2<= ,�893Z8 3P0

3 O!%�1.2-%�'h,+*MOC% 3 /0P 1P1

% 8 3P1

;H*-2
T 3 / 8 1 3 2-1�/+2-%�5h2-%�' ,�893Z8 '$(+5)BC(+5)%�'$6+%i2<= K 3ZL *-2 8 BC,+*M%�,W1�B L (HBC' , 6+%�' 8 %�5 L %�'$6G= *-, 8 %�5 j
3 1 8 *-BC,�')(+*-, j BC5 i * 8 %h% 8 6+%I' 8 5)/+1 8 /+5)%DK ^ (H%�5 Q ,+% �� 3 ,+'V/+,j(+5)% L *-%�5 8 % L (+'�;HBC,j6 ,>8 %�5 L *-,+%D2-%�' ,�893Z8 'k(+5)BC(+5)%�' |1P ′

1〉
% 8 |3P ′

1〉
6+%

2<= K 3�L *M2 8 BC,+*M%�,Q6+%
' 8 5)/+1 8 /+5)% Q ,+% � � 3 ,+'U2 3 1�BC, QSR /+5 3Z8 *-BC, 5s 5p
2<= *-, 8 %�5 3 1 8 *-BC,.')(+*-, j

BC5 i * 8 %$%�' 8 *-, 8 %�5 L , 6+* 3 *M5)%h%�, 8 5)%I2-%I1 3 'A6G= /+,j1�BC/+(+2 3�R %
L.S

% 8 6G= /+,l1�BC/+(+2 3�R %
j.j �f&%�'A1�B0%�mn1�*-%�, 8 'k6+% L , 2 3 , R %$6 3 ,+'A2-%�' iS3 ')%�' {L.S} % 8 {j.j} ')BC, 8 6 ,-Q ,+*-'A( 3 5 r

|3P ′

1〉 = α |3P1〉+ β |1P1〉 = c1 |
1

2
,
3

2
, 1〉+ c2 |

1

2
,
1

2
, 1〉 p U � # q

|1P ′

1〉 = −β |3P1〉+ α |1P1〉 = c2 |
1

2
,
3

2
, 1〉 − c1 |

1

2
,
1

2
, 1〉 p U � J q

f&%�'�1�B0%�mn1�*-%�, 8 '
α
% 8

β
')BC, 8 1 3 2-1�/+2 , ' - ( 3 5 8 *-5�6+%�'l6+/+5 , %�'l6+%YO0*-%Y6+%�' ,�893Z8 '

1P
′

1

% 8 3P
′

1

L %�')/+5 , %�'l%>Pe( , 5)* L %�, 8>3 2-% L %�, 8ar
τ(1P

′

1) = 5.0 ± 0.15
,+' ` # s:o a % 8
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� � ���
� �+� � 3P0

# U�m

6 . 5  m m

2 . 6
0  
m m

2 . 9
2  
m m

1 P 1

0
1
2

( p i è g e )

1 S 0

3 P

1 D 2

3 S 1

4 6 1 n m

6 8 9
 n m

6 7 9  n m

  6 9 8  n m
( h o r l o g e )

5 s 2

5 s 5 p

5 s 5 p

5 s 4 d

5 s 6 s

1
2
3

3 D5 s 4 d

7 0 7  n m
6 8 8  n m

3 . 0
1  
m m

1 . 9 0  m m
1 . 7 7  m m

G 4 6 1  =  2  1 0 8  s - 1

��� � � U � # � =G7 6  $>:
	 $>4(='0�7DEF:@ 3&GBC: &54()(='.F457 :10 L
τ(3P

′

1) = 21.3± 0.5 µ
' ` # s U a � � ,�/ 8 *-2-*M')%$(HB�/+5A1�%�2 3 2 3 5)%�2 3Z8 *-BC, ` m # a r

1

τ(jP1)
′
=

8π2 e2

3 ε0 ~ λ3
j

|〈1S0|r|jP
′

1〉|2
p U � �<q

3 O!%�1
j �
# BC/ � '[%�2-BC,i2<= ,�893Z8 1�BC,+')*-6 , 5 , � f&%�'U1�BC,+' 893 , 8 %�' T BC,+6 3�L %�, 893 2-%�' ')BC, 8 6+BC, j, , %�'#6 3 ,+'#2<= 3 ,+,+%>Pe% � � # � � , 3 ,+B 8�, r

2 = BC( , 5 3Z8 %�/+5�(]BC')* 8 *-BC, � f&%�'�2-BC, R /+%�/+5)'�6G= BC,+6+%6+%�' 8 5 3 ,+')* 8 *-BC,+' 1S0 − 1P
′

1

% 8 1S0 − 3P
′

1

')BC, 8 5)%�')(]%�1 8 *MOC% L %�, 8`r
λ1 � s���� � l � , L% 8

λ3 � ��� m � J o , L ��� ,l')/��+' 8 * 8 / 3 , 8 |jP ′

1〉
( 3 5A2-%�'
5)%�2 3Z8 *-BC,+' p � � # q % 8Ip � � J q ;+% 8 %�,/ 8 *-2-*M' 3 , 8 2 3 5 � R 2-%$6+%I' , 2-%�1 8 *-BC,

∆S = 0
(HBC/+5A/+,l1�B�/+(+2 3�R % {L.S} ;S*-2HO0*-%�, 8Sr

1

τ(3P
′

1)
=

8π2 e2

3 ε0 ~ λ3
3

β2 |〈1S0|r|1P1〉|2
p � � s q

1

τ(1P
′

1)
=

8π2 e2

3 ε0 ~ λ3
1

α2 |〈1S0|r|1P1〉|2
p � � o q
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τ(1P

′

1)

τ(3P
′

1)
=

(

λ1

λ3

)3

× β2

α2

p � � � q



# l � ������� � ����� �

� OC%�1D2 3 1�BC,+6+* 8 *-BC,�6+%I,+BC5 L 3 2-*M' 3Z8 *-B�,
α2 + β2 = 1

;SBC,�B�� 8 *-%�, 8�� , 3 2-% L %�, 8Sr
α = 0.99961 (2)

p � � l q
β = −0.0280 (7)

p � � � q
� %V5 3 *-')BC,+,+% L %�, 8 ,+%V6+BC,+,+%V( 3 '72-%�'7')* R ,+%�'76+%�'71�B0%�mn1�*-%�, 8 '�F:/+*HBC, 80,�8�, 6 ,�8 %�5 L *��
, , 'A( 3 5 3 *-2M2-%�/+5)' ` # ��� ; � l a ��&%�'#1�B0%�mn1�*-%�, 8 '
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% 8

c2
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α
% 8
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c1 � � � oCo;s�� p � q % 8 c2 � � � � � J s p o q>�

� = ,�893Z8 3P0
%�' 8 1�BC/+(+2 ,U3 /0P ,�893Z8 ' |1P ′

1〉
% 8 |3P ′
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K
	0(H%�5 � ,+% � � = ,�893Z8 (]%�5 8 /+5 � , '�= , 1�5)* 8Sr
|3P ′′

0 〉 = |3P0〉+ α0 |3P
′

1〉+ β0 |1P
′

1〉
p � � m q


"1�*<;&')%�/+2-%�'D2-%�'I1�B L (HBC' 3 , 8 %�'DK
	0(H%�5 � ,+%�'
F = 9/2

6+%�' ,�893Z8 ' 3P
′

1

% 8 1P
′

1

1�BC, 8 5)*��
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√
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′
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[

c2

2
(aS − a1/2)−

5
√

2

16
ξ c1 a3/2

] p � � # � q
β0 =

√
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′
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[

c1

2
(a1/2 − aS)− 5

√
2
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ξ c2 a3/2

] p � � #�# q
B t BC, 3 *-, 8 5)B06+/+* 8 2-%�' , 1 3 5 8 'A%�, 8 5)%I2-%�'
,+*MO!% 3 /0P�6G= , ,+%�5 R *-%�' r

[

E(3P0)− E(3P
′

1)
]
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[

E(3P0)− E(1P
′

1)
]
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ai

% 8
ξ
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5
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p � � #?J q
A(3P1) =

(

c2
2

2
− c2
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p � � # �<q
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A(1P1) �
� �e� s p s q � ��� ` # ��� a% 8

A(3P1) �
� J ��� � ����s p<J q � ��� ` # � o a � � 3 ,+'�2 3 5 , T , 5)%�,+1�% ` # ��� a ;4BC, 8 5)BC/eOC% r ξ � # � � # � ;
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# l #
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` � ��� a
α0 β0 τ(3P0)
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g(3P0)� # s J � � (1) J � J oCo ×10−4 � s � # �!o ×10−6 # � � � o � ��s ×10−5

� # � # � � (2) J � J m s ×10−4 � s � # l # ×10−6 # o � � o � l # ×10−5

� ��� � � � # � ��$>"D?
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4!BC:��S$'?
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aS �
� l � l � ���
% 8

a3/2 �
� J s � ��� ��� � � 3 6+%�5),+* � 5)%A1�BC,+' 893 , 8 % a1/2

(H%�/ 8�3 2-BC5)' ��8 5)%
1 3 2-1�/+2 , % %�, / 8 *-2-*M' 3 , 8 2 3 5)%�2 3Z8 *-BC, p � � #?J q BC/ p � � # �<q 3 / 19K+BC* P � � ��L %�')* A(3P1)%�' 8 6+BC,+, , % 3 OC%�1V/+,+% L %�*-2-2M%�/+5)%A(+5 , 1�*-')*-BC,nF:/+%

A(1P1)
;:2-%�'U1 3 2-1�/+2-'�BC, 8 ,�8�,kL %�, , '

%�,Y/ 8 *-2-*M' 3 , 8 1>K 3 1�/+,+%.6+%�'$6+%�/0PW5)%�2 3Z8 *-BC,+'k(HBC/+5 8 %�' 8 %�5h2 3 �]3 �+*-2-* 8�, 6+%�'$5 , ')/+2 893Z8 ' �� 3 ,+'A2-% 893 �+2-% 3 / � � # ')BC, 8 *-,+6+*-F:/ , %�'A2-%�'�O 3 2-%�/+5)'AB�� 8 %�,:/+%�' ��&%�'h1�B:%�mn1�*-%�, 8 'h6+%N1�BC/+(+2 3�R %
α0

% 8
β0

6+%N2<= ,�893Z8 |3P ′′

0 〉
(H%�/eOC%�, 8IL 3 *-, 8 %�, 3 , 8

��8 5)%h1 3 2-1�/+2 , '7')%�2-BC,	2-%�' , F:/ 3Z8 *-BC,+' p � � # � q % 8Mp � � #�# q>� �&%�'�5 , ')/+2 893Z8 '7')BC, 8 5 3 (+(]BC5 8�, '6 3 ,+'A2-% L���L % 893 �+2-% 3 / �
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� 3 6+/+5 , %I6+%$O0*-%I6+%$2<= ,�893Z8 3P0
%�' 8 6+BC,+, , %I( 3 5 r

1

τ(3P0)
=

8π2 e2

3 ε0 ~ λ3
0

|〈1S0|r|3P
′′

0 〉|2

=
8π2 e2

3 ε0 ~ λ3
0

(α0β + β0α)2 |〈1S0|r|1P1〉|2
p � � # s q

λ0 = 698.44
, L %�' 8 2 3 2-BC, R /+%�/+5D6G= BC,+6+%	6+%	2 3�8 5 3 ,+')* 8 *-BC, 1S0 − 3P0 � � , / 8 *��2-*-' 3 , 8 2<= , F:/ 3Z8 *-BC, p � � o q ;gBC,X(H%�/ 8 1 3 2-1�/+2-%�5 τ(3P0)

%�,YT BC,+1 8 *-BC,Y6+%
τ(1P1)

% 8 6+%�'
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α2

(α0β + β0α)2
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p � � # o q
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6+/ 893 �+2-% 3 / � � # ;+BC,jB�� 8 *-%�, 8 # � � 'k% 8# o � ' � � , (H%�/ 8n3 /+')')*
1 3 2-1�/+2-%�5 τ(3P0)
( 3 5.1�B L ( 3 5 3 *-')BC, 3 OC%�1�2 3 6+/+5 , %�6+%	O0*-%

τ(3P1) � �&%�'.5 , ')/+2 893Z8 '.')BC, 8 %�, 3 1�1�BC5)6 3 OC%�1�2-%�'N(+5 , 1 , 6+%�, 8 ' -jL *M%�/0P�F:/+% � � J ' �� ,l5)% 8 *-%�,+6+5 3 6+BC,+1 r
τ(3P0) ' 160 s

p � � # � q
�&%�'7*-,+1�%�5 8 * 8 /+6+%�'�6+% L %�')/+5)%�'76+%�'76+/+5 , %�'76+%kO0*-%�'�% 8 6+%�'71�BC,+' 893 , 8 %�'76+%k' 8 5)/+1 �
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/ 8 *��2-*-' , %�'�( 3 5
%>Pe% L (+2-%$(HBC/+5
2-%h1 3 2-1�/+2G6+/�T 3 1 8 %�/+5
ξ
F:/+*&%�' 8 /+, 8 %�5 L %h6+%I1�BC5)5)%�1 8 *-BC,

5)%�2 3Z8 *MO0*M' 8 % � � , (]%�/ 8 1�%�(H%�,+6 3 , 8iL %�, 8 *-BC,+,+%�5NF:/+%	(]BC/+5.2<= *-BC, 
", + ;#2 3 6+/+5 , %	6+%O0*-%W6+%X2<= ,�893Z8 3P0
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(H%�/ 8 ��8 5)%D2-*��
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3P0 �


 R9T8Y U�[�� ,_U � [_R9Q\]�Y N

�&%	T 3 1 8 %�/+5Q6+%�F:/ 3 2-* 8�,�3Z8 B L *-F:/+%
Q
%�' 8 6 , � ,+*
1�B LnL %	2-%	5 3 (+(]BC5 8 %�, 8 5)%�2 3

T 5 , F:/+%�,+1�%D6+%I2 3N8 5 3 ,+')* 8 *-BC,	% 8 2 3 2 3 5 R %�/+5 -QL *��"K 3 / 8 %�/+5�6+/l')* R , 3 2g6+%I5 , ')BC, 3 ,+1�% �� = %�' 8 /+,�6+%�'k( 3 5 3�L � 8 5)%�'
2-%�'A(+2-/+'
* L (HBC5 893 , 8 '�(HBC/+5
1 3 5 3 1 8�, 5)*-')%�5A/+,+%IK+BC5)2-B R % �
� 3 2 3 5 R %�/+5N6+%�5 3 *-% 6+%�2 3l8 5 3 ,+')* 8 *-BC, 1S0 − 3P0

1�BC5)5)%�')(HBC,+6 3 , 8�- 2 3 6+/+5 , %
6+%IO0*-%D6+% # ��� 'k%�' 8Ir

Γ698/2π ' 1
L ��� � �&%IT 3 1 8 %�/+5k6+%DF:/ 3 2-* 8�, /+2 8 * L %$%�' 8h3 2-BC5)'6G= %�,!O0*-5)BC,

5× 1017 � � % 8)8 %VO 3 2-%�/+5 8 5 � ' , 2-%�O , %h1�BC,+' 8 * 8 /+%h/+,	6+%�' 3Z8)8 5 3 * 8 ' L 3A� %�/+5)'
6+%V2<= / 8 *-2-*M' 3Z8 *MBC,n6+%V1�% 8)8 % 8 5 3 ,+')* 8 *-BC,nT BC5 8 % L %�, 8 *-, 8 %�5)6+* 8 %k(]BC/+575 ,43 2-*-')%�5�/+, ,�893 2-BC,
6+%�T 5 , F:/+%�,+1�% � � , 1�B L ( 3 5 3 *-')BC,G;�2-%�' L %�*-2-2M%�/+5)%�'QK+BC5)2-B R %�' L *-1�5)B �"BC,+6+%�;�2-%�'.T BC, �893 *-,+%�' 3Z8 B L *-F:/+%�'�;+(HBC')' � 6+%�, 8 /+,�T 3 1 8 %�/+5A6+%IF:/ 3 2-* 8�, %>Pe( , 5)* L %�, 893 2&6+%

1010 ` # m a �� %�(]%�,+6 3 , 8 ;�%�, (+5 3Z8 *-F:/+%
Q
,G= %�' 8NR�, , , 5 3 2-% L %�, 8 ( 3 'I5)%�' 8 5)%�*-, 8 ( 3 5I2 3 6+/+5 , %n6+%

O0*-%	6+%�2<= ,�893Z8 3P0
; L 3 *-'N( 3 5.2 3 6+/+5 , %�6G= *-, 8 %�5)5)B R!3Z8 *-BC,�6+%�' 3Z8 B L %�'.BC/ ( 3 5Q6+%�'

2-* L * 8 %�' 8 %�19K+,+*-F:/+%�'N1�B LnL %Q2-% �+5)/+* 8 6+%i2<= BC')1�*-2-2 3Z8 %�/+5$2-B:1 3 2 � � 1 8 /+%�2-2-% L %�, 8 ;G1�= %�' 82<= K+BC5)2-B R % - *-BC, � R + 3 / � 
 � � F:/+*�(HBC')' � 6+%Q2M%DT 3 1 8 %�/+5V6+%.F:/ 3 2-* 8�, %>Pe( , 5)* L %�, 893 2
2-%$(+2-/+' , 2-%�O , ;

1.6× 1014 ` o J a �
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������� # l
�

� �_^���� �"� �:��� � �����1���]f 
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� = ,�893Z8 3P0

,�893 , 8 1�BC, 893�L *-, , ( 3 572-%�' ,�893Z8 ' 1P1
% 8 3P1

;0')BC,	T 3 1 8 %�/+5�6+% � 3 ,+6 ,
g(3P0)

%�' 8 6+*�� , 5)%�, 8 6+%.1�%�2-/+*�6+%Q2<= ,>8>3?8 T BC,+6 3�L %�, 893 2
g(1S0) � � /Y(+5)% L *-%�5VBC5)6+5)%( 3 5
5 3 (+(HBC5 8k3 /0P�1�B0%�mn1�*-%�, 8 '

α0

% 8
β0

;SBC, 3 ` s l a r

g(3P0) = g(1S0) +

√

8

3I(I + 1)
(α0α− β0β)

p � � # l q
� BC,+, 3 *-')' 3 , 8 2 3 O 3 2-%�/+5#6+/Q5 3 (+(]BC5 8@R 	05)B L 3�R , ,�8 *-F:/+%�6+/ 87

� 5 p
γ = −1.1639376×

107 5 3 6 � −1 ' −1 ` # o J a q ;+BC,l(]%�/ 8 1 3 2-1�/+2-%�5 g(1S0)
r

g(1S0) =
γ ~

µB

= − 1.323× 10−4 p � � # � q
� OC%�1l2-%�'.1�B0%�mn1�*-%�, 8 'i6+% L , 2 3 , R % 1 3 2-1�/+2 , ' 3 / ( 3 5 3�R 5 3 (+K+%	(+5 , 1 , 6+%�, 8 ; *-27O0*-%�, 8p 893 � � � � # q r

g(3P0) ' − 6× 10−5 p � � # m q
� 3 6+*�� , 5)%�,+1�%Y%�, 8 5)%Y2-%�'nT 3 1 8 %�/+5)'�6+% � 3 ,+6 , 6+%�' ,�893Z8 ' 1S0

% 8 3P0
%�' 8 * L �

(HBC5 893 , 8 % (]BC/+5N2-%iT BC,+1 8 *-BC,+,+% L %�, 8 6+% 2<= K+BC5)2-B R % � � 2-2-%i* L (+2-*MF:/+%nF:/G= *-2U%>Pe*-' 8 %	/+,6 , (+2 3 1�% L %�, 8 6+%AT 5 , F:/+%�,+1�%h( 3 5�%��g% 8 � %�% L 3 , 6+/ (+5)% L *-%�5UBC5)6+5)%k6+%k2 3$8 5 3 ,+')* 8 *-BC,
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;

(HBC/+5U2-%�' 8 5 3 ,+')* 8 *-BC,+' 1S0,mF = ±1
2
− 3P0,mF = ±1
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;!2 3 6 , (]%�,+6 3 ,+1�%h%�, 19K 3�L (
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6+%
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5)% � % 8 %�5
1�% 8 %��g% 8 �
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8 5)B06+/+*-5)%V6+%�'�(H%�5 8 %�'
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2 3V8 5 3 ,+')* 8 *-BC, 1S0− 3P0
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*-,+1�%�5 8 *��
8 /+6+%V6+%
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2-%�' 3Z8 B L %�'71�BC5)5)%�')(HBC,+6 - 1�% �

2-/+*�/ 8 *-2-*-' , (]BC/+5I2 3�L %�'[/+5)%Q6+%QT 5 , F:/+%�,+1�%n6+%i2 3 8 5 3 ,+')* 8 *-BC, 3P1 − 3S1

- ��� � , Lp 19K 3 (+* 8 5)% o ; § o � �e� # q>� � , 3 / RCL %�, 893 , 8 2 3l8 % L ( , 5 3Z8 /+5)%	6+% T BC,+1 8 *-BC,+,+% L %�, 8 6+%�'6+*-B:6+%�'V2 3 '[%�54;S2-% L���L % � %�/W6+%D2 3 ')%�5	� 2 3 ')%�5k')BC,+6+%�;H2 3 ')%�5k/+2 8 5 3 �"' 893 �+2M%�
 3 (+/ ��8 5)%
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M1
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� 3.8 5 3 ,+')* 8 *-BC, 1S0 − 3P0

,>8>3 , 8 T BC5 8 % L %�, 8 *-, 8 %�5[6+* 8 %Z;+*-2g%�' 8 6+*Mmn1�*-2-%h6G= %>Pe1�* 8 %�5
/+,+%.T 5 3 1 8 *-BC,W')* R ,+* � 1 3Z8 *MO!%N6G= 3Z8 B L %�'h(+* ,�R , 'hOC%�5)'I2<= ,�893Z8 3P0 � � 3 2 3 5 R %�/+5V6+%Q5 3 *-%
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�+� ������� � �3��� � ��� � � ��� ���������	�
������� # � o
, 3Z8 /+5)%�2-2-%D6+%.2 3 5 , ')BC, 3 ,+1�% p

Γ698/2π '
#&L ��� q %�' 8 , 2 3 5 R *-%D( 3 5V' 3Z8 /+5 3Z8 *-BC,W')%�2-BC,

2 3 5)%�2 3Z8 *-BC, r
Γ

′

698 = Γ698

√

1 +
I

Isat

' Γ698

√

I

Isat

p � � J � q
B t

I
%�' 8 2 = *-, 8 %�,+')* 8�, 6+/	T 3 *M'[1�% 3 /�2 3 ')%�5 - � m � , L % 8

Isat
2<= *-, 8 %�,+')* 8�, 6+%h' 3Z8 /+5 3Z8 *-BC,p � � s ( ��� 1 L 2 q>� � 3 T 5 3 1 8 *-BC,�6G= 3Z8 B L %�'�%>Pe1�* 8�, '
(H%�/ 8 ��8 5)% , O 3 2-/ , %$%�,�1 3 2-1�/+2 3 , 8 2-%

5 3 (+(HBC5 8 %�, 8 5)%
Γ

′

698

% 8 2 3 2 3 5 R %�/+5�6+/.(+5)B � 2 � BC(+(+2-%�5�6+%�' 3Z8 B L %�'�(+* ,�R , '�;Z6+%72<= B�5[6+5)%
6+/ � ��� �+E BC/+5�%>Pe1�* 8 %�57( 3 5�%>Pe% L (+2-% # � � 6+%�' 3Z8 B L %�'7(+* ,�R , '�;e*-2ST 3 /+6+5 3 * 8 , 2 3 5 R *-5
2 3 5 , ')BC, 3 ,+1�%k( 3 5 /+,iT 3 1 8 %�/+5 # � 8 �:E B�/+5U1�%�2 3 ;!2<= *-, 8 %�,+')* 8�, 2 3 ')%�5 5)%�F:/+*-')%k%�' 8&,�R!3 2-% -

4× 103 ��� 1 L 2 � � B L ( 8 % 8 %�,0/�6+%h2 3 6+* L %�,+'[*MBC,	6+%h2 3 �HBC/+2-%V6G= 3Z8 B L %�'�(+* ,�R , '�;e*-2T 3 /+6+5 3 * 8 / 8 *-2-*M')%�5�/+,+%�(+/+*-')' 3 ,+1�%
2 3 ')%�5@')/+( , 5)*-%�/+5)% - # ��� � �
� Pe( , 5)* L %�, 893 2-% L %�, 8 ;BC,�6+*-')(HBC')%I6G= /+,�T 3 *-')1�% 3 /�2 3 ')%�5 3 	 3 , 8 /+,+%I(+/+*-')' 3 ,+1�%I6+% # s L�� ;e%�,!O!B 	 , F:/ 3Z8 5)%

T BC*-'.')/+5i2-%�' 3Z8 B L %�'.(+* ,�R , ' � � 3 5 3 	CBC, 6+/ T 3 *-')1�% 3 / - #�� % 2 %�' 8 6+% # � � LnL � � ,1�BC,+')*-6 , 5 3 , 8 2<= *-, 8 %�,+')* 8�,lL B 	C%�,+,+%W'[/+5	2 3 893 *-2-2M%l6+/ (+* � R % p , F � o � J m q ;�*-2kO0*M%�, 8ar
Γ

′

698/2π = 1.8
����� � � %�/+2-%�/+,+%�T 5 3 1 8 *-BC, 6G= 3Z8 B L %�'Q6+%�2<= BC5)6+5)%�6+/ L *-2-2M* � L %	6+/,+B L �+5)%N6G= 3Z8 B L %�'V(+* ,�R , 'h(]%�/ 8I3 2-BC5)' ��8 5)%.%>Pe1�* 8�, %NOC%�5)'$2<= ,�893Z8 3P0

3 O!%�1./+,W2 3 ')%�5
3 	 3 , 8 /+,+%YT 5 , F:/+%�,+1�%X(+5)B019K+%Y6+%Y2 3 5 , ')BC, 3 ,+1�% 3Z8 B L *-F:/+% � � ,�8 %�1 8 %�5�/+, T 3 * �+2M%
,+B L �+5)%n6G= 3?8 B L %�'D')* 8 / , 'D6 3 ,+'D2-%i,+*MOC% 3 / 3P0

%�' 8 /+,+% 8�� 19K+%n6+*Mmn1�*-2-%Q1 3 5I*-2 ,G= 	
3 ( 3 'k6+% 8 5 3 ,+')* 8 *-BC,�1 	01�2 3 , 8 % - ( 3 5 8 *M5A6+%I1�% 8 ,�893Z8 � �&%I(+5)*-,+1�*-(H%I5)% 8 %�,:/j1�BC,+')*-' 8 %-YL %�')/+5)%�5Q2-%�'Q(H%�5 8 %�'i*-,+6+/+* 8 %�'.6 3 ,+'i2-% E � � - ( 3 5 8 *-5.6+%�2 3 � /+BC5)%�')1�%�,+14%l6+%�'
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(+* ,�R , ' - s�� # , L �

E 3 5 3 *-2M2-%�/+5)'�;!2 3 T 5 3 1 8 *-BC,n6G= 3Z8 B L %�' 8 5 3 ,+'_T , 5 , '�OC%�5)'72-% 3P0

(H%�/ 8 ��8 5)% 3 / RCL %�, �
8�, %.%�, 8 *-5 3 , 8 (+5)B �+8 6+%N2 3 6 	0, 3�L *-F:/+%N6+/Y(+* � R % � � B L ( 8 % 8 %�,:/Y6+%�'h( 3 5 3�L � 8 5)%�'%>Pe( , 5)* L %�, 893 /0Pg;]2 3 6+/+5 , %D6G= /+,+%N* L (+/+2M')*-BC, �

π
%�' 8 6G= %�,!O0*-5)BC, � � o L ' � � 5�;]2 3 6+/ �5 , %n6+%nO0*-%i6+%�' 3Z8 B L %�'D6 3 ,+'D2-%i(+* � R %n%�' 8 %�,!O0*-5)BC, # ��� T BC*-'I(+2-/+' R 5 3 ,+6+% � 
"2U%�' 86+BC,+1 8 K , BC5)*-F:/+% L %�, 8 (HBC')')* �+2-%D6G= 3 / RCL %�, 8 %�5k2-%�'k(H%�5 8 %�'h6G= /+,lT 3 1 8 %�/+5 # ��� %�, 3 1 �

1�/ L /+2 3 , 8 6+%�' 3Z8 B L %�'�6 3 ,+'@2<= ,�893Z8 3P0 � � 3 *-'�(HBC/+5@1�%�2 3 ;Z6+%�/0PQ1�BC,+6+* 8 *-BC,+'#6+BC*MO!%�, 8��8 5)%I5 , /+,+*-%�' �]E 5)% L * � 5)% L %�, 8 ;+2-% 893 /0P�6+% 8 5 3 ,+'_T %�5 8 OC%�5)'k2<= ,�893Z8 %>Pe1�* 8�, 6+BC* 8 5)%�' 8 %�51�BC,+' 893 , 8 � � %.,G= %�' 8 ( 3 'h2-%D1 3 ' - (+5)*-BC5)*�1 3 5V2<= %>Pe1�* 893Z8 *-BC,l2 3 ')%�5 - � m � , L 1�5 , %./+,
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')%N6 , ')%>Pe1�* 8 %�, 8 OC%�5)'V2-%I,+*MOC% 3 /lT BC,+6 3�L %�, 893 2&% 8 5)% 8 5)BC/eOC%�, 8 2-%I(+5)B01�%�' �
')/+'I6+%i1 3 ( 8 /+5)% � �k,+% 3 / 8 5)% 8 %�1>K+,+*-F:/+%i(H%�5 L % 8 6+%i5)% L (+2-*-5V2-%�'$6+%�/0P 1�BC,+6+* 8 *MBC,+'')* L /+2 893 , ,�L %�, 8 ;]%�2-2-%D1�BC,+')*-' 8 % - � 3 2 3 	C%�5V2 3 T 5 , F:/+%�,+1�%Q6+/Y2 3 '[%�5 � � % 8[8 % L ,�8 K+B:6+%
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6+BC, 8 2-%�'
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d a1(t)

dt
= − ∆(t)× a2(t)

d a2(t)

dt
= ∆(t)× a1(t)

p � � J # q
d a3(t)

dt
= −Ω× a2(t)

� 3 (+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+')* 8 *-BC,�%�' 8V3 2-BC5)'
6+BC,+, , %I( 3 5 r
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1− a3(t)
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) p � � JCJ q
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ai
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p � � J �<q

ρPS =
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∆(t)
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∆(t, v) = δ + k.v(t)
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t �
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E BC/+5�1 3 2-1�/+2-%�572-%�'�(]%�5 8 %�'
*-, 8 5)B:6+/+* 8 %�'76 3 ,+'
2-% E � � ( 3 5�2-%h2 3 ')%�5 - � m � , L ;0*-2
T 3 / 8 *-, 8�,�R 5)%�5

P (t, v0)
')/+5�2 3 6+*-' 8 5)* �+/ 8 *-B�, 6+%kO0* 8 %�')')%h6 3 ,+'�2-%k(+* � R %V% 8�L /+2 8 *M(+2M*M%�5

2-%�5 , ')/+2 893Z8 ( 3 5 J (]BC/+5 8 %�,+*-5Q1�B L ( 8 %�6+%�2 3 (+5 , ')%�,+1�%l6+%�'n6+%�/0P T 3 *-')1�% 3 /0P � � 3�SR /+5)% � � s 5)%�(+5 , ')%�, 8 %	2-%�'IO 3 2-%�/+5)'DB�� 8 %�,:/+%�'N%�,�T BC,+1 8 *-BC, 6+/ 8 % L (+'D6G= *-, 8 %�5)5)B R!3 �8 *-BC, � �&%�'A(H%�5 8 %�'kBC')1�*-2-2-%�, 8A3 / 8 BC/+5A6+% 1.6× 10−3 %�,lO 3 2-%�/+5A5)%�2 3Z8 *MOC%�;+(+5)B019K+%D6+/5 3 (+(HBC5 8 %�, 8 5)%h2 3 2 3 5 R %�/+576+%h5 3 *-% , 2 3 5 R *-%k( 3 5�' 3Z8 /+5 3Z8 *-BC, p , F � � � J � q % 8 2 3 2 3 5 R %�/+5� BC(+(+2-%�5
6+%D2 3.8 5 3 ,+')* 8 *-BC,�6 3 ,+'A2-% E � � p # � s�� ��� q>�
• MON * R9T1T)( � , ,_N@P�U�X ,_R9X	Y",�[ Y U�VWP * 
 R9T1TCN�Q\N
� R�YF]�(	X P�R � Q\R & � R +_]�Y N

�

� = 3 1�1 , 2 , 5 3Z8 *-BC,N6+%�' 3Z8 B L %�'�( 3 5�2 3kR 5 3 O0* 8�, *-, 8 5)B06+/+* 8 /+,+%�6 , (]%�,+6 3 ,+1�% 8 % L (HB�5[%�2-2-%
6+/ 6 , 1 3 2 3�R % 6+% T 5 , F:/+%�,+1�% � �&%�'NT 3 *-')1�% 3 /0P 2 3 ')%�5IT BC5 L 3 , 8 /+, 3 , R 2-%n6+% s:o o ( 3 55 3 (+(HBC5 8 - 2 3 OC%�5 8 *-1 3 2-%�;+1�%I6 , 1 3 2 3�R %$'�= , 1�5)* 8Mr

∆(t, v0) = ∆0(v0) + εα t
p � � J � q

avec : ∆0(v0) = ω − ω0 + ε
1√
2

k v0

p � � J m q
α =

1√
2

k g ' 2π × 10 kHz/ms.
p � � � � q

ε = ±1
')%�2-BC, 2-% T 3 *M'[1�% 3 / 2 3 ')%�5N1�BC,+')*-6 , 5 , � � 3 (+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+')* 8 *-BC,�6G= /+,3Z8 B L %7%�' 8 1 3 2-1�/+2 , %�%�,i5 , ')BC2MO 3 , 8 ,:/ L , 5)*-F:/+% L %�, 8 2-%�' , F:/ 3Z8 *-BC,+'@6+% \ 2-B:1>K p � � J # q��� /+5k2 3 �SR /+5)% � � o ')BC, 8k8 5 3 1 , 'V2-%�'k5 , ')/+2 893Z8 'kB�� 8 %�,:/+'V(HBC/+5k6+*�� , 5)%�, 8 %�'kO 3 2-%�/+5)'k6+%

∆0(v0)
; 3 OC%�1

ε �
� # � �&BC5)')F:/+%N2-%�' 3Z8 B L %�'A*-,+* 8 * 3 2M% L %�, 8 6 , 1 3 2 , 'AO!%�5)'V2-% �+2-%�/j')BC, 83�L %�, , ' - 5 , ')BC, 3 ,+1�%k')BC/+'U2<= %��g% 8 6+%A2 3hR 5 3 O0* 8�, ;C2 3 (+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+')* 8 *-BC, 3 / R �

L %�, 8 %D5 3 (+*-6+% L %�, 8 (+/+*-'ABC')1�*-2-2-% 3 / 8 BC/+5A6G= /+,+%IO 3 2-%�/+5A2-* L * 8 % � � % 8)8 %D2-* L * 8 %hO 3 / 8( 3 5�%>Pe% L (+2M% o � � (]BC/+5
∆0(v0) = 7 Ω � � /+5�2 3IL ��L % �SR /+5)%�;0BC, 3I8 5 3 1 , 2-%�'UBC')1�*-2��2 3Z8 *-BC,+'V6+% 	k3 �+* p , F � � � J � q (]BC/+5$19K 3 F:/+%QO 3 2-%�/+5h6+% ∆0(v0) � � ,Y(H%�/ 8 1�BC,+' 893Z8 %�5
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� � � � ��� � �
�+� ������� � �3��� � ��� � � ��� ���������	�
������� # � #
F:/+%k6 � 'UF:/+%k2-% 8 % L (+'U6G= *-, 8 %�5)5)B R!3Z8 *-BC,.%�' 8 ')/+( , 5)*-%�/+5 - � � o L '�;C2<= 3 1�1 , 2 , 5 3Z8 *-BC,Q6+%�'3Z8 B L %�'$( 3 5$2 3	R 5 3 O0* 8�, (H%�5 L % 8 6G= B�� 8 %�,+*-5$6+%�'I(+5)B�� 3 �+*-2-* 8�, 'h6+% 8 5 3 ,+')* 8 *-BC,Y')* R ,+*��
� 1 3Z8 *MOC%�'.(HBC/+5N/+,+%	1�2 3 ')')%	6+% O0* 8 %�')')%�' �H% 3 /+1�BC/+( (+2-/+' R 5 3 ,+6+% F:/+%	6 3 ,+'.2-%n1 3 '
6G= /+,l6 , ' 3 1�1�BC5)6j1�BC,+' 893 , 8 �� = 3 2-2-/+5)%
6+%k2 3 (+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+'_T %�5 8 6G= /+, 3Z8 B L %
*-,+* 8 * 3 2M% L %�, 8 6 , 1 3 2 , O!%�5)'
2-% �+2-%�/ 6+%V2 3 5 , ')BC, 3 ,+1�%h(H%�/ 8 '�= %>Pe(+2-*-F:/+%�57%�,	1�BC,+')*-6 , 5 3 , 8 2 3 1�BC,+6+* 8 *-BC,n6+% 8 5 3 ,+' �
T %�5 8V3 6+* 3 � 3Z8 *-F:/+%$F:/+*&'�= , 1�5)* 8_` # o;s a r

d ∆

dt
� 2 Ω2 p � � � # q

� 3 ,+'�,+B 8 5)%�1�BC, �SR /+5 3Z8 *-BC,D%>Pe( , 5)* L %�, 893 2-%UBC,N%�' 8 (+5)B019K+%76+%�1�% 8)8 %71�BC,+6+* 8 *-BC,I(+/+*-' �
F:/G= BC, 3Vr

d ∆

dt
× 1

2 Ω2
' 0.94

� /+5l2 3 �SR /+5)% � � � ')BC, 8l8 5 3 1 , %�'l6+%�'j(+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+')* 8 *-BC, 1 3 2-1�/+2 , %�'�6 3 ,+'6+*�� , 5)%�, 8 %�'D1�BC, �SR /+5 3Z8 *-BC,+' � � ,�6+* O0*-' 3 , 8 ( 3 5 # � 2<= 3 1�1 , 2 , 5 3Z8 *-BC,Y6+%�' 3Z8 B L %�'I2-BC5)'6+%X2 3 (+K 3 ')%X6G= *-, 8 %�5)5)B R!3Z8 *-BC, BC/ %�, L /+2 8 *M(+2-* 3 , 8 ( 3 5 J 2 3 (+/+2-' 3Z8 *-BC, 6+% 	k3 �+*
6+%�'nT 3 *-')1�% 3 /0P 2 3 ')%�5�;U2 3 1�BC,+6+* 8 *-BC, 6+% 8 5 3 ,+'_T %�5 8�3 6+* 3 � 3Z8 *MF:/+%l%�' 8 O , 5)* ��, %j% 8 2 3
(+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+')* 8 *-BC, 8 %�,+6+'$OC%�5)' # � � 2<= *-,!O!%�5)')%�;g(HBC/+5h/+,+% 3 1�1 , 2 , 5 3Z8 *-BC, # �
T BC*-'7')/+( , 5)*-%�/+5)% - 2 3DR 5 3 O0* 8�, BC/�/+,+%$(+/+2-' 3Z8 *-BC, 6+% 	k3 �+*g(+2-/+'�T 3 * �+2-%�;0BC,�'�= , 2-BC* R ,+%
6+/l1�5)* 8 � 5)%$6G= 3 6+* 3 � 3Z8 *-1�* 8�, % 8 2 3 (+5)B�� 3 �+*-2-* 8�, 2-* L * 8 %h6+* L *-,:/+% �

E BC/+5�1 3 2-1�/+2-%�572-%�'�(H%�5 8 %�'
6 3 ,+'
2-% E � � ;e*-2g5)%�' 8 % - *-, 8�,�R 5)%�5�2 3 (+5)B�� 3 �+*-2-* 8�, 6+%
8 5 3 ,+')* 8 *-BC,I')/+5#2 3 6+*-' 8 5)* �+/ 8 *-B�,I6+%UO0* 8 %�')')%76+%�' 3Z8 B L %�'�(+* ,�R , ' � �&%�5 , ')/+2 893Z8 %�' 8@L /+2��8 *-(+2-* , ( 3 5 J (]BC/+5 8 %�,+*-571�B L ( 8 %h6+%�'�6+%�/0P	T 3 *-')1�% 3 /0P	2 3 ')%�5 � � /+5�2 3 �SR /+5)% � � �N')BC, 88 5 3 1 , 'h2-%�'h5 , ')/+2 893Z8 'V,:/ L , 5)*-F:/+%�'h6+%.1�%.1 3 2-1�/+2�%��g%�1 8 / , (HBC/+5h6+*�� , 5)%�, 8 %�'VO 3 2-%�/+5)'
6+%W2<= 3 1�1 , 2 , 5 3Z8 *-BC, � � BC, 8 5 3 *-5)% L %�, 8�3 / 1 3 '�B t 2 3 O0* 8 %�')')%Y6+%�' 3Z8 B L %�' 5)%�' 8 %�5 3 * 81�BC,+' 893 , 8 % 3 / 1�BC/+5)'�6+%W2<= *-, 8 %�5)5)B R!3Z8 *MBC,G;U2<= 3 1�1 , 2 , 5 3Z8 *-BC, ( 3 5 2 3�R 5 3 O0* 8�, (H%�5 L % 8
6G= *-, 8 5)B06+/+*-5)%W6+%�'�(H%�5 8 %�'�F:/+*h,+%Y1�%�')')%�, 8 6G= 3 / RCL %�, 8 %�5 3 OC%�1Y2-% 8 % L (+'�6G= *-, 8 %�5 �
3 1 8 *-BC, � � % 5 , ')/+2 893Z8 '�= %>Pe(+2-*-F:/+%	')* L (+2-% L %�, 8 %�, *-, 8 %�5)(+5 ,�893 , 8 2-%�'D1�BC/+5 �H%�'.6+% 2 3�SR /+5)% � � o � � = /+,+%$( 3 5 8 ;+(+2-/+'�2-% 8 % L (+'�6G= *-, 8 %�5 3 1 8 *-B�,�%�' 8 2-BC, R % 8 (+2-/+'�2 3 T 5 3 1 8 *-BC,6G= 3Z8 B L %�'VF:/+*�( 3 ')')%�, 8 - 5 , ')BC, 3 ,+1�% 3 / RCL %�, 8 % � � = 3 / 8 5)%N( 3 5 8 ;g2 3 (+5)B�� 3 �+*-2-* 8�, 6+%8 5 3 ,+')* 8 *-BC,�5)%�' 8 % , 2-%�O , % 3 /0P 8 % L (+'A2-BC, R ' r /+,+%IT BC*-'
6 3 ,+'k2<= ,�893Z8 3P0

;S2-%�' 3Z8 B L %�'
')BC, 8 6 , 1 3 2 , '$6+%i5 , ')BC, 3 ,+1�%i% 8 ,G= ,�L % 8)8 %�, 8 ( 3 '$6+%Q(+K+B 8 BC,+'$' 8 * L /+2 , 'VOC%�5)'I2<= ,�893Z8
T BC,+6 3�L %�, 893 2 � �&%�'Q6+%�/0P 1�BC,+6+* 8 *-BC,+'N5)%�F:/+*-')%�'Q(]BC/+5 3 1�1�/ L /+2-%�5N/+,+% T 5 3 1 8 *-BC, ')*��R ,+* � 1 3Z8 *MOC%$6G= 3Z8 B L %�'�O!%�5)'A2<= ,�893Z8 3P0

')BC, 8 6+BC,+1I5 , /+,+*-%�' ��&%�'.1�BC/+5 �H%�'.6+% 2 3 �SR /+5)% � � � L BC, 8 5)%�, 8 F:/+%	(HBC/+5N/+,+% 3 1�1 , 2 , 5 3Z8 *-BC, # � T BC*-'(+2-/+' * L (]BC5 893 , 8 %�F:/+%W2 3 R 5 3 O0* 8�, 2-%�' (H%�5 8 %�'	*-,+6+/+* 8 %�'n6 3 ,+' 2-%j(+* � R %l')BC, 8 (+2-/+'
, 2-%�O , %�' rgL���L %.')*@2 3 (+5)B�� 3 �+*-2-* 8�, 6+% 8 5 3 ,+')* 8 *-BC,j(HBC/+5h/+, 3Z8 B L %N%�' 8 (+2-/+'hT 3 * �+2M%
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p �SR � � � � q ;&(+2-/+'I6G= 3Z8 B L %�'$( 3 ')')%�, 8 - 5 , ')BC, 3 ,+1�% � � %i(HBC/eO 3 , 8 ( 3 ' L B:6+* � %�5$2<= 3 1 �1 , 2 , 5 3Z8 *-BC,n6+%�' 3Z8 B L %�'U(H%�,+6 3 , 8 2 3 (+K 3 ')%V6G= *-, 8 %�5)5)B R!3Z8 *-BC,G;C2-%�'�(]%�5 8 %�'�(]BC/+5)5 3 *-%�, 8
��8 5)% 3�L (+2-* ��, %�'A%�, � 3 2 3 	 3 , 8 2 3 T 5 , F:/+%�,+1�%.6+/j2 3 ')%�5 p , F � � � J � q>� � ,j/ 8 *-2-*M' 3 , 8 /+,+%5 3�L (H%
6+%AT 5 , F:/+%�,+1�%V6+% # ��� ����� �ZL '�;!2-%�' (H%�5 8 %�'�6 3 ,+'�2-%
(+* � R %A')%�5 3 *-%�, 873 / RCL %�, �
8�, %�'76+% s�� � (HBC/+5�/+, 8 % L (+'�6G= *-, 8 %�5 3 1 8 *-BC,n6+% #&L ' p �SR � � � � q>� � %�1�*H'�= %��g%�1 8 /+%�5 3 * 83 /X(+5)* PW6G= /+,+%i2 ,�R � 5[%.1�B L (+2-*-1 3Z8 *MBC,W%>Pe( , 5)* L %�, 893 2-%�;G*-2�T 3 /+6+5 3 * 8 ' 	0,+19K+5)BC,+*-')%�5I2 3
5 3�L (H%i6+%iT 5 , F:/+%�,+1�%	')/+5D2 3 ' , F:/+%�,+14% 8 % L (HBC5)%�2-2-%Q/ 8 *-2-*M' , %i(]BC/+5D2<= *-, 8 %�5)5)B R!3Z8 *MBC,
6+%�' 3Z8 B L %�' �

� N�� [_U�X�TCU Y U�VWP�( � U�Q\Q�U
� = *-, 8 %�5 3 1 8 *-BC, 6+%�' 3Z8 B L %�' 3 O!%�1 2-%Y2 3 ')%�5 - � m � , L '�= %��g%�1 8 /+% /+,+*-F:/+% L %�, 8

2-BC5)')F:/+%.2-%�'VT 3 *-')1�% 3 /0P �+2-%�/+'$6+/Y5 3 2-%�, 8 *-')')%�/+5 � %�% L 3 ,W% 8 6+/ E � � ')BC, 8 ,�8 %�*-, 8 ' ��&% ')19K ,�L 3 %>Pe( , 5)* L %�, 893 2U/ 8 *-2-*M' , (]%�5 L % 8 6+% 1�BC/+(]%�5N*-,+6 , (H%�,+6 3�LnL %�, 8 1>K 3 F:/+%
T 3 *-')1�% 3 / - 2<= 3 *-6+%�6G= /+, L B06+/+2 3Z8 %�/+5 3 1�BC/+' 8 B �"BC( 8 *-F:/+% p �SR � �e� # % 8 � � J q>� � 3 ,+'@,+B 8 5)%1�BC, �SR /+5 3Z8 *-BC,j%>Pe( , 5)* L %�, 893 2-%�;H2 3 ( , 5)*-B06+%NBC( 8 * L 3 2M%I1�BC,+')*-' 8 % -	3 2-2M/ L %�5A2-%�'kT 3 *-' �
1�% 3 /0PW2 3 ')%�5 �+2-%�/+'V(H%�,+6 3 , 8 � L 'k(+/+*-'V2-%IT 3 *-')1�% 3 / - � m � , L (H%�,+6 3 , 8"#&L ' � � % 8BC( 8 * L / L 3.,�8�, 6 ,�8 %�5 L *-, , %>Pe( , 5)* L %�, 893 2-% L %�, 8 ;4*-2�'�= %>Pe(+2-*-F:/+% 3 *-' ,�L %�, 8 � � = 3 �]BC5)6G;2 3 6+/+5 , %n6+%n2 3 (+K 3 ')%n6+%n5)%�T 5)BC*-6+*-')')% L %�, 8 % 8 6+%n1 3 ( 8 /+5)%n1�BC5)5)%�')(]BC,+6 3 / 8 % L (+'
L B 	!%�, L *-'n( 3 5 2-%�' 3Z8 B L %�'n5 3 2-%�, 8 *M'n(HBC/+5 3Z8)8 %�*-,+6+5)%j2-%j1�%�, 8 5)%W6+%W2 3 ��BC,+%j6+%
1 3 ( 8 /+5)% �gE BC/+5k/+, 8 % L (+'k*-,eT , 5)*-%�/+5 -

�
L '�;S2-%D,+B L �+5)%D6G= 3Z8 B L %�'k(+* ,�R , 'V%�' 8k8 5 � '

T 3 * �+2-% � � ,+')/+* 8 %�;g2-% 8 % L (+'V6G= *-, 8 %�5 3 1 8 *-BC,j6+%�' 3Z8 B L %�' 3 OC%�1.2-%D2 3 ')%�5 - � m � , L %�' 8
2-* L * 8�, ( 3 5h2 3 O0* 8 %�')')%.5 , ')*-6+/+%�2-2-%N6+%�' 3Z8 B L %�'V6 3 ,+'h2-%N(+* � R % �GE BC/+5h/+, 8 % L (+'h')/ �



# ��s ������� � ����� �

( , 5)*-%�/+5 -
#&L '�;S2 3iR 5 3 ,+6+% L 3�� BC5)* 8�, 6+%�' 3Z8 B L %�'A')BC, 8 ')BC5 8 *-'k6+/lT 3 *-')1�% 3 /j')BC,+6+% �� OC%�1i1�% 8)8 %i' , F:/+%�,+14% 8 % L (HBC5)%�2-2M%�;g2-%.,+B L �+5)%.6G= 3Z8 B L %�'$(+* ,�R , ' - 2<= ,�893Z8 ' 893Z8 *-BC, �
, 3 *-5)%D%�' 8 6+*MO0*-' , ( 3 5 � ( 3 5V5 3 (+(]BC5 8$3 /Y1 3 'VB t 2-%�'kT 3 *-')1�% 3 /0P �+2-%�/+'h')BC, 8 / 8 *-2-*M' , '%�,l1�BC, 8 *-,:/ �
02(	X	Y#� R * Y U Y8*_N'( �F] � [_U ,_U QSR � N * (	X_R9X�TCU

�&%I1�BC, 8 5 3 ' 8 %I6+%I2 3 5 , ')BC, 3 ,+1�%D%�' 8 6+BC,+, , ( 3 5 r

η = 1−
N

698
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N
o

p

p � � � J q
B t

N
698

p

% 8
N

o

p

')BC, 8 2-%�'i,+B L �+5)%�'i6G= 3Z8 B L %�'Q(+* ,�R , ' - 2<= ,�893Z8 ' 893Z8 *-BC,+, 3 *-5)%�;�%�,
(+5 , ')%�,+1�% 6+%�'N(]%�5 8 %�'N*-, 8 5)B06+/+* 8 %�'$( 3 5D2-%Q2 3 ')%�5 - � m � , L % 8 ' 3 ,+'D1�%�'D(H%�5 8 %�' � 
"2-'')BC, 8 1 3 2-1�/+2 , ' - ( 3 5 8 *-5
6+%�' , F:/ 3Z8 *-BC,+'A6G= , O!BC2M/ 8 *MBC,�6+/l,+B L �+5)%$6G= 3Z8 B L %�'A6 3 ,+'A2-%
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.@?3 B1 $ 46�
L

6+%I2 3 ' , 5)*-%I6+% L %�')/+5)%I6+%I2 3 �SR /+5)% � � # � %�' 8 6+% s J m JCJ � ����s J � o ����� � � 3 5 , ')BC2-/ �8 *-BC, %�,	T 5 , F:/+%�,+1�%I1�BC5)5)%�')(]BC,+6 - 2 3 O 3 2-%�/+576+%h2<= , 1 3 5 878 	0(]%$6G= � 2-2 3 , %>P 8 5 3 (]BC2 ,$3 /
8 % L (+' 8 B 893 2U6+% L %�')/+5)% p o o ��� ' q>� � , B�� 8 *-%�, 8 3.7 × 10−11 %�,�O 3 2-%�/+5D5)%�2 3Z8 *MOC%�;')BC* 8 # o ����� �
MON@P;QSR9TCU�VWU�X	Y * ,_U �B� N�� [_U�X�TCU

� BC/+' 3 2-2-BC,+' L BC, 8 5)%�5�F:/G= - 1�%I,+*MOC% 3 /�6+%$5 , ')BC2-/ 8 *-BC,G;02-%h')%�/+2&6 , (+2 3 1�% L %�, 8 6+%
T 5 , F:/+%�,+1�%D')* R ,+* � 1 3Z8 *MT�%�' 8 1�%�2-/+*G1�BC5)5)%�')(HBC,+6 3 , 8 - 2<= %��g% 8 6+/l5)%�1�/+2 �
• � �+U1Y-,�[ � U�T1[�Q r �&%Q(+5)B � 2 � BC(+(+2-%�5$%�' 8 6 , 1 3 2 , ( 3 5h5 3 (+(HBC5 8 - 2 3 T 5 , F:/+%�,+1�%

(+5)BC(+5)%
ν0
6+%h2 3 5 , ')BC, 3 ,+1�% 3Z8 B L *-F:/+%k6G= /+,+%hF:/ 3 , 8 * 8�, ,�R!3 2-% - 2 3 T 5 , F:/+%�,+1�%

6+%�5)%�1�/+2 ` #?J � a r
νr = h ν2

0/(2mc2) = 4.7
����� �UE 3 5Q1�BC,+' , F:/+%�, 8 ;U2 3 T 5 , �F:/+%�,+1�%.6+%N2 3 5 , ')BC, 3 ,+1�% 3Z8 B L *-F:/+% L %�')/+5 , %N%�,W')BC,+6 3 , 8 -nL *��"K 3 / 8 %�/+5A1�%

(+5)B � 2G6+BC* 8 ��8 5)%I1�BC5)5)* R , %$6+%I1�% 8)8 %IF:/ 3 , 8 * 8�, �
• � �+U1Y M (!P�P;QSU
� 
 �&%�' 3Z8 B L %�'k')BC, 8 *-, 8 %�5)5)B R , 'k%�,j1�BC, �SR /+5 3Z8 *-BC,j6G= BC,+6+%N' 893 �

8 *-BC,+, 3 *-5_% � �k,+%�6+*-' 8 5)* �+/ 8 *-BC, 6+%�O0* 8 %�')')%l,+B�, 1�%�, 8 5 , %l')/+5Z� , 5)B�1�B L �+*-, , %- /+, 6 , ' , F:/+*-2-* �+5)%W6+%X(+/+*-')' 3 ,+1�%X%�, 8 5)%Y2-%�'	T 3 *-')1�% 3 /0P *-,+1�*-6+%�, 8 % 8 5 ,�8 5)B �
5 , ��, 19K+*<;gB�/ - /+, 3 , R 2-%D5 , ')*-6+/+%�2�%�, 8 5)%.1�%�'VT 3 *-')1�% 3 /0Pg;g*-,+6+/+* 8 /+,W6 , 1 3 2 3�R %
6+%NT 5 , F:/+%�,+1�%i( 3 5h%��g% 8 � BC(+(+2-%�5 �GE BC/+5h%�' 8 * L %�5h1�% 8 %��g% 8 ;G1�BC,+')*-6 , 5)BC,+'$/+,1 3 '$B t 2 3 6+*-' 8 5)* �+/ 8 *-B�,Y6+%.O0* 8 %�')')%i')%�5 3 * 8 6 , 1�%�, 8 5 , %n6+% # � � 6+%

vrms

;G')BC* 8
v0 = 5

1 L � '�;g6 3 ,+'I2 3 6+*-5)%�1 8 *-BC,Y6+%Q(+5)BC( 3�R!3Z8 *-BC,W6+%�'$T 3 *-')1�% 3 /0P � �&%Q(+5)B � 2� BC(+(+2-%�5 L %�')/+5 , ( 3 5�/+,�T 3 *-')1�% 3 /�%�' 8k3 2-BC5)'�6 , 1 3 2 , 6+%
70
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� � � � ��� � �
�+� ������� � �3��� � ��� � � ��� ���������	�
������� # � m
- 2 3 T 5 , F:/+%�,+1�%
(+5)BC(+5)%76+%�2 3 5 , ')BC, 3 ,+1�% 3Z8 B L *-F:/+% � �&%�6 , ' , F:/+*-2-* �+5)%76+%7(+/+*-' �' 3 ,+1�%V%�, 8 5)%V2-%�'UT 3 *-')1�% 3 /0P %�' 8 6+%V2<= BC5)6+5)%A6+% # � � �&%V6 , 1 3 2 3�R %k6+%kT 5 , F:/+%�,+1�%L %�')/+5 , %�, BC,+6+%Q' 893Z8 *-BC,+, 3 *-5)%.%�' 8N3 2-BC5)'h6+% � � �;����� ��E 3 5 3 *-2-2M%�/+5)'�;G2M%.T 3 *-' �1�% 3 /n5 ,�8 5)B �"5 , ��, 19K+*S%�' 873 2-* R , , ')/+5U2-%�T 3 *-')1�% 3 /i*-,+1�*-6+%�, 8�3 OC%�1A/+,+%A5 , ')BC2-/ 8 *-BC,
3 , R /+2 3 *-5)%I*-,eT , 5)*-%�/+5)% -
# � −3 5 3 6+* 3 ,+' � � OC%�1.2 3 O 3 2-%�/+5V6+% v0

1�BC,+')*-6 , 5 , %Z;g2-%
6 , (+2 3 1�% L %�, 8 6+%iT 5 , F:/+%�,+1�% L %�')/+5 , %�, BC,+6+%n' 893Z8 *-BC,+, 3 *-5)%.%�' 8 *-,eT , 5)*-%�/+5 -

� o ��� � �#BC/+'A2-%�'
6 , (+2 3 1�% L %�, 8 '
6+%$T 5 , F:/+%�,+1�%D( 3 5�%��g% 8 � BC(+(+2-%�5
')BC, 8 6+BC,+1*-,eT , 5)*-%�/+5)' -�# ����� �
• � �+U1Y ��U@U�VWR9X 
 �&%�' 8 5 3 ,+')* 8 *-BC,+' 1S0 ,mF = ±9

2
− 3P0 ,mF = ±7

2

')BC, 8
2-%�'i(+2-/+'n')%�,+')* �+2-%�' 3 / 19K 3�L ( L 3�R , ,�8 *-F:/+% � � , / 8 *-2-*M' 3 , 8 2-%�'iT 3 1 8 %�/+5)'n6+%� 3 ,+6 , 1 3 2-1�/+2 , ' 3 /X( 3 5 3�R 5 3 (+K+%Q(+5 , 1 , 6+%�, 8 ;&2-%Q6 , (+2 3 1�% L %�, 8 6+%.T 5 , F:/+%�,+1�%
6+%h1�%�' 8 5 3 ,+')* 8 *-BC,+'�( 3 5�%��g% 8�� %�% L 3 ,	%�' 8.,�R!3 2 - o � s ����� �ZL � � �&% R 5 3 6+*-%�, 86+%N19K 3�L ( L 3�R , ,�8 *-F:/+%D6+/ E � � %�' 8 6+% # � � L � � 1 L � � B L ( 8 % 8 %�,0/W6+%N2 36+*-' 893 ,+1�% L B 	C%�,+,+%A( 3 5)1�BC/+5)/+%A( 3 5 2-%�' 3Z8 B L %�'@(H%�,+6 3 , 8 2 3 (+K 3 ')%k6G= *-, 8 %�5)5)B �
R!3Z8 *-BC,G;:2-%V6 , (+2 3 1�% L %�, 8 6+%VT 5 , F:/+%�,+1�%I6+%h2 3I8 5 3 ,+')* 8 *-BC, 6G= K+BC5)2-B R %V( 3 57%��g% 8
� %�% L 3 ,n%�' 8 6+BC,+1k*-,eT , 5)*-%�/+5 - o ��� ���A(HBC/+5 8 BC/ 8 %�'72-%�' 8 5 3 ,+')* 8 *-BC,+' � %�% L 3 , �

• M N@P;QSR9TCU�VWU�X!Y Q\[�V^]SX_U�[ � r �&%�'nT 3 *-')1�% 3 /0P 2 3 ')%�5)' ')BC, 8�3 2-2-/ L), 'i% 8 ,�8 %�*-, 8 '
%�,l1�BC, 8 5 � 2 3 , 8 2 3 (+/+*-')' 3 ,+1�% 	�� 6+% L B:6+/+2 3Z8 %�/+5)' 3 1�BC/+' 8 B �"BC( 8 *-F:/+%�'A(+2 3 1 , '
')/+5�2 3�8 5 3�� % 8 6+%Y1>K 3 F:/+%YT 3 *-')1�% 3 / � �&% 893 /0P 6G= %>P 8 *-,+1 8 *-BC, 6+%�'�T 3 *-')1�% 3 /0P%�' 8	3 2-BC5)'Q')/+( , 5)*-%�/+5 - ��� 6 \V� � 3 *-'Q2-%�'QT 3 *-')1�% 3 /0P �+2-%�/+'i% 8 2-%	T 3 *-')1�% 3 / -

� m � , L ')BC, 8	3 2-2-/ L), 'i% 8�,�8 %�*-, 8 'n%�, L���L % 8 % L (+' p % 8 5 , 1�*M(+5[B:F:/+% L %�, 8 q>�
"2-'h(H%�/eOC%�, 8.3 2MBC5)'h*-, 8 %�5 3�R *-5V')* L /+2 893 , ,�L %�, 8$3 OC%�1i2-%�' 3Z8 B L %�'h(H%�,+6 3 , 8 /+,
8 % L (+' ,�R!3 2 3 / L 3 Pe* L / L 3 / 8 % L (+'�6+%X1�BC/+(+/+5)% p #

µ
' q ;�1�%XF:/+*h*-,+6+/+* 8/+, 6 , (+2 3 1�% L %�, 8 2-/ L *M,+%�/0P ')/+5N2 3 T 5 , F:/+%�,+1�%�6+% 2<= K+BC5)2-B R % ��E BC/+5D%�' 8 * L %�51�% 8 %��g% 8 ; 2 3 T 5 , F:/+%�,+1�%l6+%�2 3W8 5 3 ,+')* 8 *-BC, 3�,�8�,lL %�'[/+5 , %�%�, %�,!O!B 	 3 , 8 %�,

1�BC, 8 *-,:/ 8 BC/+'A2-%�'
T 3 *-')1�% 3 /0P�2 3 ')%�5)'A')/+5A2-%$(+* � R % � � BC/+' 3 OCBC,+' 3 2-BC5)'
B��+')%�5_O ,/+,j6 , (+2 3 1�% L %�, 8 6+%IT 5 , F:/+%�,+1�%N6+% s���� ����� � � B L ( 8 % 8 %�,:/W6+%D2 3 ' , F:/+%�,+14%8 % L (HBC5)%�2-2-%N/ 8 *-2-*-' , %�;gBC,X(H%�/ 8 %�, 1�BC,+1�2-/+5)%QF:/+%n2-%.6 , (+2 3 1�% L %�, 8 2-/ L *-,+%�/0P
*-,+6+/+* 8 ( 3 5$2-%�'VT 3 *-')1�% 3 /0P - s�� # , L %�' 8D3 / L 3 Pe* L / L ,�R!3 2 -lJ ��� ��� �&E 3 53 *-2-2M%�/+5)'�;G2-%Q6 , (+2 3 1�% L %�, 8 2-/ L *M,+%�/0PX6+%i2<= ,�893Z8 3P0

2-* ,)- 2 3 (+5 , ')%�,+1�% 6+%n2 3
8 5 3 ,+')* 8 *-BC, 3P0 − 3S1

- � � m , L %�' 8%,�R!3 2-% L %�, 8 , ,�R 2-* R % 3 �+2-% r 6 3 ,+'�,+BC'
1�BC,+6+* 8 *-BC,+'�%>Pe( , 5)* L %�, 893 2-%�'�;S*-2g%�' 8 6+% m � ��� �

� ����� � �"����� �:�����:���
� 3k8 5 3 ,+')* 8 *-BC,D6G= K+BC5)2-B R % 1S0− 3P0

6+/ 87
� 5�;Z6+%�2 3 5 R %�/+5#, 3Z8 /+5)%�2-2-% #�L ����; 3 (+/

��8 5)%.6 ,�8 %�1 8�, %i%�, 8 *-5 3 , 8 (+5)B �+8 6+%Q2 3 6 	0, 3�L *-F:/+%.6+/Y(+* � R % � �&%�'$(H%�5 8 %�'h*-,+6+/+* 8 %�'6 3 ,+'k2-% E � � BC, 8 ,�8�,N3�L (+2-* ��, %�'A6+%D(+5 � 'k6G= /+,jBC5)6+5)%D6+% R 5 3 ,+6+%�/+5k( 3 5A5 3 (+(HBC5 8
3 /i')* L (+2M% , 2 3 5 R *-')')% L %�, 8 6+%
5 3 *-%�( 3 5@' 3?8 /+5 3Z8 *-B�, � � ,+B 8 5)%
1�BC,+, 3 *-')' 3 ,+1�%�;!*-2e'�= 3�R * 8
6+%h2 3D8 5 3 ,+')* 8 *-BC, BC( 8 *-F:/+%V2 3 (+2-/+'�*-, 8 %�5)6+* 8 %VB��+')%�5_O , %$( 3 5�%>Pe1�* 893Z8 *-BC, 6+*-5)%�1 8 % 3 OC%�1



# m � ������� � ����� �

6+%�' 3Z8 B L %�'
,+%�/ 8 5)%�' �� 3 T 5 , F:/+%�,+1�%�6+%�1�% 8)8 % 8 5 3 ,+')* 8 *-BC, %�' 8),�R!3 2-% - 2 3 T 5 , F:/+%�,+1�%l1�%�, 8 5 3 2-%	6+%�2 3
5 , ')BC, 3 ,+1�%D1�BC5)5[* R , %I6+%I2 3 T 5 , F:/+%�,+1�%D6+/l5)%�1�/+2<;S')BC* 8Sr

ν(1S0 − 3P0) = 429 228 004 230 (15) kHz.
p � � � m q

� = *-,+1�%�5 8 * 8 /+6+%
6+% # o �����A1�BC5)5)%�')(HBC,+6 - 2<= *-,+1�%�5 8 * 8 /+6+%�' 893Z8 *-' 8 *-F:/+% � � 1�%k,+*MOC% 3 /n6+%
5 , ')BC2-/ 8 *-BC,G;e,+BC/+' 3 OCBC,+' L BC, 8 5 , F:/+%D2-%�'A6 , (+2 3 1�% L %�, 8 'A6+%$T 5 , F:/+%�,+1�% 3 / 8 5)%�'kF:/+%
1�%�2-/+*�6+/Y5)%�1�/+2@')BC, 8 , ,�R 2M* R % 3 �+2-%�' � � 3 O 3 2-%�/+5hB�� 8 %�,:/+% 3 OC%�1Q2 3 L %�')/+5)%.*-,+6+*-5)%�1 8 %p s J m JCJ � ����s � s�� p � � q ����� q %�' 8 -

1.4 σ
6+%I1�% 8)8 %IO 3 2-%�/+5 �� 3n8 %�19K+,+*-F:/+% L *-')%N%�,YB0%�/eO05[%.(H%�/ 8 ��8 5)% 3 (+(+2-*-F:/ , %N(HBC/+5VB��+')%�5_O!%�5$6G= 3 / 8 5)%�'

8 5 3 ,+')* 8 *-BC,+'AT BC5 8 % L %�, 8 *-, 8 %�5)6+* 8 %�'V1�B LnL %D( 3 5h%>Pe% L (+2-%.2 3i8 5 3 ,+')* 8 *-BC, 1S0 − 3P06+%.2<= 	 8)8 %�5 �+*-/ L � � % 8D3Z8 B L %N(HBC')' � 6+%i/+,+%Q' 8 5)/+1 8 /+5)% 3Z8 B L *-F:/+% 3 , 3 2-B R /+% - 1�%�2-2-%
6+%�' 3 2-1 3 2-*M,+B � 8 %�5)5)%�/0P � � = *-')B 8 BC(]% 171 ! ��')% L �+2-% ��8 5)% ,�R!3 2-% L %�, 8 /+, �]BC,�1 3 ,+6+*-6 3Z8
(]BC/+5I5 ,43 2-*-')%�5$/+,+%nK+BC5)2-B R %QBC( 8 *-F:/+% -�3Z8 B L %�'I(+* ,�R , ' � � 3 2 3 5 R %�/+5$6+%i5 3 *-%Q6+%n2 38 5 3 ,+')* 8 *-BC, 1S0 − 3P0

6+/ 171 ! �W%�' 8 %�' 8 * L , % - %�,!O0*-5)BC, # � L ��� � ; # � T BC*-'k')/+( , �
5)*-%�/+5)% - 1�%�2-2-%n6+/ 87

� 5 �#E 3 5 3 *-2M2-%�/+5)'�;&2 3 6+/+5 , % 6+%iO0*-%n6+%�' 3Z8 B L %�'D6G= 	 8)8 %�5 �+*-/ L6 3 ,+'D/+,�(+* � R %QT BC,+1 8 *-BC,+, 3 , 8 ')/+5N2 3	8 5 3 ,+')* 8 *-BC, 1S0 − 3P1

%�' 8D8 	0(+*-F:/+% L %�, 8 6+%
� ' ` # o � a ;]6+%�/0PWBC5)6+5)%�'V6+% R 5 3 ,+6+%�/+5k(+2-/+' , 2-%�O , %NF:/+%N1�%�2-2-%D6+%�' 3Z8 B L %�'k6+%N' 8 5)BC, �
8 *-/ L (+* ,�R , ' 3 O!%�1I2 3N8 5 3 ,+')* 8 *-BC, 1S0 − 1P1 �SE 3 5
1�BC,+' , F:/+%�, 8 ;]%�, 8 5 3 ,+'_T , 5 3 , 8 6+%�'3Z8 B L %�'h(+* ,�R , 'VO!%�5)'$2<= ,�893Z8 3P0

( 3 5h%>Pe1�* 893Z8 *-BC,Y6+*-5)%�1 8 %Z;G2 3 5 , ')BC, 3 ,+1�% 1S0 − 3P06+% 171 ! �l6+%>O05 3 * 8 ��8 5)%IB��+')%�5_O , % 3 OC%�1I/+,l1�BC, 8 5 3 ' 8 %I(+5)B019K+%I6+% # ��� � �� 3lL %�')/+5)% 6+%nT 5 , F:/+%�,+1�%�6+% 2 3�8 5 3 ,+')* 8 *-BC, 1S0 − 3P0

6+/ 87
� 5N1�BC,+' 8 * 8 /+% 2 3

(+5)% L * � 5)% ,�893 (]% O!%�5)'Q2 3 5 ,43 2-*-' 3Z8 *MBC,�6G= /+,+%	,+BC/eO!%�2-2M% R , , , 5 3Z8 *-B�, 6G= K+BC5)2-B R % r 2-%�'
K+BC5)2-B R %�'DBC( 8 *-F:/+%�' -j3Z8 B L %�'N(+* ,�R , ' � �&%	(+5)*-,+1�*-(]% 6+%nT BC,+1 8 *-BC,+,+% L %�, 8 6+%	1�% 8)8 %K+BC5)2-B R %�; 3 *-,+')*�F:/+%D2-%�'k(H%�5)')(]%�1 8 *MO!%�'h%�, 8 %�5 L %I6+%N' 893 �+*-2-* 8�, % 8 6G= %>P 3 1 8 * 8 /+6+%N')BC, 8
6 , 1�5)* 8 ' 3 /l( 3 5 3�R 5 3 (+K+%$')/+*MO 3 , 8 �
� ��� � ��� ���Y� ��� �>�.� ��� �

���� �I�����
	N� �
��� ��� ����
��$� ��� � �

�
��
�	D
 �
� 2 3 2-* L * 8 %h6+%I(+5)B � %�1 8 *-BC,�F:/ 3 , 8 *-F:/+%�;S2 3 ' 8>3 �+*-2-* 8�, 6G= /+, ,�893 2-BC,�6+%$T 5 , F:/+%�,+1�%

%�' 8 *M,:OC%�5)')% L %�, 8 (+5)BC(HBC5 8 *-BC,+,+%�2-2M% 3 /X,+B L �+5)%.6+%i5 , T , 5)%�,+1�%�'DF:/ 3 , 8 *-F:/+%�'D1�BC, 8 5)*��
�+/ 3 , 873 /n')* R , 3 2 ` # m a � � = 3 O 3 , 893�R % L 3�� %�/+5U6+%�'�K+BC5)2-B R %�' -D3Z8 B L %�' ,+%�/ 8 5)%�'75)%�(]BC')%')/+5�2<= / 8 *-2M*M' 3Z8 *-B�,i6G= /+, R 5 3 ,+6n,+B L �+5)%A6G= 3Z8 B L %�'�; 8 	0(+*-F:/+% L %�, 8

106 � � , 5)%�O 3 ,+19K+%�;- 1 3 /+')%�6+%�2<= *-, 8 %�5 3 1 8 *MBC,I1�BC/+2-B L �+*-%�,+,+%�;42-%�'#K+BC5)2-B R %�' - *-BC,+'&T BC,+1 8 *-BC,+,+%�, 8#R , , , 5 3 �
2-% L %�, 8�3 OC%�1h/+,�*-BC, /+,+*-F:/+% � � %�(]%�,+6 3 , 8 ;+1�%�'�6+*-')(HBC')* 8 *MT 'U(H%�5 L % 8)8 %�, 8 6G= %��g%�1 8 /+%�5
�%� '� #1�: "%�- #�-= 2 �- #�-&�� " /B' /

3P0

 #�
171 � � '�" / "-��45/ 2 ,-"%� 2 .A #"%$ �%.A �'>,-,-�%.*/!$A'>:��!C�� �%: � �= 2 '>.��>8�������� � /! �C#"!C � 8#8*.$������� C �
��4�= '>& �%1�:B4�: ��46$9��)+/ 2 =*�%,-�%.0/<8 �#/ �%. 1���4<468*.0/ �&% � 4�� / �(' 4
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 3&54 "%$G"D='. � :@ 
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BC:

I
7 9 �  

L

2<= *-, 8 %�5)5)B R!3Z8 *MBC,�6G= K+BC5)2-B R %n6 3 ,+'Q/+, (+* � R %	B t 2<= *-BC,�%�' 8 1�BC, � , , -jL *-%�/0P�F:/+%�2 3
2-BC, R /+%�/+5�6G= BC,+6+% p 5 ,�R * L %h6+% � 3�L � � � *-13��% ` o # a q>� � *-,+')*<;+2 3 T 5 , F:/+%�,+1�%D6+%I2 3N8 5 3 , �')* 8 *-BC,.,G= %�' 8 ( 3 '@6 , (+2 3 1 , %�( 3 5@%��g% 8 � BC(+(+2-%�5@BC/Q( 3 5@%��g% 8 6+/Q5)%�1�/+2+1�BC, 8 5 3 *-5)% L %�, 8
3 /�1 3 'k6+%�' 3Z8 B L %�'
,+%�/ 8 5)%�'�;]*-, 8 %�5)5)B R , 'A%�,l19K:/ 8 %D2-* �+5)% ��&%�' 3Z8 B L %�'D(H%�/eOC%�, 8n3 /+')')* ��8 5)% (+* ,�R , 'N6 3 ,+'N2-%n5 ,�R * L %n6+% � 3�L � � � *M1 ��%n%�,
/ 8 *-2-*M' 3 , 8 6+%�'$5 , ')% 3 /0PYBC( 8 *-F:/+%�' ` m � ; # o � ; # o m a � � %�'$5 , ')% 3 /0PY')BC, 8 T BC5 L , ' - 2<= *-, �
8 %�5)')%�1 8 *-BC,	6+%h(+2-/+')*-%�/+5)'UT 3 *-')1�% 3 /0P	2 3 '[%�5 � �&%�' 3Z8 B L %�'�')BC, 8 (+* ,�R , '76 3 ,+'76+%�'�(+/+* 8 '6+%D(]B 8 %�, 8 *-%�2G%�')( 3 1 , ' 3 OC%�1D/+,+%D( , 5)*-B06+% ,�R!3 2-% -

λp

�CJ ;+2 3 6+% L *��"2-B�, R /+%�/+5
6G= BC,+6+%
6+%�'kT 3 *-')1�% 3 /0Pl6+/W(+* � R % p �SR � � #�# q>� � 3 O 3 5)* 3Z8 *-BC,�6+/j(HB 8 %�, 8 *-%�2�5 , ')/+2 8 %N6+%D2 3iL B �6+/+2 3Z8 *-BC, 6+/	6 , (+2 3 1�% L %�, 8 2-/ L *M,+%�/0P 2-* , % 3 / R 5 3 6+*-%�, 8 6+%h(]BC2 3 5)*-' 3Z8 *MBC, � � OC%�1$6+%�'T 3 *-')1�% 3 /0P�(+* � R %�' 3 	 3 , 8 /+,+% T 5 , F:/+%�,+1�%	6 , 1 3 2 , % 6+% 8 BC/ 8 % 5 , ')BC, 3 ,+1�% 3Z8 B L *-F:/+%�;
2-%�' 3Z8 B L %�'7(H%�/eOC%�, 8 ��8 5)% L 3 *-, 8 %�,:/+'76 3 ,+'�2-%V(+* � R %h(]%�,+6 3 , 8 (+2-/+')*-%�/+5)'�')%�1�BC,+6+%�' ���/+')F:/G= - (+5 , ')%�, 8 1�%�'N(+* � R %�'D,G= BC, 8 ( 3 ' ,>8�, / 8 *-2-*-' , 'I(HBC/+5D5 ,43 2-*-')%�5I/+, ,�893 2-BC,
6+%nT 5 , F:/+%�,+1�% 3Z8 B L *-F:/+%i1 3 5D( 3 5D(+5)*-,+1�*-(H%�;�*-2-'I6 , (+2 3 1�%�, 8 2-%�'N,+*MOC% 3 /0P�6G= , ,+%�5 R *M%
6+%W2<= 3Z8 B L % � � %�(H%�,+6 3 , 8 ; � � $ 3Z8 BC5)* 3�L BC, 8 5 , F:/+%W(HBC/+5	2 3X8 5 3 ,+')* 8 *-BC, 1S0 −
3P0

6+/ 87
� 5�;�*-2U%>Pe*-' 8 %	/+,+%	2MBC, R /+%�/+5N6G= BC,+6+%	6+%�'NT 3 *-')1�% 3 /0P 6+/ (+* � R % 8 %�2-2-%nF:/+%

2-%n6 , (+2 3 1�% L %�, 8 6+%nT 5 , F:/+%�,+1�% 3 /�(+5)% L *-%�5DBC5)6+5)% %�' 8 *-6+%�, 8 *-F:/+%n(HBC/+5D2-% ,+*MOC% 3 /
T BC,+6 3�L %�, 893 2G% 8 2-%$,+*MOC% 3 /l%>Pe1�* 8�,�` ��s ; �!o a �
� ��� �_^ � � �-���&`�
 ���kf�� � ��
 �������
��� ���:����
�	 

��f ��
 � ����� ��
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 �:� f���������� f��:��� ��� a���� �:�U`�
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 � ��� ����


� ,Y(+5 , ')%�,+1�%i6+/W1>K 3�L ( , 2-%�1 8 5)*-F:/+%
E
6+%�'VT 3 *-')1�% 3 /0PW6+/Y(+* � R %�;g2 3 T 5 , F:/+%�,+1�%

(+5)BC(+5)%
ν0

6+% 2 3 8 5 3 ,+')* 8 *-BC, 3Z8 B L *-F:/+% %�' 8 6 , (+2 3 1 , % ( 3 5X6 , (+2 3 1�% L %�, 8 2-/ L * �
,+%�/0P p BC/l%��g% 8 � 893 5 � q>� � /�(+5[% L *-%�5
BC5)6+5)%�;+1�%I6 , (+2 3 1�% L %�, 8 %�' 8 (+5)BC(]BC5 8 *MBC,+,+%�2 -



# m J ������� � ����� �

3 D 1

1 P 1

1 S 0

3 S 1

4 6 1 n m

3 P 0

6 7 9  n m

2 . 6 0  m m

l p

l p

6 9 8  n m
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4A$>4(&

1S0
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3P0
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I
7 9 �  �=

I
457DEF:@ ��='.@?
457D='.1.�$>.F4�*

:1.@ J"D='. � :@ 
:1)#B?> ='.@B1 
λp ∼ 800

.10
L

∆α (e, νp)
;]2 3 6+*�� , 5)%�,+1�%N%�, 8 5)%N2 3 (]BC2 3 5)*-' 3 �+*M2-* 8�, 6+/j,+*MO!% 3 /j%>Pe1�* 8�, % 8 6+/j,+*MOC% 3 /

T BC,+6 3�L %�, 893 2 � � 2-2-%k6 , (H%�,+6 R , , , 5 3 2-% L %�, 8 6+%V2 3 (]BC2 3 5)*-' 3Z8 *MBC, e
6+%�'7T 3 *-')1�% 3 /0P 6+/

(+* � R %n% 8 6+% 2-%�/+5DT 5 , F:/+%�,+1�%
νp � �&% 8 %�5 L % 6+B L *-, 3 , 8 %�' 8 2-* , - 2 3 (HBC2 3 5)*-' 3 �+*M2M* 8�,

6+*-(]BC2 3 *-5_% , 2-%�1 8 5)*-F:/+%
αE1 � � 3 T 5 , F:/+%�,+1�% ν

6+%�2 3A8 5 3 ,+')* 8 *-BC, 3Z8 B L *-F:/+%U'�= , 1�5)* 8U3 2-BC5)'
%�,l(+5)% L * � 5)% 3 (+(+5)B4Pe* L 3Z8 *MBC, r

ν = ν0 −
1

4
∆αE1 (e, νp) E2 p � � s�� q

� 3 ,+'	/+, (+5)% L *-%�5 8 % L (+'�;7BC, , ,�R 2-* R %l2 3 ' 8 5)/+1 8 /+5[%WK
	0(H%�5 � ,+% � 
"2k%�' 8l3 2-BC5)'* L (]BC5 893 , 8 6+%	,+B 8 %�5.F:/+%�2-%�' ,�893Z8 ' 1S0
% 8 3P0

3 	 3 , 8 6+%�' L B L %�, 8 'N1�*-, ,�8 *-F:/+%�'
J = 0

;S2-%$6 , (+2 3 1�% L %�, 8 2-/ L *-,+%�/0P�%�' 8 *-,+6 , (H%�,+6 3 , 8 6+%I2 3 (HB�2 3 5)*-' 3Z8 *-B�, p 8 BC/+'k2-%�'
1�B:%�mn1�*-%�, 8 '.6+% � 2-% �+')1>K � � BC5)6 3 , ')BC, 8 ,�R!3 /0P - # q>��E BC/+5N/+,+%�2-BC, R /+%�/+5N6G= BC,+6+%
λp

6+%�'$T 3 *-')1�% 3 /0PX6+/ (+* � R %i6+%i2<= BC5)6+5)%Q6+% ����� , L ;G1�%�'I6 , (+2 3 1�% L %�, 8 'I2-/ L *M,+%�/0P
')BC, 8DL 3�� BC5)* 8[3 *M5)% L %�, 8 *-,+6+/+* 8 'h( 3 5$2-%�'I1�BC/+(+2 3�R %�' 3 OC%�1n2-%�'$,+*MOC% 3 /0PX5)%�(+5 , ')%�, 8�, '
')/+5Q2 3 �SR /+5)% � � #?J � �&%�1�BC/+(+2 3�R %	6+%�2<= ,�893Z8 1S0

3 OC%�1�2-% 1P1
*-,+6+/+* 8 /+, 6 , (+2 3 1�% �

L %�, 8 2-/ L *-,+%�/0P 8 BC/ � BC/+5)'I, ,�R!3Z8 *MT p 893 , 8 F:/+%
λp > 461

, L q>� �&%i,+*MOC% 3 / 3P0

%�' 8
6G= /+,+%h( 3 5 8 1�BC/+(+2 , - 2<= ,�893Z8 3S1

;01�%hF:/+*g*-,+6+/+* 8 /+,�6 , 1 3 2 3�R %k6+%VT 5 , F:/+%�,+1�%$, ,�R!3Z8 *MTp
λp > 679

, L q � 6G= 3 / 8 5)%N( 3 5 8 ;H2-%D1�BC/+(+2 3�R % 3 /W,+*MOC% 3 / 3D1
%�, R %�,+6+5)%./+,W6 , (+2 3 �

1�% L %�, 8 2-/ L *M,+%�/0Pl(HBC')* 8 *MT p
λp < 2.6 µ

L q>�HE 3 5V1�BC,+' , F:/+%�, 8 ;G*-2�%>Pe*M' 8 %N/+,+%DO 3 2-%�/+5( 3 5 8 *-1�/+2-* � 5)%
λ0

p

8 %�2-2-%AF:/+%V2-%�'�6 , 1 3 2 3�R %�'�6+%AT 5 , F:/+%�,+1�%h6+%�' ,�893Z8 ' 1S0
% 8 3P0

')BC*-%�, 8
*-6+%�, 8 *-F:/+%�' � �&%.6 , (+2 3 1�% L %�, 8 6+%NT 5 , F:/+%�,+1�%i6+%.2 3i8 5 3 ,+')* 8 *-BC,j6G= K+BC5)2-B R %D%�' 8D3 2-BC5)'
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:1)#B?> ='.@B1 B1 3& �S$>7D&(?3 $>:
	 BC:
I
7 9 �  

I
=':1)+:1.@ J7 .84( 
.@&57 4(<

I = 10
��)+*>?
0

2 L � > 7 .@&( 
)54K)( I )(<3&( 
.84( "  3&-B1< I "%$'?3 
0� 
.F4(&-" :10�7 .@ 
:
	 B1 3&K&(=':@& �S.17 6F $>:
	
B1 J"�> < 4 $>4

3P0, F = 9/2
$36F 3?#:1.@ 

I
='"%$>)57D&A$>457D='. BC: "%$'&( 
)

I
7 9 �  

e = cos θe− + i sin θe+ � 
.
I
)(<3&( 
.@?3 B?> :1.Z? /�$>0

I
0�$�� .@<
457DEF:@ �B1 $ 0 � L

,:/+2 p 3 /Y(+5)% L *-%�5kBC5)6+5)% q>� � % 8)8 %.2-BC, R /+%�/+5V6G= BC,+6+%Q( 3 5 8 *-1�/+2-* � 5)%D%>Pe*-' 8 % ,�R!3 2-% L %�, 8
(HBC/+5
6G= 3 / 8 5)%�' 3Z8 B L %�'�F:/+*&(HBC')' � 6+%�, 8 /+,+%$' 8 5)/+1 8 /+5)% 3Z8 B L *-F:/+% 3 , 3 2MB R /+% - 1�%�2-2-%
6+/N' 8 5)BC, 8 *-/ L % 8 /+,N*-')B 8 BC(H% 3 	 3 , 8 /+,.')(+*-,N,:/+1�2 ,43 *-5)%�,+B�,.,:/+2 � � = %�' 8 ( 3 5#%>Pe% L (+2-%2-%$1 3 'A6+/l1 3 2-1�*-/ L ;e6+%I2<= 	 8)8 %�5 �+*-/ L BC/�6+/ L %�5)1�/+5)% p 893 � � J ;+( � # � q>��k, 1 3 2-1�/+2 8 K , BC5)*-F:/+%i6+%�'I6 , (+2 3 1�% L %�, 8 'D2-/ L *M,+%�/0PY6+%�' ,�893Z8 ' 1S0

% 8 3P0
6+/

87
� 5 3 ,�8�, %��g%�1 8 / , ( 3 5 � � $ 3Z8 BC5)*<;�� � � �AE 3 2<= 19K+* �CB O 

�����-` �!o a � � %�'j1 3 2-1�/+2M'*-,+6+*-F:/+%�, 8 F:/+%W2-%l1�5)BC*-')% L %�, 8 6+%�' 6 , (+2 3 1�% L %�, 8 '	2-/ L *-,+%�/0P 3 2-*-%�/ (]BC/+5

λp '
800

, L p �SR � � � # �<q>� � % 8)8 %�O 3 2-%�/+5 8 K , BC5)*-F:/+%�%�' 8 3 (+(+5)B4Pe* L 3Z8 * O!%	1 3 5Q2-%�'i1 3 2-1�/+2-'BC, 8 ,�8�, %��g%�1 8 / , 'D%�, 8 %�, 3 , 8 1�B L ( 8 %Q6+/ 1�BC/+(+2 3�R % 3 OC%�1i2-%�' ,�893Z8 ' , 2-%�1 8 5)BC,+*-F:/+%�'
� /+')F:/G= -

n = 11
L 3 *-'�2-%�'@T BC5)1�%�' 6G= BC')1�*-2-2 3Z8 %�/+5�')BC, 8UL 3 2e1�BC,+,:/+%�' � 	., 1�% LnL %�, 8 ;C� �$ 3Z8 BC5)* 

� ��� ` ��� a BC, 8 6 ,�8 %�5 L *-, , %>Pe( , 5)* L %�, 893 2-% L %�, 8 F:/+%n1�%n1�5)BC*-')% L %�, 8N3 2-*-%�/

(HBC/+5
λ0

p = 813.5
p m q , L �� % 8)8 %j2-BC, R /+%�/+5Q6G= BC,+6+% 3 2<= 3 O 3 , 893�R %�6G= ��8 5)%l2-BC*-, 6+% 8 BC/ 8 %�5 , ')BC, 3 ,+1�% 3Z8 B �

L *-F:/+% � � *-,+')*<;02-% 893 /0P�6G= ,�L *-')')*-BC,	')(HBC, 893 , , %$6 3 ,+'
2-%h(+* � R % ` # ��� a ,+%$1�BC,+' 8 * 8 /+%�5 3( 3 'D/+,+%n2-* L * 8 % 3 / 8 % L (+'D6G= *-, 8 %�5)5)B R!3Z8 *-BC,X6+%�' 3Z8 B L %�' ��E 3 5D%>Pe% L (+2-%�;&(HBC/+5D/+,(+* � R %jT BC,+1 8 *-BC,+, 3 , 8 -
λ0

p

3 OC%�1Y/+,+%Y*-, 8 %�,+')* 8�, 6+% # � � ��� 1 L 2 ;71�% 893 /0P %�' 8 6+%
1.4 × 10−3 ' −1 ' 1/(730

' q>� 
"2U%�' 8 2-* L * 8�, ( 3 5D2-%i1�BC/+(+2 3�R % 3 O!%�1n2<= ,�893Z8 1P1 � � ,BC/ 8 5)%�; BC, (]%�/ 8 ')BC/+2-* R ,+%�5QF:/G= *-2�%>Pe*-' 8 %l6+%�'n2 3 '[%�5['Q')* L (+2-%�6G= / 8 *-2-*M' 3Z8 *-B�, F:/+*A6 , �
2-*MO05)%�, 8 (+2-/+')*-%�/+5)'
1�%�, 893 *M,+%�'k6+% L *-2M2M* � 3Z8)8.- � # �e� o , L p 2 3 ')%�5)' �
* r � 3 q>�
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� 3 5 ,43 2-*-' 3Z8 *MBC,N6G= /+,+%�K+BC5)2-B R %�BC( 8 *-F:/+% -h3Z8 B L %�'�6+%7' 8 5)BC, 8 *-/ L (+* ,�R , '�%�,Q%�' 8 -

')%�'�6 , �+/ 8 ' �0E 2-/+')*-%�/+5)' ( 3 5 3�L � 8 5)%�'U6+%�O05)BC, 8 ��8 5)%k6 ,�8 %�5 L *-, , ' %>Pe( , 5)* L %�, 893 2-% L %�, 8(]BC/+5.1 3 5 3 1 8�, 5)*-')%�5N(+5 , 1�*-' ,�L %�, 8 2-%�'N6 , (+2 3 1�% L %�, 8 '.6+% T 5 , F:/+%�,+1�%�F:/+*�2-* L * 8 %�5)BC, 8
2<= %>P 3 1 8 * 8 /+6+%k6+%k2<= K+BC5)2-B R % � � , (]%�/ 8 1�%�(H%�,+6 3 , 8 %�' 8 * L %�5 8 K , BC5)*-F:/+% L %�, 8 2-%�'�(+5)*-, �1�*-( 3 /0P�%��g% 8 ' 3Z8)8 %�,+6+/+' �
MON@P;QSR9TCU�VWU�X	YZQ\[�V^]\X_U�[ � ]\X ,�[�]�Y P�R �OQSU * � R9] * TCU@R9[ � ,�[ P;] � &!U

�&%	6 , (+2 3 1�% L %�, 8 2-/ L *M,+%�/0P�5 , ')*-6+/+%�27*-,+6+/+* 8 ( 3 5N2-%�'NT 3 *-')1�% 3 /0P 6+/ (+* � R %	%�' 8
%�' 8 * L , 6 3 ,+'A2 3 5 , T , 5)%�,+1�% ` �!o a �
"2�6 , (]%�,+6X6G= /+,+%.( 3 5 8 ;H6+%.2 3 O 3 5)* 3Z8 *-BC,j6+%�'h6 , (+2 3 1�% L %�, 8 'h2-/ L *-,+%�/0Pl6+%�'$,+*��
OC% 3 /0P 1S0

% 8 3P0
;H5)%�')(H%�1 8 *MOC% L %�, 8

∆S
lum

% 8
∆P

lum

;H%�,WT BC,+1 8 *MBC,W6+%.2 3 T 5 , F:/+%�,+1�%
νp

6+%�'.T 3 *-')1�% 3 /0P 6+/ (+* � R % 3 / 8 BC/+5.6+%	2 3 O 3 2-%�/+5.1�BC5)5)%�')(]BC,+6 3 , 8 -
λ0

p � � = 3 (+5 � '2-%�'X1�BC/+5 �]%�' 8 K , B�5[*MF:/+%�' 6+% 2 3 �SR /+5)% � � # � r
d∆S

lum/dνp = −3.6 × 10−10 % 8
d∆P

lum/dνp = −1.3× 10−9 �SE 3 5�1�BC,+' , F:/+%4, 8 ;S*-2g')/em 8 6+%$1�BC, 8 5 � 2-%�572 3 T 5 , F:/+%�,+1�%6+%�'AT 3 *-')1�% 3 /0Pl6+/j(+* � R % 3 / � ���D(+5 � 'k(HBC/+5kF:/+%D1�%D6 , (+2 3 1�% L %�, 8 2-/ L *-,+%�/0P�')BC* 8
*-,eT , 5)*-%�/+5 3 / L ��� �� = 3 / 8 5)%I( 3 5 8 ;S%�,�5 3 *-')BC,�6+%I2 3 ' 8 5)/+1 8 /+5)%DK
	0(H%�5 � ,+%D6+/ 87

� 5�;+2-%$6 , (+2 3 1�% L %�, 8
2-/ L *M,+%�/0P 6 , (H%�,+6 6+%j2 3 (HBC2 3 5)*-' 3Z8 *MBC, 6+%�' T 3 *-')1�% 3 /0P 6+/ (+* � R % � � = *-,+')%�5 8 6+%j2 3�SR /+5)% � � # � 5)%�(+5 , ')%�, 8 %�2-%�'D6 , (+2 3 1�% L %�, 8 'N2-/ L *M,+%�/0P 6+%�'N')BC/+' �",+*MOC% 3 /0P 6+%n2<= ,�893Z8
3P0, F = 9/2

1 3 2M1�/+2 , 'i(]BC/+5i/+,+%�(HBC2 3 5)*-' 3Z8 *MBC, 6+/ 2 3 ')%�5Q(+* � R %
e = cos θe− +

i sin θe+
;&%�, (+5 , ')%�,+1�% 6G= /+, 19K 3�L ( L 3�R , ,�8 *-F:/+%Q6+% � L � � e± 5)%�(+5 , ')%�, 8 %�, 8 2-%�'

(]BC2 3 5)*-' 3Z8 *MBC,+'
σ± � �&%h1 3 2-1�/+2 3 ,�8�, % �g%�1 8 / , %�, 8 %�, 3 , 8 1�B L ( 8 %h6+%�'
1�BC/+(+2 3�R %�'�6+*��

(]BC2 3 *-5)%�' 3 O!%�1I2-%�' ,�893Z8 ' 3S1

% 8 3D1

F:/+*&5)%�(+5 , ')%�, 8 %�, 8 2-%�' 8 %�5 L %�'
(+5 , (HBC,+6 , 5 3 , 8 ' �
E BC/+5@/+,+%
K+BC5)2-B R %UT BC,+1 8 *-BC,+, 3 , 8 3 OC%�1
2-%�'@')BC/+' �",+*MOC% 3 /0P mF = ±1/2

;�/+,i1�BC, 8 5 � 2-%
6+%k2<= 3 , R 2-%
6+%k(HBC2 3 5)*-' 3Z8 *MBC,

θ
3 /n,+*MOC% 3 / 6+% #&L 5 3 6i2-* L * 8 %�5 3 * 8 2-%A6 , (+2 3 1�% L %�, 8 2-/ �

L *-,+%�/0Pi5 , ')*-6+/+%�2 - #�L ��� � � ,n(H%�/ 8 ( 3 5 3 *-2-2M%�/+5)' 5)% L 3 5)F:/+%�5UF:/+%V2-%
6 , (+2 3 1�% L %�, 86+%DT 5 , F:/+%�,+1�%Q%�' 8 ' 	 L ,�8 5)*-F:/+%.( 3 5k5 3 (+(HBC5 8 - 2 3 O 3 2-%�/+5 L B 	C%�,+,+%.(HBC/+5k2-%�'V')BC/+' �
,+*MOC% 3 /0P

+mF

% 8 −mF � � %�1�*�%�' 8 O05 3 *�2-BC5)')F:/+%I2 3 (HBC2 3 5)*M' 3Z8 *-B�,�6+/j2 3 ')%�5A,G= 3 ( 3 '6+% 1�B L (]BC' 3 , 8 %
π � � % 8)8 %	(+5)BC(+5)* ,�8�, %�' 8 6+*-5)%�1 8 % L %�, 8 2-* , - 2 3 ' 	 L ,�8 5)*-%n6+%�'.1�B �

%�mn1�*-%�, 8 'D6+% � 2-% �+')19K � � BC5)6 3 , �#E 3 5I1�BC,+' , F:/+%�, 8 ;#*-2@%�' 8 (HBC')')* �+2-%i6+%n'�= 3 �g5 3 ,+19K+*-5%>Pe( , 5)* L %�, 893 2-% L %�, 8 6+%A2 3 6 , (]%�,+6 3 ,+1�%V%�,n(HB�2 3 5)*-' 3Z8 *-B�,Q%�,n*-, 8 %�5)5)B R % 3 , 8�3 2 8 %�5), 3 �
8 *MOC% L %�, 8 2-%�'A')BC/+' �",+*MOC% 3 /0P

mF = ±1
2 �� / OCBC*-')*-, 3�R % 6+%

λ0
p

;�2-%�'DO 3 2-%�/+5)'.6+%�'Q(]BC2 3 5)*-' 3 �+*-2M* 8�, 'D6+*-(HBC2 3 *M5)% L 3�R , ,�8 *-F:/+%
% 8 F:/ 3 6+5)/+(]BC2 3 *-5)% , 2-%�1 8 5)*-F:/+%Q')BC, 8 %�' 8 * L), %�' -

10−7 × αE1 � �&%�/+5I%��g% 8 %�' 8 6+BC,+1, ,�R 2-* R % 3 �+2M% � � ,W5)%�O 3 ,+1>K+%�;g(HBC/+5V6+%�'V6 , (+2 3 1�% L %�, 8 'h6+%DT 5 , F:/+%�,+1�%Q6+%N2<= BC5)6+5)%D6+/L ����;�2-% 8 %�5 L %n6G= BC5)6+5)%n')/+( , 5)*-%�/+5N6+/ 6 , (+2 3 1�% L %�, 8 2-/ L *-,+%�/0PX2-* , - 2<= K
	0(H%�5)(HB �
2 3 5)*M' 3 �+*-2 8�, ;�6+BC* 8 ��8 5)%l(+5)*-'Q%�, 1�B L ( 8 % �UE BC/+5i/+, (+* � R %�T BC,+1 8 *-BC,+, 3 , 8n3 OC%�1l/+,+%*-, 8 %�,+')* 8�, 6+% # � � ��� 1 L 2 ;&1�% 8 %�5 L %i*-,+6+/+* 8 /+,�6 , (+2 3 1�% L %�, 8 2-/ L *-,+%�/0PY5 , ')*-6+/+%�2



� � � ��� � � � � � � ��� � ����� ��� ��� � � �6��� � � � ���
	 � ��� � ����
 �K�
� �	��� ��� # m o
6+% J�L ��� �� , (H%�/ 8 6+BC,+1j%�' 8 * L %�5iF:/+%W2 3 T 5 , F:/+%�,+1�%Y6+%j2 3Y8 5 3 ,+')* 8 *-BC, 6G= K+BC5)2-B R %�')%�5 3
6 , (+2 3 1 , %I6+%IF:/+%�2-F:/+%�' L ���$%�,j5 3 *M'[B�,�6+%I2 3 (+5 , ')%�,+1�%D6+%�'AT 3 *-')1�% 3 /0P�6+/�(+* � R % �
� �+U1Y ��U@U�VWR9X

� , 5 3 *-')BC, 6+%l2 3 6+*�� , 5)%�,+1�%l%�, 8 5)%l2-%�'QT 3 1 8 %�/+5)'n6+% � 3 ,+6 , 6+%�' ,�893Z8 ' 1S0

% 8
3P0

2 3 T 5 , F:/+%�,+1�% 6+%Y2 3 8 5 3 ,+')* 8 *-BC, 6G= K+BC5)2-B R %W%�' 8 6 , (+2 3 1 , %X( 3 5	%��g% 8 � %�% L 3 ,
6+/ (+5)% L *-%�5�BC5)6+5)%XF:/+%�2-F:/+% ')BC* 8 2 3 (HBC2 3 5)*-' 3Z8 *MBC, 6+/ 2 3 ')%�5�6G= *-, 8 %�5)5)B R!3Z8 *-B�, p 1�T
§ � � # � �<q>� � %�(H%�,+6 3 , 8 ;&*-2#T 3 / 8 ')BC/+2-* R ,+%�5VF:/+%i2-%.6 , (+2 3 1�% L %�, 8 6+%QT 5 , F:/+%�,+1�%n%�' 8 -

,+BC/eOC% 3 / ' 	 L ,�8 5)*-F:/+%j(HBC/+5n2-%�'n')BC/+' �",+*MO!% 3 /0P
+mF

% 8 −mF � � *-,+')*<; 2 3 O 3 2-%�/+5L B 	!%�,+,+% 6+%�'.T 5 , F:/+%�,+1�%�'Q6+%�' 8 5 3 ,+')* 8 *-BC,+' 1S0,mF = +1
2
− 3P0,mF = +1

2

% 8
1S0,mF = −1

2
− 3P0,mF = −1

2

%�' 8 *-,+6 , (H%�,+6 3 , 8 %I6+%h2<= %��g% 8�� %�% L 3 , � � ,�(]%�/ 86+BC,+1
'�= 3 �g5 3 ,+19K+*-5@')* L /+2 893 , ,�L %�, 8 6+%
1�% 8 %��g% 8 % 8 6+%
2<= %��g% 8 6+%�2 3 (HBC2 3 5)*-' 3Z8 *MBC,N6+%�'
T 3 *-')1�% 3 /0P�6+/ (+* � R %n%�, %>Pe1�* 893 , 8Q3 2 8 %�5), 3Z8 *MO!% L %�, 8 2-%�'N')BC/+'.,+*MO!% 3 /0P 1S0,mF =
±1

2

r *-2+T 3 / 8 / 8 *-2-*M')%�5U/+, 2 3 ')%�5U6G= *-, 8 %�5)5)B R!3Z8 *-BC, - � m � , L %�,	(]BC2 3 5)*-' 3Z8 *MBC,
π
% 8 6+%�'

T 3 *-')1�% 3 /0P�(+* � R %�'
,G= 3 	 3 , 8 ( 3 'A6+%I1�B L (HBC' 3 , 8 %
π �� 3 6+*�� , 5)%�,+1�%h%�, 8 5)%h2-%�'7T 3 1 8 %�/+5)'�6+% � 3 ,+6 , 6+%�' ,�893Z8 ' 1S0

% 8 3P0

(+5)B?O0*M%�, 8 6+/
1�BC/+(+2 3�R %�K
	0(H%�5 � ,n6+/i,+*MOC% 3 / 3P0

3 OC%�1A2-%�' ,�893Z8 ' 3P1
% 8 1P1 � � ,i(]%�/ 8 5)% L 3 5)F:/+%�5F:/+%k2-%�' T 3 *-')1�% 3 /0Pi6+/ (+* � R %A1�BC/+(+2-%�, 8 2-% 3P0

3 OC%�1k6G= 3 / 8 5)%�' ,�893Z8 '�;:(+5)*-,+1�*-( 3 2M% L %�, 8
2-% 3S1

% 8 2-% 3D1 � �k, 1 3 2-1�/+2k6+%W(H%�5 8 /+5 � 3Z8 *-BC, 3 / (+5)% L *-%�5nBC5)6+5)%W(H%�5 L % 8 ( 3 5%>Pe% L (+2-%j6+%W1 3 2-1�/+2-%�5
ε
2 3 1�BC, 893�L *M, 3Z8 *-BC, 6+%W2<= ,�893Z8 3P0

( 3 5 2<= ,�893Z8 3S1 �7E BC/+5/+,Y(+* � R %DT BC,+1 8 *-BC,+, 3 , 8 - � # � , L�3 O!%�1Q/+,+%.*-, 8 %�,+')* 8�, 2 3 ')%�5V6+% # � � ��� 1 L 2 ; ε =
3× 10−5 � � %D1�B0%�mn1�*-%�, 8 ,G= %�' 8 ( 3 'A, ,�R 2-* R % 3 �+2-%h( 3 5
5 3 (+(HBC5 8k3 /0Pl1�B:%�mn1�*-%�, 8 'k6+%1�BC/+(+2 3�R %�'AK
	0(H%�5 � ,+' p 893 � � � # q>� �&%�'k6 , (+2 3 1�% L %�, 8 'k6+%$T 5 , F:/+%�,+1�%N6+%�' 8 5 3 ,+')* 8 *-BC,+'
1S0,mF = ±1

2
− 3P0,mF = ±1

2

')BC, 8 6+BC,+1Q')* R ,+* � 1 3Z8 *MOC% L %�, 8$L B06+* ��, 'h( 3 5$2 3
(+5 , ')%�,+1�%N6+%�'
T 3 *-')1�% 3 /0P�6+/l(+* � R % �� 3AL ,�8 K+B:6+%U6G= *-, 8 %�5)5)B R!3Z8 *-BC,$(+5)BC(HBC' , %�; (H%�5 L % 8 6+%U'�= 3 �g5 3 ,+19K+*-5�6+%U2<= %��g% 8�� %�% �
L 3 ,.6+/.(+5)% L *-%�5�BC5)6+5)% ��� ,.5)%�O 3 ,+19K+%
2<= %��g% 8!� %�% L 3 ,.6+/Q')%�1�BC,+6iBC5)6+5)%76+%�O05 3 ��8 5)%%�' 8 * L , %�, 8 %�, 3 , 8 1�B L ( 8 %I6+/�1�BC/+(+2 3�R %$6+%I2<= ,�893Z8 3P0

3 O!%�1I2-%�' 3 / 8 5)%�'A,+*MOC% 3 /0P �
� R��+(	X�X_U�VWU�X	Y-,�[ T)( � P * X (/]5�

�&% 19K 3�L ( , 2-%�1 8 5)*-F:/+% 6+/ 5 3 	CBC,+,+% L %�, 8l8 K+%�5 L *-F:/+% ,�L *-'�( 3 5l2<= %�,+1�%�*-, 8 % -

O0*-6+%D%�, 8 BC/+5 3 , 8 2-%�' 3Z8 B L %�'A6 , (+2 3 1�%D2 3.8 5 3 ,+')* 8 *-BC,�6G= K+BC5)2-B R % � � ,j')/+(+(HBC')% R , , , �5 3 2-% L %�, 8 F:/+%.1�%.5 3 	CBC,+,+% L %�, 8 %�' 8 /+,W5 3 	!BC,+,+% L %�, 8 6+%.1�BC5)(+'h,+BC*-5 � � 3 6+%�,+')* 8�,')(H%�1 8 5 3 2-%I6G= , ,+%�5 R *-%hO!BC2-/ L *-F:/+% - 2 3.8 % L ( , 5 3Z8 /+5)%
T
%�' 8h3 2MBC5)'
6+BC,+, , %D( 3 5 r

ρ (ν) =
hν

ehν/kBT − 1
× 8πν2

c3

p � � s # q
� /+5V2 3 �SR /+5)% � � # s %�' 8V8 5 3 1 , %N1�% 8)8 %N6+%�,+')* 8�, ')(H%�1 8 5 3 2-% -n8 % L ( , 5 3Z8 /+5)% 3�L �+* 3 , 8 %�;
%�,�T BC,+1 8 *-BC,�6+%

ν
2 3 T 5 , F:/+%�,+1�%D6+/l5 3 	CBC,+,+% L %�, 8 �



# m � ������� � ����� �

��� � � � � # s ���  
.@&57 4(<�& I  3?
45)A$>"D �B?> <
.@ 
)0� 7D �6F='" :10�7DEF:@ �BC: )A$�� ='.1.@ 
0� 
.84JBC:Z?3=') I &G.@='7 )* $(%(% �
L
�G. $K7 .@BC7DEF:@< "%$#� )(<3EF:@ 
.@?3 B1 "%$K45)A$>.@&57 457D='.

3P0 − 3D1
6 "("�1 � 46� 7

L

� 3 6+%�,+')* 8�,IL B 	C%�,+,+%I6G= , ,+%�5 R *-%I5 3 	CBC,+, , %D%�' 8 6+BC,+, , %D( 3 5 pA` # s a ;S( � � m � q r
∫

ρ (ν) dν = ε0 〈E2(t)〉 p � � s J q
avec : 〈E2(t)〉 =

[

831.9× T

300

]2

(V.m−1)2 p � � s �<q
� J m

� $ ;02-%V6 , (+2 3 1�% L %�, 8 6+%VT 5 , F:/+%�,+1�%I6+%h2<= ,�893Z8 T BC,+6 3�L %�, 893 2H2-* , - 2 3 (HBC2 3 5)*-' 3 �
�+*-2-* 8�, ' 893Z8 *-F:/+%.6+%.1�% 8 ,�893Z8*p

3 × 10−39 � � L 2 � � ` # � # a q O 3 / 8I3 2-BC5)'�� # � o ��� �gE BC/+51 3 2-1�/+2-%�5h2-%Q6 , (+2 3 1�% L %�, 8 6+%QT 5 , F:/+%�,+1�%n6+%i2 3 8 5 3 ,+')* 8 *-BC,W6G= K+BC5)2-B R %.( 3 5I% �g% 8 6+/
5 3 	CBC,+,+% L %�, 8 6+/ 1�BC5)(+'n,+BC*-5�; 2-%�6 , (+2 3 1�% L %�, 8 6+%j2<= ,>8>3?8 3P0

6+BC* 8���8 5)%l5)% 8 5 3 , �
19K , � 
"2ST 3 / 8 ( 3 5 3 *-2-2M%�/+5)' 8 %�,+*-5U1�B L ( 8 %A6+%�'�1�BC/+(+2 3�R %�' 3 OC%�1k2-%�' 3 / 8 5)%�' 8 5 3 ,+')* 8 *-BC,+'3Z8 B L *MF:/+%�'�;S(+5)*-,+1�*-( 3 2-% L %�, 8 2 3.8 5 3 ,+')* 8 *-BC, 3P0 − 3D1

-�#�# o � ��� p �SR � � # s q>�
�k,	1 3 2-1�/+2H1�B L (+2-% 8�3 ,>8�, %��g%�1 8 / , ( 3 5#� � $ 3Z8 BC5)*<; � � � �eE 3 2<= 19K+* �CB O 

�&��� ` �!o a ��&%I6 , (+2 3 1�% L %�, 8 6+%IT 5 , F:/+%�,+1�%NB�� 8 %�,0/l%�' 8 6+% � J � s ��� - J m

� $ �SE BC/+5k%�' 8 * L %�5
1�%6 , (+2 3 1�% L %�, 8 -nL *-%�/0PlF:/+% # � L ����;]*-2&T 3 /+6+5 3 * 8 6+BC,+1N1�BC, 8 5 � 2-%�5k2 3i8 % L ( , 5 3Z8 /+5)%
3 /l,+*MOC% 3 /j6+% � � � $ � �&%D5 3 	!BC,+,+% L %�, 8 6+/j1�BC5)(+'k,+BC*-5 3 (+( 3 5 3 � 8k3 2-BC5)'A1�B LnL %$/+,6+%�'i%��g% 8 'Q2-%�'Q(+2-/+'Q6+*Mmn1�*-2-%�' -WL 3 � 8 5)*M')%�5 � � , (H%�/ 8 1�%�(H%�,+6 3 , 8 5)% Ln3 5)F:/+%�5iF:/+%1�% 8)8 %$O 3 2-%�/+5 8 K , BC5)*-F:/+% 3 (+(]%�2-2-%$/+,+%$O , 5)* � 1 3Z8 *-BC,�%>Pe( , 5)* L %�, 893 2-% �
MON@P;QSR9TCU�VWU�X	YZQ\[�V^]\X_U�[ � ]\X ,�[�]�Y P�R �OQSU QSR * U
� , �%]\X	Y U
���8( &!R�Y ]�(	X

�k,+%$* L (+/+2-')*-BC,
π
')/+5A2 3N8 5 3 ,+')* 8 *-BC, 1S0 − 3P0

%��g%�1 8 / , %D(]%�,+6 3 , 8 /+,+%I6+/+5 , %
τint = 1

'k1�BC5)5)%�')(]BC,+6 - /+,+%D(+/+2-' 3Z8 *-BC,�6+% 	k3 �+* r
Ω698 = π/τint � � = *-, 8 %�,+')* 8�, 6+/



� � � ��� � � � � � � ��� � ����� ��� ��� � � �6��� � � � ���
	 � ��� � ����
 �K�
� �	��� ��� # m �
2 3 ')%�5 - � m � , L %�' 8V3 2-BC5)' r

I698 =
2π2

τ 2
int × Γ2

698

Isat
698 ' 200 pW/cm2

� , (H%�/ 8 5[% L 3 5)F:/+%�5QF:/+%�2<= *-, 8 %�,+')* 8�, 5)%�F:/+*-')%�%�' 8 *-,!OC%�5)')% L %�, 8 (+5)BC(HBC5 8 *-BC,+,+%�2 -
τ 2
int � � *-,+')*<; 3 / RCL %�, 8 %�5i2-% 8 % L (+'Q6G= *-, 8 %�5)5)B R!3Z8 *-B�, (H%�5 L % 8 6+%�5 , 6+/+*-5)%�1�BC,+')*-6 , �5 3 �+2-% L %�, 8 1�% 8)8 % *-, 8 %�,+')* 8�, �#E 3 5 3 *-2-2M%�/+5)'�;&2<= *-, 8 %�,+')* 8�, 6+%n' 3?8 /+5 3Z8 *-B�,�%�' 8 (+5)BC(HBC5 �8 *-BC,+,+%�2-2-% - 2 3 2 3 5 R %�/+5k6+%N5 3 *-% � � % 8)8 %.5)%�2 3?8 *MBC,l*-,+6+*-F:/+% 3 2-BC5)'kF:/+%.(]BC/+5V/+,+%N/+,+%6+/+5 , %	6G= *-, 8 %�5)5)B R!3Z8 *-BC, � P , %�;�2<= *-, 8 %�,+')* 8�, 2 3 ')%�5D5)%�F:/+*-')%	(HBC/+5D%>Pe1�* 8 %�5.2-%�' 3Z8 B L %�'
%�' 8 *-,:OC%�5)')% L %�, 8 (+5)BC(HBC5 8 *-BC,+,+%�2-2M% - 2 3 2 3 5 R %�/+5�6+%I2 3 5 , ')BC, 3 ,+1�% ��&%N2 3 ')%�5k6G= *-, 8 %�5)5)B R!3Z8 *-BC,�*-,+6+/+* 8 /+,W6 , (+2 3 1�% L %�, 8 2-/ L *M,+%�/0Pl')/+5V2-%�'k,+*MOC% 3 /0P
6+%.2 3n8 5 3 ,+')* 8 *-BC,j6G= K+BC5)2-B R %N( 3 5h1�BC/+(+2 3�R % 3 OC%�1Q2-%�' ,�893Z8 ' 1P1

; 3S1
% 8 3D1

(+5)*-, �
1�*-( 3 2-% L %�, 8gp �SR � � � #?J q>� � 3 ,+'l2-% 893 �+2-% 3 / � � J ;
')BC, 8 5 3 (+(]BC5 8�, 'l2-%�'l6 , (+2 3 1�% L %�, 82-/ L *-,+%�/0Pn(HBC/+571>K 3 1�/+,�6+%h1�%�'�1�BC/+(+2 3�R %�' � � %�'�5 , ')/+2 893Z8 ' L BC, 8 5)%�, 8 F:/+%h(HBC/+5�/+,8 % L (+'�6G= *-, 8 %�5)5)B R!3Z8 *-BC,i6+% # '�2-%�'U6 , (+2 3 1�% L %�, 8 '�6+%AT 5 , F:/+%�,+1�%V*-,+6+/+* 8 ( 3 5U2-%A2 3 ')%�5
6G= *-, 8 %�5)5)B R!3Z8 *-BC,�')BC, 8 1�B L (+2 � 8 % L %�, 8 , ,�R 2-* R % 3 �+2-%�' �

5 , ')BC, 3 ,+1�% 1S0 − 1P1
3P0 − 3S1

3P0 − 3D16 , (+2 3 1�% L %�, 8 2-/ L *-,+%�/0P � µ
��� � m

µ
��� � µ

���

� ��� � � � J � ��)57 .@?
7 I $>:
	 B1<
I
"%$'?3 
0� 
.F4(&�" :10�7 .@ 
:
	 B@ �"%$ 45)A$>.@&57 457D='. B?> /@=')5"D=��  7 .@BC:17 4

I
$>)/"D �"%$'&( 
) B?> 7 .F4( 
)5)(=��F$>457D='.

I
$>) ?3=':

I
"%$��  �$ 6  3?;B?> $>:145)( 3&/)(<3&(='.�$>.@?3 3&�$>4(='0�7DEF:@ 3&

L
��$>"D?
:1"

 ��9 3?
45:@<�$36F 3?
I698 !&,(%(%/I )+*>?
0

2 L

� [�Y#� U * U��+U1Y *
� = 3 / 8 5)%�' %��g% 8 '@2-* , ' - 6+%�'@2-* L * 893Z8 *MB�,+' 8 %�19K+,+*-F:/+%�' (]BC/+5)5)BC, 8 3 (+( 3 5 3 � 8 5)% � � %�, �8 *-BC,+,+BC,+'k( 3 5V%>Pe% L (+2-%D2 3 6+*Mmn1�/+2 8�, 6+%N1�BC, 8 5 � 2-%�5k2 3 (+K 3 ')%N6+/jT 3 *-')1�% 3 /W2 3 ')%�5 3 /

6 , �+/ 8 % 8 - 2 3 � ,�6G= /+,+%h* L (+/+2-')*MBC, � � BC/+' 3 O!BC,+'�')BC/+2-* R , , (+5 , 1 , 6+% LnL %�, 8 ;eF:/G= /+,6+%�' 3 O 3 , 893�R %�' L 3�� %�/+5)%�'N6G= /+,+%	K+BC5)2-B R %iT BC,+1 8 *-BC,+, 3 , 8Q3 OC%�1	6+%�' 3Z8 B L %�'N(+* ,�R , '
6 3 ,+'I2-%Q5 ,�R * L % � 3�L � � � *-13�C%Q%�' 8 6+%n(]BC/eO!B�*-5I'�= 3 �g5 3 ,+19K+*-5$6+%n2<= % �g% 8 � BC(+(+2-%�5I% 8
6+% 2<= %��g% 8 6+/ 5)%�1�/+2 � � , (H%�/ 8Q3A� BC/ 8 %�5DF:/+%	(HBC/+5N/+,+% 8 % L ( , 5 3Z8 /+5)% 6+%�' 3Z8 B L %�'6+%V2<= BC5)6+5)%k6+%

100 µ
$ 6 3 ,+'72-%k(+* � R %k6+*-(HBC2 3 *M5)%�;!2-%k6 , (+2 3 1�% L %�, 8 1�BC2-2-*M')*-BC,+,+%�2S(HBC/+5

/+,+%nK+BC5)2-B R %QT BC,+1 8 *-BC,+, 3 , 8N3 OC%�1 /+, T %�5 L *-BC,X6+%�O05 3 * 8 ��8 5)% 8 5 � 'DT 3 * �+2-%Q%�,�5 3 *-')BC,
6+/ (+5)*-,+1�*-(H%j6G= %>Pe1�2-/+')*-BC, 6+% E 3 /+2-* ` � � a � � %Y(+2-/+'�;7*-2k(]BC/+5)5 3 ��8 5)% L *-,+* L *-' , %�,19K 3 5 R % 3 , 8 2-%$5 , ')% 3 /jBC( 8 *-F:/+% 3 OC%�1I/+,l')%�/+2 3Z8 B L %h( 3 5A')* 8 % �
02(	X�T1Q\[ * ]�(	X

� %�' %�' 8 * L 3Z8 *-BC,+' L BC, 8 5)%�, 8 F:/+%j2-%�'i6 , (+2 3 1�% L %�, 8 'n6+%�T 5 , F:/+%�,+1�%j6+%�O05 3 *-%�, 8
(HBC/eOCBC*-5 ��8 5[%h1�BC, 8 5 � 2 , ' -.L *-%�/0P	F:/+% # � L ����;0')BC* 8

2× 10−17 %�,�O 3 2-%�/+5�5)%�2 3Z8 *MO!% �



# m � ������� � ����� �

E BC/+5 L %�')/+5)%�5A%>Pe( , 5)* L %�, 893 2-% L %�, 8 6+%�'A%��g% 8 'A6+%$1�% 8 BC5)6+5)%$6+% R 5 3 ,+6+%�/+5�;+2 3 ' 893 ��+*-2-* 8�, 6+%n2<= K+BC5)2-B R %Q6+BC* 8 (]%�5 L % 8)8 5)%n6G= 3Z8)8 %�*-,+6+5)%i1�%n,+*MO!% 3 / 6+%n5 , ')BC2-/ 8 *-BC,X%�,�/+,
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(]BC/+5)5)BC, 8 ��8 5)% 8 5 3 ,+'_T , 5 , '
OC%�5)'�2-%A,+*MO!% 3 /nT BC,+6 3�L %�, 893 2](HBC/+5 ��8 5)%V6 ,�8 %�1 8�, ' ,�R!3 2-% L %�, 8 ')/+571�% 8)8 %V5 , ')BC, 3 ,+1�% �
E 2-/+')*-%�/+5)' 8 %�1>K+,+*-F:/+%�'�')BC, 8 %�,!O0*-' 3�R % 3 �+2-%�' � � ,I(H%�/ 8 ( 3 5&%>Pe% L (+2-%U/ 8 *-2-*M')%�5G6+%�'�T 3 *-' �1�% 3 /0P�2 3 ')%�5 - � � m , L % 8 � � ��, L (HBC/+5N(]B L (H%�5DBC( 8 *-F:/+% L %�, 8N8 BC/+'N2-%�' 3Z8 B L %�'
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√
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- ( 3 5 8 *M5N6G= /+, � % 8i3Z8 B L *-F:/+% 6 , 1 , 2 , 5 , ( 3 5./+, 5 3 2-%�, 8 *-')')%�/+5 � %�% L 3 , ��E BC/+5.(H%�5 �L % 8)8 5)%�/+, �HBC, T BC,+1 8 *-BC,+,+% L %�, 8 6+%l2 3 T / 8 /+5)%�K+BC5)2-B R %�;@*-2 ,�893 * 8 (+5)* L BC5)6+* 3 276+%
5 ,43 2-*-')%�5�/+,�(+* � R %V(HBC')' , 6 3 , 8 /+, 893 /0P	6+%h1 3 ( 8 /+5)% , 2-%�O , � � % 8 B�� � %�1 8 *MT&%�' 8A3Z8)8 %�*-, 8(+/+*-')F:/+%�,+BC/+' 3 O!BC,+'�(+* ,�R , � /+')F:/G= -

1.3×109 3Z8 B L %�'�6+% 88
� 5 - /+, 893 /0PI6+%

4×10103Z8 B L %�'�( 3 5&')%�1�BC,+6+% � � % 893 /0PI%�' 8@3 1 8 /+%�2-2-% L %�, 8 2-%U(+2-/+' , 2M%�O , (HBC/+5�/+,N(+* � R % T BC,+1 �8 *-BC,+, 3 , 8.3 OC%�1	6+%�' 3Z8 B L %�'N6+% ' 8 5)BC, 8 *-/ L � 
"2�(HBC/+5)5 3 %�,+1�BC5)% ��8 5)% 3 / RCL %�, 8�, %�,6+*-')(HBC' 3 , 8 6+%i(+2-/+'$6+%i(+/+*-')' 3 ,+1�%n(]BC/+5I5)%�T 5)BC*-6+*-5V% 8 (+* ,�R %�5$2-%�' 3Z8 B L %�' � � 3 ,+'I1�%�+/ 8 ;S/+,+%I6+%�/0Pe* � L %I')BC/+5)1�%I2 3 ')%�5 - s�� # , L %�' 8 %�,l1�BC/+5
6+%I6 , O!%�2-BC(+(]% L %�, 8 �
� 3�8 % L ( , 5 3Z8 /+5)%n6+%�' 3Z8 B L %�'I(+* ,�R , 'N%�' 8.3 1 8 /+%�2-2-% L %�, 8 6+% 2<= BC5)6+5)%i6+% J�L $ �

E BC/+5n%��g%�1 8 /+%�5n2<= *-, 8 %�5)5)B R!3Z8 *-B�, 6G= K+BC5)2-B R %�;@2-%�' 3Z8 B L %�'Q6+%�O05)BC, 8���8 5)% 8 5 3 ,+'_T , 5 , '6 3 ,+'i/+, (+* � R %�6+*-(]BC2 3 *-5)%	6+BC, 8 2 3 (+5)B�T BC,+6+%�/+5i6+%�'n(+/+* 8 'Q')%�5 3X8 	0(+*-F:/+% L %�, 8 6+%# ���
µ
$ � � OC%�17/+,N(+5)B:1�%�')')/+'@6+%�1 3 ( 8 /+5)%�')/emn' 3�LnL %�, 8 (H%�5_T BC5 L 3 , 8 - s�� # , L ;4/+,+%T 5 3 1 8 *-BC,Y')* R ,+* � 1 3Z8 *MOC%.6G= 3Z8 B L %�'h(H%�/ 8 ��8 5)%Q6+*-5)%�1 8 % L %�, 8 19K 3 5 R , %i6 3 ,+'$1�%i(+* � R % �� %�1�* , O0* 8 %�5 3 * 8 6G= 3 OCBC*-5 - %��g%�1 8 /+%�57/+,+%k6+%�/0Pe* � L % ,�893 (H%k6+%k5)%�T 5)BC*-6+*-')')% L %�, 8 6 3 ,+'

/+, E � � T BC,+1 8 *-BC,+, 3 , 8 ')/+5�2 3 5 , ')BC, 3 ,+1�% 1S0− 3P1

F:/+*H(H%�5 L % 8 6G= 3Z8)8 %�*-,+6+5)%V6+%�'



J � J � ����������	 � ���

8 % L ( , 5 3Z8 /+5)%�' *-,eT , 5)*-%�/+5)%�' - #
µ
$ L 3 *M'�F:/+*+%�' 8 6 , 2-*-1 3Z8 % -hL % 8)8 5)%�%�,QB0%�/eO05)%
(]BC/+5

2-% 87
� 5 ` #�# � a �eE 3 5 3 *-2-2M%�/+5)'�;0%�, 3 / RCL %�, 893 , 8 2<= %�mn1 3 1�* 8�, 6+/	(+5)B01�%�')')/+'
6+%h5 3 2-%�, 8 *-' �')% L %�, 8 ;+2 3D8 % L ( , 5 3Z8 /+5)%h6+/�T BC/+5�(]BC/+5)5 3 ��8 5)%$6+* L *M,:/ , % 8 BC/ 8 %�, L 3 *-, 8 %�, 3 , 8 /+,

893 /0P 6+% 1 3 ( 8 /+5)% , 2-%�O , � � %�1�*7(]%�5 L % 8)8 5 3 * 8 6+% L *-%�/0PX1�BC, 8 5 � 2-%�5D2-%i6 , (+2 3 1�% L %�, 86+%QT 5 , F:/+%�,+1�% 6+%n2 3	8 5 3 ,+')* 8 *-BC,Y6G= K+BC5)2-B R %i*-,+6+/+* 8 ( 3 5I2-%i5 3 	!BC,+,+% L %�, 8 6+/�1�BC5)(+'
,+BC*-5�F:/+*&(HBC/+5)5 3 * 8���8 5)%I/+,l%��g% 8 2-* L * 893 , 8 2 = %>P 3 1 8 * 8 /+6+%I6+%I2<= K+BC5)2-B R % �

� 3 ,+'N2 3 6+%�/0Pe* � L % ( 3 5 8 *-%i6+% 1�% L ,�L BC*-5_%i')BC, 8 6 ,�893 *-2-2 , %�'D2-%�' ,�893 (H%�' L *-')%�'
%�,lB0%�/eO05)%D(]BC/+5A6 ,�8 %�1 8 %�5k2 3.8 5 3 ,+')* 8 *-BC,�6G= K+BC5)2-B R %$6+/ 87

� 5 � � BC/+' 3 OCBC,+'k6G= 3 �]BC5)6%��g%�1 8 / , 6+%�' L %�')/+5)%�'�6+%
T 5 , F:/+%�,+1�%k6+%k5 , ')BC, 3 ,+1�%�'7BC( 8 *-F:/+%�'U(+2-/+' 2 3 5 R % L %�, 8 (H%�5 �
L *-')%�'VF:/+*@BC, 8 (]%�5 L *-'V6+%Q6 ,�8 %�5 L *-,+%�5V2 3 T 5 , F:/+%�,+1�%i6+%.2 3n8 5 3 ,+')* 8 *-BC,j5)%�19K+%�5)19K , %
3 OC%�1n/+,+%n*-,+1�%�5 8 * 8 /+6+%i6+% � � ����� � � K 3 F:/+% 5 , ')BC, 3 ,+1�% 3%,�8�, 6 ,�8 %�1 8�, % ')%�2-BC, /+,+%
L ,�8 K+B:6+%�6+*�� , 5)%�, 8 % � � % 8)8 %�' , 5)*-%�6+% L %�')/+5)% - %�, BC/ 8 5)%�(H%�5 L *-'.6+%�1�B L (+2 ,�8 %�5
2-%�'�� 3 ')%�'N6+% 6+BC,+, , %�' 3Z8 B L *-F:/+%�'I6+/ ' 8 5)BC, 8 *-/ L F:/+*�%�' 8 /+, 3Z8 B L %i%�,+1�BC5)% (H%�/
,�8 /+6+* , %�, 1�B L ( 3 5 3 *-')BC, 6+%�' 3 2-1 3 2-*M,+' � � BC/+' 3 OCBC,+'	%�,+')/+* 8 % L *-' 3 / (HBC*-, 8 /+,+%8 %�19K+,+*-F:/+%k(H%�5 L % 8)893 , 8 6+%A6 ,�8 %�1 8 %�5�6+*-5)%�1 8 % L %�, 8 2 3h8 5 3 ,+')* 8 *-BC, 1S0− 3P0

6+/ 87
� 5

6 3 ,+'V2-% E � � � � BC/+' 3 OCBC,+' 3 *-,+')*�(+/W5 ,43 2-*-')%�5k2 3 (+5)% L * � 5)% L %�')/+5)%N6+%DT 5 , F:/+%�,+1�%6+%I1�% 8)8 % 8 5 3 ,+')* 8 *-BC,�6G= K+BC5)2-B R % 3 O!%�1I/+,+%D*-,+1�%�5 8 * 8 /+6+%$6+% # o ����� � � 3iL ,�8 K+B:6+%I6+%
6 ,�8 %�1 8 *-BC,W6 , OC%�2-BC(+( , %Q(]%�/ 8 ��8 5)% 3 (+(+2-*-F:/ , %N(HBC/+5VB��+')%�5_O!%�5$6G= 3 / 8 5)%�' 8 5 3 ,+')* 8 *-BC,+'
T BC5 8 % L %�, 8 *-, 8 %�5)6+* 8 %�' � � ,W( 3 5 8 *-1�/+2-*-%�5�;S(HBC/+5k2 3i8 5 3 ,+')* 8 *-BC, 1S0 − 3P0

6+%N2<= 	 8)8 %�5 �
�+*-/ L F:/+*�(HBC/+5)5 3 * 8 ��8 5)%�/ 8 *-2M*-' , %	1�B LnL % 8 5 3 ,+')* 8 *-BC, 6G= K+BC5)2-B R %�;@1�% 8)8 % L ,�8 K+B:6+%
6+%�O05 3 * 8 (H%�5 L % 8)8 5)%$/+,+%D6 ,�8 %�1 8 *-BC, 3 O!%�1I/+,l1�BC, 8 5 3 ' 8 %I(+5[B:19K+%D6+% # ��� � �


"2�5)%�' 8 %�%�,+1�BC5)%�6+%	,+B L �+5)%�/+')%�' ,�893 (H%�' - 6 , � ,+*-5.% 8QL % 8)8 5)% 3 / (HBC*-, 8 (HB�/+5
2 3 5 ,43 2-*-' 3Z8 *-B�, 6+%j2<= K+BC5)2-B R %�BC( 8 *-F:/+% - 3Z8 B L %�'n6+%j' 8 5)BC, 8 *-/ L (+* ,�R , ' � � 3 *-' 2-%�'(]%�5)')(H%�1 8 *MOC%�' ')BC, 8i8 5 � 'i(+5)B L % 8)8 %�/+')%�'n(+/+*-')F:/G= *-2
')% L �+2-%�5 ,43 2-*-' 8 %	6G= B�� 8 %�,+*-5i/+,+%
' 893 �+*-2-* 8�, 6+%jT 5 , F:/+%�,+1�%W(+5)B019K+%W6+%

10−16 × τ−1/2 % 8 6+%j(HBC/eOCBC*-5n1�BC, 8 5 � 2-%�5n2-%�'6 , (+2 3 1�% L %�, 8 'U6+%
T 5 , F:/+%�,+1�% -$L *-%�/0PQF:/+% # � L ����;C')BC* 8
2×10−17 %�,iO 3 2-%�/+5U5)%�2 3 �8 *MOC% � � %�'�1 3 5 3 1 8�, 5)*-' 8 *-F:/+%�'U(H%�5 L % 8)8 5)BC, 8 6+%A(HBC/+')')%�5�%�,+1�BC5)%k(+2-/+'U2-BC*-,Q2-%�' 8 %�' 8 '�6+%(+K
	0')*-F:/+%$T BC,+6 3�L %�, 893 2-%V5 ,43 2-*-' , ' 3 O!%�1$6+%�'AK+B�5[2MB R %�' �+E 3 5 3 *-2-2M%�/+5)'�;e2-%�' ,�893 2-BC,+'�6+%

T 5 , F:/+%�,+1�% -V3Z8 B L %�'�,+%�/ 8 5)%�'#T BC,+1 8 *-BC,+, 3 *-%�, 8 � /+')F:/G= - (+5 , ')%�, 8 %>Pe1�2-/+')*MOC% L %�, 8@3 O!%�1
6+%�' �HBC')BC,+' � � = K+BC5)2-B R % - ' 8 5)BC, 8 *-/ L (H%�5 L % 8)8 5 3 6G= ,�8 %�,+6+5)% 2-%�' 3 (+(+2M*-1 3Z8 *-BC,+'I6+%�'
,�893 2-BC,+'�6+%7T 5 , F:/+%�,+1�%
%�,Q%��g%�1 8 / 3 , 8 6+%�2 3 ')(]%�1 8 5)BC')1�BC(+*-%
6+% 8 5 � '@K 3 / 8 %�5 , ')BC2-/ 8 *-BC,
3 OC%�1	6+%�'NT %�5 L *-BC,+' �#E 3 5N%>Pe% L (+2-%�;#2-%�'N*-, 8 %�5 3 1 8 *-BC,+'IT %�5 L *-BC,+*-F:/+%�' -l8 5 � ' � 3 ')')%�'
8 % L ( , 5 3Z8 /+5)%�'7(HBC/+5)5)BC, 8 �>8 5)% ,�8 /+6+* , %�' � � %�2-2-%�' �"1�* � BC/+%�, 8 /+,	5 � 2-%k* L (]BC5 893 , 8 6 3 ,+'2<= ,�8 /+6+%$6+%�' R!3 �$6+% � %�5 L * ` � � ; # � � ; # ��
 a �� = K+BC5)2-B R %jBC( 8 *-F:/+% - 3Z8 B L %�' 6+%W' 8 5)BC, 8 *-/ L 6+/ \ ��� � � ! 	 � � � , , , � 1�*-%�5 3
6G= /+,i%�,!O0*-5)BC,+,+% L %�, 8UL ,�8 5)BC2-B R *MF:/+%7(+5)*MO0*-2 ,�R * , � �&%
2 3 �HBC5 3Z8 BC*M5)%7(HB�'[' � 6+% 8 5)BC*-'#T BC, �893 *-,+%�' 3Z8 B L *-F:/+%�'
6+BC, 8 2<= %>P 3 1 8 * 8 /+6+%$')%$')* 8 /+% 3 / 8 BC/+5
6+%

1× 10−15 � � %�'k1�B L ( 3 �5 3 *-')BC,+'h6+%QT 5 , F:/+%�,+1�%nBC( 8 *-F:/+% �ZL *-1�5)B �"BC,+6+%.(]BC/+')' , %�'D(HBC/+5)5)BC, 8D3 *-,+')* ��8 5)%Q%��g%�1 �
8 / , %�' 3 / L B 	!%�,Y6G= /+,+%Q19K 3 � ,+%N6+%NT 5 , F:/+%�,+1�% � 3 ' , %.')/+5h/+,Y2 3 ')%�5kT % L.8 BC')%�1�BC,+6+% �



J � �
� = K+BC5)2-B R % - ' 8 5)BC, 8 *-/ L 6+%�O05 3 * 8 (]%�5 L % 8)8 5)%D6+%I')/+5)( 3 ')')%�5V2-%I,+*MOC% 3 /l6G= %>P 3 1 8 * 8 /+6+%
6+%�'DT BC, 893 *-,+%�' �#E BC/+5 ��8 5)% ( 3 5_T 3 * 8 % L %�, 8 , O 3 2-/ , %�;#*-2@T 3 /+6+5 3l3 2-BC5)'I6+*-')(HBC')%�5D6G= /+,
6+%�/0Pe* � L % ,�893 2-BC, 6+%VT 5 , F:/+%�,+1�%$(HBC')' , 6 3 , 8 /+,�,+*MOC% 3 /	6G= %>P 3 1 8 * 8 /+6+%h1�B L ( 3 5 3 �+2-% �
E BC/+5.1�%�2 3 /+,+%�6+%�/0Pe* � L %	K+BC5)2-B R % BC( 8 *-F:/+% -W3Z8 B L %�'.(+* ,�R , '.(HBC/+5)5 3 * 8 ��8 5)%�6 , �
OC%�2-BC(+( , % � 
"2#')%�5 3 * 8 *-, 8�, 5)%�')' 3 , 8 6G= / 8 *-2-*M')%�5k/+, 3 / 8 5)% 3Z8 B L %D1�B LnL %I( 3 5V%>Pe% L (+2-%2<= 	 8)8 %�5 �+*-/ L ;e6 , ��- 19K+BC*-')*G( 3 5A6G= 3 / 8 5)%�'A2 3 �HBC5 3Z8 BC*M5)%�'�;+BC/�2-% L %�5)1�/+5)% �
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� ��� 	 ��� ��� ��� � ����

�G�#� 
Q��� � � ��
����
� � 
Q�#� ��� �

O0* 8 %�')')%I6+%D2 3 2-/ L * � 5)%
c

J�
�
 � 
!J 
:o � L � ' −1 
 %>P 3 1 8��1�BC,+' 893 , 8 %D6+% E 2 3 ,+1�� h
� � � J � ����� � � 
 o J�� ×10−34 � � '1�BC,+' 893 , 8 %D6+% \ BC2 8���Ln3 ,+, kB

# � � ��� �!o � � 
 J 
 � ×10−23 � � $ −1L 3�R , ,�8 BC,�6+% \ BCK+5 µB


 � J � 
 ����� 
�
 
 � � � ×10−24 � � � −1L 3�R , ,�8 BC,�,:/+1�2 ,43 *-5)%
µN

o � �!o � � � � # � 
 J � � ×10−27 � � � −1(]%�5 L ,43 �+*-2-* 8�, 6+/�O0*-6+%
µ0 4π × 10−7 � � � −2 
 %>P 3 1 8��1�BC,+' 893 , 8 %D6+* , 2-%�1 8 5)*-F:/+%
ε0

#��
µ0 c2 � � � �!o 
 # � � �M�M� � � L −119K 3 5 R % , 2 ,�L %�, 893 *-5)%

e 1.602 176 462(63)× 10−19 �
� ����� �N� #�� �������! #"$�� &%�� �'����(�"$)*%��� #"$+,%��- !.0/&1�%��2(�3 � � � � � � " 
(
 ' � 1 �54

� ��� � 
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 �>� ����

� �	� ����� �&

� �

8 �����_^ 9��-::����

����`��������;::

�
� = *-, 8 %�,+')* 8�, 6G= /+,WT 3 *-')1�% 3 / R!3 /+')')*-%�,Y%�' 8 6 , � ,+*M%Q6+% L 3 ,+* � 5)%N1�BC,!OC%�, 8 *MBC,+,+%�2-2-%

')%�2-BC,=<

I(r) =
2 P

π w2
exp

(−2r2

w2

) 
 �N� #>�

P
6 , ')* R ,+%I2 3 (+/+*-')' 3 ,+1�% 8 B 893 2-%h6+/�T 3 *-')1�% 3 /�% 8

w
')BC,l5 3 	CBC, -�#�� % 2 �



J ��� � ��� ��� � �

8 ������� ! ����� 	��gf���
 ��
/���@f �����@f ::���
� , 3 (+(]%�2-2-%h( 3 5 3�L � 8 5)%h6+%$' 3Z8 /+5 3Z8 *-BC,	2-%h5 3 (+(HBC5 8 %�, 8 5)%$2<= *-, 8 %�,+')* 8�, 2 3 ')%�5

I
% 8

2<= *-, 8 %�,+')* 8�, 6+%I' 3Z8 /+5 3Z8 *-BC,
Isat � � , 3i3 2-BC5)'�<

s =
I

Isat

=
2 Ω2

Γ2

 �N� J��

3 OC%�1 <

Isat =
π h c Γ

3 λ3

 �N� � �

Γ =
8π2 d2

3 ε0 ~ λ3

 �N� 
 �

~ Ω = d.E 
 �N� o �

Γ
%�' 8 2-% 893 /0P	6G= ,�L *-')')*-BC, '[(]BC, 8>3 , , %$% 8

Ω
2 3 (+/+2-' 3Z8 *-BC, 6+% 	k3 �+* � � , 3 ,+B 8�, λ

2 3
2-BC, R /+%�/+5k6G= BC,+6+%N6 3 ,+'V2-%IO0*-6+% � d 6 , ')* R ,+%N2-%D6+*-(]BC2-% , 2-%�1 8 5)*-F:/+%D6+%.2<= 3Z8 B L %I% 8

E2<= 3�L (+2M* 8 /+6+%h6+/l1>K 3�L ( , 2-%�1 8 5)*-F:/+% �� ,j5 3 (+(H%�2-2-%IF:/+% <
I = ε0 cE2/2 � � ,j(]%�/ 8$3 2-BC5)'
B�� 8 %�,+*-5k/+,+%D5)%�2 3Z8 *-BC,�/ 8 *-2-%(]BC/+5A1 3 2-1�/+2-%�5

Ω
<

Ω2 =
3 Γ I λ3

2π h c

 �N� � �
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� , 2<= 3 �+')%�,+1�%n6+% ')(+*-, ,0/+1�2 ,43 *-5)%�;&/+, ,�893Z8.3Z8 B L *-F:/+%i%�' 8 1 3 5 3 1 8�, 5)*-' , ( 3 5D2-%�'
,+B L �+5)%�'VF:/ 3 , 8 *-F:/+%�'

L, S
% 8

J
3 ')')B:1�* , 'h5)%�')(]%�1 8 *MO!% L %�, 8I3 / L B L %�, 8 1�*-, ,�8 *-F:/+%

BC5 �+* 893 2 −→
L
; 3 / L B L %�, 8 1�*-, ,�8 *-F:/+%V6+%h')(+*-, , 2-%�1 8 5)BC,+*-F:/+% −→

S
% 8A3 / L B L %�, 8 1�*-, , �

8 *-F:/+% 8 B 893 2g6+%$2<= , 2-%�1 8 5)BC, −→
J =

−→
L +

−→
S � �&%hT 3 1 8 %�/+5
6+% � 3 ,+6 , %�' 8 6+BC,+, , ( 3 5
2 3

5)%�2 3Z8 *-BC, 

	 # �!o�� ; ( � # ��
�� � <

gJ = 1 +
J(J + 1) + S(S + 1)− L(L + 1)

2J(J + 1)

 \V� #>�

E BC/+5./+, ')(+*-, ,:/+1�2 ,43 *-5)% I
,+BC, ,:/+2<;�BC, *-, 8 5)B06+/+* 8

F
2-%	,+B L �+5)%	F:/ 3 , 8 *-F:/+%

3 ')')B01�* ,h3 / L B L %�, 8 1�*-, ,�8 *-F:/+% 8 B 893 2 −→
F =

−→
J +

−→
I � �&%VT 3 1 8 %�/+576+% � 3 ,+6 , '�= , 1�5)* 83 2-BC5)' <

gF = gJ
F (F + 1) + J(J + 1)− I(I + 1)

2F (F + 1)

−gI
µN

µB

F (F + 1) + I(I + 1)− J(J + 1)

2F (F + 1)

 \V� J��

� B L ( 8 % 8 %�,:/j6+/l5 3 (+(HBC5 8 µN/µB �
#�� # � � � ;+2-%$6+%�/0Pe* � L % 8 %�5 L %I%�' 8 , ,�R 2-* R % 3 �+2M%( 3 5
5 3 (+(HBC5 8k3 /l(+5)% L *-%�5�F:/ 3 ,+6j1�%�2-/+*G1�*&,G= %�' 8 ( 3 'A,:/+2 �� 3 ,+'#2-% 893 �+2-% 3 / \V� # ')BC, 8 *-,+6+*-F:/ , '#2-%�'&T 3 1 8 %�/+5)'#6+% � 3 ,+6 , 6+%�' ,�893Z8 '#* L (+2M*MF:/ , '6 3 ,+'A2-%�' L %�'[/+5)%�'A6+%$T 5 , F:/+%�,+1�%�'V6+%�'k19K 3 (+* 8 5)%�' o % 8 � �
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Clock transition for a future optical frequency standard with trapped atoms

Irène Courtillot, Audrey Quessada, Richard P. Kovacich, Anders Brusch, Dmitri Kolker, Jean-Jacques Zondy,
Giovanni D. Rovera, and Pierre Lemonde*

BNM-SYRTE, Observatoire de Paris 61, Avenue de l’Observatoire, 75014 Paris, France
~Received 5 March 2003; published 9 September 2003!

We report direct excitation of the strongly forbidden 5s2 1S0-5s5p 3P0 transition in 87Sr. Its frequency is
429 228 004 235~20! kHz. A resonant laser creates a small leak in a magneto-optical trap~MOT!: atoms build
up to the metastable3P0 state and escape the trapping process, leading to a detectable decrease in the MOT
fluorescence. This line has a natural width of 1023 Hz and can be used for a new generation of optical
frequency standards using atoms trapped in a light-shift-free dipole trap.

DOI: 10.1103/PhysRevA.68.030501 PACS number~s!: 32.30.Jc, 06.30.Ft, 32.80.2t, 39.30.1w
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In addition to being at the heart of the international s
tem of units, extreme frequency metrology finds a wi
range of applications throughout physics. As an exam
tests of the stability of fundamental constants are perform
by comparing the frequencies of different atomic transitio
@1,2#. These laboratory tests are already competitive w
those performed at the cosmological scale@3,4# and improve
with the accuracy of the atomic transitions frequency m
surements. Microwave frequency standards such as ato
fountains now have relative accuracies better than 10215

with potential improvements down to 10216 @5#. Going fur-
ther, however, seems extremely difficult due to the limit
quality factor of the atomic resonance in these devi
(;1010). Optical frequency standards exhibit much high
line-Q, up to 1014 as recently demonstrated in Ref.@6#.
These devices reach fractional frequency instabilities be
10214 over 1 s@7#, almost one order of magnitude better th
fountains@5#. Their current accuracy lies near 1 part in 1014

with anticipated large room for improvement@2,8–11#.
Two different approaches are commonly used to deve

optical frequency standards@12#. The first one is based o
the spectroscopy of a single trapped ion, the second on
spectroscopy of a large ensemble of free falling neutral
oms. It is a commonly shared opinion that the ion appro
may lead to a better ultimate frequency accuracy due to
‘‘perfect’’ control of the ion motion, while the atomic ap
proach should lead to a better frequency stability thanks
the numerous quantum references contributing to the sig
Recently Katori proposed a scheme that combines the ad
tages of both approaches@13#. The idea is to trap neutra
atoms in the Lamb-Dicke regime in an optical lattice oper
ing at a wavelength where the light shift of the clock tran
tion vanishes.

Katori proposed to use 87Sr probed on the
5s2 1S0-5s5p 3P0 line at 698 nm, which indeed seems a
ideal system for the realization of this scheme. ThisJ50
2J50 resonance is only slightly allowed by hyperfine co
pling and its metrological properties are exquisite. A natu
linewidth of;1 mHz can be derived from the hyperfine da
found in Ref. @14#. It has a high insensitivity to externa
electromagnetic fields. The light-shift cancellation is e

*Electronic address: pierre.lemonde@obspm.fr
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pected to occur near 800 nm, a wavelength far from a
atomic resonance and for which powerful and practical la
sources are readily available. Apart from a residual effect
to hyperfine structure, the light-shift cancellation is indepe
dent on polarization. Finally, higher-order effects due to
trapping field are expected to be extremely small on t
particular line@15#. We report here the direct excitation an
frequency measurement of this transition, the most forbid
optical transition of a neutral atom ever directly detected

The experiment is performed on a sample of cold ato
collected in a magneto-optical trap~MOT!. An atomic beam
is decelerated in a Zeeman slower and captured at the c
ing point of three retroreflected beams tuned 40 MHz to
red of the 1S0-1P1(F59/2) transition~Fig. 1!. The setup is
described in details in Ref.@16#. For this particular experi-
ment 33106 87Sr atoms are trapped at steady state at a t
perature of 2 mK. The atomic cloud has a 1/e2 diameter of 2
mm. To probe the 698-nm line, a 14-mW laser beam pas
four times through the atomic cloud in a standing wave c
figuration. The probe beam waist radius is 1.3 mm. Gener
speaking, the detection of extremely forbidden transitions
an experimental challenge, and at first sight it seems a
perate task with our system: the resonance is expected t
Doppler broadened to 1.5 MHz@full width at half-maximum
~FWHM!# more than three orders of magnitude higher th
the Rabi frequency~0.8 kHz!. Thus only 103 atoms are ex-

FIG. 1. Energy diagram of87Sr with wavelength and decay rat
(s21) of the transitions involved in the experiment. For clarity, t
hyperfine structure is not represented (I 59/2).
©2003 The American Physical Society01-1
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COURTILLOT et al. PHYSICAL REVIEW A 68, 030501~R! ~2003!
pected to be resonant with the laser at a time. In addition
efficient fluorescence detection of atoms in the3P0 state is
made difficult by the absence of cycling transition from th
state. Finally the energy of the3P0 state is known from
databases to within a few hundred megahertz only.

To overcome these problems we have first determined
resonance frequency with an accuracy of 110 kHz by m
suring the frequency of the1S0-3P1 line at 689 nm and of
the frequency difference between the3P1-3S1 and 3P0-3S1
transitions at 688 nm and 679 nm, respectively~see Fig. 1!
@17#. Second, to amplify the fraction of cold atoms tran
ferred to the3P0 state by direct excitation, we have take
advantage of the fact that the lifetime of the MOT is 40 tim
larger than the Rabi oscillation period. A laser tuned to re
nance induces a leak in the MOT leading to a detecta
decrease in the number of trapped atoms of 1%.

The experimental setup used for all frequency meas
ments is described in Fig. 2. An extended cavity laser di
~ECLD1! is locked to a high finesse cavity using the Poun
Drever-Hall method@18# with performances reported in Re
@19#. Its frequency is continuously measured vs a hydrog
maser with a scheme based on a self-referenced femtose
Ti:sapphire laser@20,21#. The relative resolution of this mea
surement is typically 3310213 for a 1-s averaging time. A
second laser~ECLD2! is offset-phase locked to ECLD1. Th
beat note between both lasers is mixed with the output
radio-frequency synthesizer to generate the offset-phase
error signal. The bandwidth of the servo control is 2 MH
With this scheme the light of ECLD2, which is sent to th
atoms, can be tuned to any frequency between two mode
the cavity of free spectral range 1.5 GHz by actuating th
synthesizer. Two sets of lasers are used. One can be t
from 675 to 685 nm, the other from 685 to 698 nm.

FIG. 2. Experimental setup used for frequency measureme
An extended cavity laser diode~ECLD1! is locked to a high finesse
Fabry-Pe´rot cavity (F527 000). 100mW are sent to a frequenc
chain based on a femtosecond laser for absolute frequency mea
ment. A second laser~ECLD2! which is used to probe the strontium
atoms is offset-phase locked to ECDL1. The beat note collecte
an avalanche photodiode~APD! is mixed with a radio-frequency
reference. Noise and frequency offsets introduced by optical fi
are negligible in this experiment. EOM: electro-optical modulat
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The frequency of the1S0-3P1(F59/2) transition is mea-
sured with an atomic beam, which appeared to be sim
than with the cold atom setup. The obtained frequency
434 829 342 950~100! kHz, with an uncertainty mainly domi-
nated by statistical noise and imperfect knowledge of
magnetic field.

The determination of the fine-structure splitting betwe
3P0 and 3P1 is performed with the cold atoms. Whil
trapped and cycling on the1S0-1P1 transition, atoms even
tually emit a spontaneous photon which brings them to
1D2 state~Fig. 1!. This state has two main decay channe
to the 3P1 and 3P2 states. Atoms in the3P1 state decay back
to the ground state and are kept in the trap while atoms in
metastable3P2 state are lost. This process limits the lifetim
of the MOT to some 50 ms. We make the fine-structure m
surement by modifying this escape process. If a laser re
nant to one of the hyperfine components of the3P1-3S1 tran-
sition is added to the trap, atoms in the corresponding3P1
state are pumped to the3P2 and 3P0 metastable states. The
escape the trap instead of decaying back to the ground s
This decreases the trapped atom number. Figure 3~a! shows
the fluorescence of the MOT as a function of the 688-
laser detuning from the3P1 ,F59/22 3S1 ,F511/2 reso-
nance.

A direct detection of the3P0-3S1 transition by the same
technique is not possible because3P0 is not populated in the
MOT. Instead, a first signal is obtained by detecting the lig
shift of the 3P1-3S1 transition induced by a 679-nm lase
close to the 3P0-3S1 resonance. With an intensity o
1.8 mW/mm2, a shift of 100 kHz is observed for a detunin
of 100 MHz. For a 679-nm detuning smaller than the wid
of the 688-nm resonance, a dip appears in the resona
profile due to coherent population trapping~CPT!: when the
frequency difference between both lasers matches the ato
fine structure, there exists a coherent superposition of3P1
and 3P0 states which is not coupled to3S1 @22#. Atoms in
this dark state are not pumped to3P2 but decay back to the
ground state in a few 10ms due to the3P1 instability. They
are kept in the MOT. When the CPT dip is centered on
688-nm resonance, the 679-nm laser is tuned to resona
The observed signal in this configuration is shown in F
3~b!. The fine-structure measurement is performed lig
shift-free with both lasers locked on resonance. We measu
a frequency of 5 601 338 650~50! kHz with an uncertainty
mainly due to the magnetic field gradient of the MOT. A

ts.

re-

y

rs

FIG. 3. Relative MOT fluorescence signals obtained when
688-nm laser is swept around the3P1 ,F59/2-3S1 ,F511/2 transi-
tion. ~a! 688-nm laser only;~b! with an additional 679-nm lase
tuned to the3P0 ,F59/2-3S1 ,F511/2 resonance. In this case th
CPT dip is observed. Intensities of the 688-nm and 679-nm la
are 5mW/mm2 and 2 mW/mm2, respectively.
1-2
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CLOCK TRANSITION FOR A FUTURE OPTICAL . . . PHYSICAL REVIEW A 68, 030501~R! ~2003!
cording to these measurements, the1S0-3P0 transition is ex-
pected to have a frequency of 429 228 004 300~110! kHz.

For the direct observation, we induce in the MOT a le
to the 3P0 state with a laser tuned to resonance. The lifeti
of the trap is two orders of magnitude longer than the du
tion of a p pulse on the forbidden transition with the las
parameters given above. This leads to a buildup by the s
factor of the fraction of atoms escaping the MOT if the tran
fer rate to3P0 is constant and if the atoms, once in the3P0
state, actually escape the trapping process. The trapped
number should then decrease by several perecent. One
to fulfill the transfer rate condition could consist in using t
MOT to rethermalize atoms to fill the dip in the veloci
distribution created by excitation to3P0. For the escape con
dition, one could think of optical pumping to3P2 with a
laser tuned to3P0-3S1. In our experiment however, the Dop
pler effect induced by gravity is sufficient to fulfill both con
ditions. The experiment is operated sequentially: by me
of acousto-optic modulators we alternate a capture and c
ing phase with the blue lasers and a probe phase with
698-nm laser. During the probe phases atoms are free fa
both in the ground and exciting states. The frequency sw
caused by acceleration amounts to several times the
frequency per millisecond with the 45° angle formed by t
698-nm probe beam and vertical. Atoms transferred to
3P0 state and the corresponding dip in the velocity distrib
tion of the ground state are then rapidly detuned from
excitation laser. The pulsed operation also avoids any l
shift of the forbidden transition by the trap beams. The op
mization of the time sequence results from a trade-off
tween the capture efficiency of the MOT, the ballistic expa
sion of the atomic cloud during probe phases, and
efficiency of excitation to3P0. With phases of capture of 3
ms duration and probe phases of 1 ms duration, we hav
3106 atoms at steady state in the MOT and the contras
the resonance is 1%. In Fig. 4 is shown the fluorescenc
the trapped atoms vs the 698-nm laser detuning from re
nance. A narrow sub-Doppler structure is expected at
center of the resonance due to the standing-wave config

FIG. 4. Direct observation of1S0-3P0 transition. The line is
broadened by the Doppler effect due to the finite temperature o
atoms to 1.4 MHz~FWHM!.
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tion. With the present signal-to-noise ratio, we are not able
detect it.

We have locked the laser to the1S0-3P0 resonance for the
determination of its frequency. Measurements on both si
of the resonance are alternated with a 140 ms duration.
resulting error signal is integrated and fed back to the s
thesizer driving the offset-phase lock of ECLD2. The av
age frequency is 429 228 004 235 kHz with a residual sta
tical uncertainty of 20 kHz after 2 h of integration. At that
level, the systematic effects are negligible. The first-or
Doppler effect vanishes due to the standing-wave configu
tion. The Zeeman effect induced by the MOT field gradie
is less than 1 kHz, since the Lande´ factors of the1S0 and
3P0 levels are of the order of 1024. The light shift which
would result from imperfect extinction of the blue light
also estimated below 1 kHz. Table I summarizes the indir
and direct measurements and confirms the good agree
between both methods.

The technique used for the direct detection of this line c
be extended to other atomic species. As an example, Yb
the same level scheme as Sr with several isotopes ha
nonzero nuclear spin. With Yb atoms trapped on the1S0-3P1
transition of natural width 200 kHz, the lifetime of the MO
can be much longer than the blue Sr MOT, up to seve
seconds in Ref.@24#. The contrast of the forbidden line
would then be close to 100%.

The observation of the1S0-3P0 transition is a first step
towards the realization of an optical frequency standard
ing trapped neutral atoms. Clearly the next step is the m
surement of the wavelength of the dipole trap beam wh
light-shift cancellation occurs. This measurement requi
better frequency resolution than achieved here, i.e., hig
laser intensity at 698 nm and/or colder atoms.

In this type of optical frequency standards a line-Q as
high as 1015 is achievable if the spontaneous emission rate
the optical trap is less than one per second. With a la
intensity of 83107 W/m2, the trap oscillation frequency ca
be 50 kHz and the spontaneous emission rate 0.4 s21. With a
line-Q of 1015 and a reasonable trapped atom number of
order of 106, ultimate performances are orders of magnitu
better than existing devices. The frequency noise of the la
used to probe the atoms will then be of decisive importa
@19#. State-of-the-art ultrastable lasers use macroscopic r
nators as a reference and exhibit 1/f frequency noise at Fou
rier frequencies below a few Hertz@23#. We propose to cir-
cumvent this problem with a first stage servo control to
atomic transition with a separate setup fully optimized
frequency stability: large number of atoms, favorable du

e

TABLE I. Measured frequencies of87Sr transitions (F59/2 for
all atomic states!.

Transition Frequency~kHz!

5s2 1S0-5s5p 3P1 4348293429506100
5s5p 3P0-5s5p 3P1 5601338650650
5s2 1S0-5s5p 3P0

Indirect measurement 4292280043006110
Direct measurement 429228004235620
1-3
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cycle, etc. At the price of an increase of the experimen
width of the atomic resonance the response time of the
vocontrol can be as fast as desired. With this additional
gree of freedom, the optimization of ultrastable lasers sho
lead to a large improvement of their performances. O
could then approach the demanding requirements of the
tical standard using trapped neutral atoms.
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8630!.
of

e-

.

o

ev.

ys.
@1# H. Marion et al., Phys. Rev. Lett.90, 150801~2003!.
@2# S. Bizeet al., Phys. Rev. Lett.90, 150802~2003!.
@3# T. Damour and F. Dyson, Nucl. Phys. B480, 37 ~1996!.
@4# J. Webbet al., Phys. Rev. Lett.87, 091301~2001!.
@5# S. Bizeet al., in Sixth Symposium on Frequency Standards a

Metrology, edited by P. Gill ~World Scientific, Singapore
2002!.

@6# R.J. Rafacet al., Phys. Rev. Lett.85, 2462~2000!.
@7# S.A. Diddamset al., Science293, 825 ~2001!.
@8# M. Niering et al., Phys. Rev. Lett.84, 5496~2000!.
@9# F. Riehle, G. Wilpers, T. Binnewies, and J. Helmcke, inSixth

Symposium on Frequency Standards and Metrology~Ref. @5#!.
@10# E. A. Curtis et al., in Sixth Symposium on Frequency Sta

dards and Metrology~Ref. @5#!.
@11# J. Stengeret al., Opt. Lett.26, 1589~2001!.
@12# SeeSixth Symposium on Frequency Standards and Metrol

~Ref. @5#!.
@13# H. Katori, in Sixth Symposium on Frequency Standards a

Metrology ~Ref. @5#!.
@14# H.-J. Kluge and H. Sauter, Z. Phys.270, 295 ~1974!.
d

y

d

@15# V.G. Pal’chikov, J. Opt. B: Quantum Semiclassical Opt.5,
S131~2003!.

@16# I. Courtillot et al., Opt. Lett.28, 468 ~2003!.
@17# We also performed absolute frequency measurements

1S0-3P1 , 3P0-3S1, and 3P1-3S1 transitions for all hyperfine
sublevels of87Sr and 88Sr. These measurements will be r
ported subsequently.

@18# R.W.P. Dreveret al., Appl. Phys. B: Photophys. Laser Chem
B31, 97 ~1983!.

@19# A. Quessadaet al., J. Opt. B: Quantum Semiclassical Opt.5,
S150~2003!.

@20# R. Holzwarthet al., Phys. Rev. Lett.85, 2264~2000!.
@21# D.J. Joneset al., Science288, 635 ~2000!.
@22# G. Alzetta, A. Gozzini, L. Moi, and G. Orriols, Nuovo Ciment

B 36, 5 ~1976!.
@23# B. Young, F. Cruz, W. Itano, and J.C. Bergquist, Phys. R

Lett. 82, 3799~1999!.
@24# T. Kuwamoto, K. Honda, Y. Takahashi, and T. Yubuzaki, Ph

Rev. A60, R745~1999!.
1-4



JCJ�


	 ��� 	 � ����� 
.� ��� � ����
$	 � 
�� �&�@� � �
��
$	 �D� �G�&����
Q� ��� �
�$� ��� �



468 OPTICS LETTERS / Vol. 28, No. 6 / March 15, 2003
Efficient cooling and trapping of strontium atoms

I. Courtillot, A. Quessada, R. P. Kovacich, J-J. Zondy, A. Landragin, A. Clairon, and P. Lemonde
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Received September 3, 2002

We report the capture of cold strontium atoms in a magneto-optical trap (MOT) at a rate of 4 3 1010 atoms�s.
The MOT is loaded from an atomic beam decelerated by a Zeeman slower operating with a focused laser
beam. The 461-nm laser, used for both cooling and trapping, was generated by sum-frequency mixing in a
KTP crystal with diode lasers at 813 nm and a Nd:YAG laser at 1064 nm. As much as 115 mW of blue light
was obtained. © 2003 Optical Society of America

OCIS codes: 020.7010, 140.3320, 190.2620.
Laser-cooled alkaline-earth atoms are stimulating a
growing interest in the f ield of atom physics. Because
these atoms have a J � 0 ground state, studies of
cold collisions1,2 or of coherent light transport in a
cold atomic sample3 are vastly simplif ied compared
with similar studies of alkaline atoms. For optical
frequency metrology the existence of several narrow
transitions has already yielded outstanding results
with Mg (Ref. 4) and Ca,5,6 with still large room for
improvement. The possibility of probing 87Sr in the
1S0 ! 3P0 transition in the Lamb–Dicke regime in a
light-shift-free dipole trap appears promising7 and will
combine the advantages of trapped ion and neutral
frequency standards. Quantum degeneracy has not
been achieved so far and appears as a motivating goal
for experiments with Mg, Ca, and Sr.8 For most of
these experiments trapping a large number of atoms
and (or) having a high capture rate is of primary
importance.

In this Letter we report the high-eff iciency trap-
ping of 88Sr in the 1S0 ! 1P1 cycling transition at
460.733 nm. An optimized design for a Zeeman
slower and a high-power blue laser enabled us to trap
1.3 3 109 atoms at a high rate of 4 3 1010 atoms�s.

The experimental setup is shown in Fig. 1. Before
entering the magneto-optical trap (MOT) region, atoms
from an atomic beam are decelerated by a Zeeman
slower. This process uses the radiation pressure of
a counterpropagating beam kept on resonance by an
inhomogeneous magnetic field. The 461-nm laser re-
quired for slowing and trapping is obtained by sum-
frequency mixing. A second atomic beam is used as
a reference to lock the laser to the atomic line. Both
ovens consist of a strontium reservoir and 200 tubes of
8-mm length and 200-mm diameter for transverse ve-
locity selection. At a reservoir temperature of 630 ±C
we measured a f lux of 2 3 1012 atoms�s. This corre-
sponds to a vapor pressure of 7 3 1022 Pa in the oven,
in agreement with the experimental value reported by
Dinneen et al.9 but 2 orders of magnitude lower than
the value found in some handbooks.10

Slowed atoms are trapped in the MOT formed by
three retroref lected laser beams propagating along
orthogonal axes and by a magnetic f ield gradient
of 1.9 mT�cm induced by anti-Helmholtz coils. The
MOT beams are provided by 17 mW of blue light
0146-9592/03/060468-03$15.00/0
split into three beams of 1-cm waist radius. For
optimum trapping the laser is detuned 241 MHz from
resonance. The MOT capture velocity is estimated to
be approximately 30 m�s.

Figure 2 shows the f luorescence of the atoms loaded
into the MOT. To carefully calibrate the number of
atoms we performed two independent measurements.
We measured the f luorescence induced either by the
MOT beams or by a weak probe beam sent to the atoms
after the MOT was switched off. The probe was tuned
103 MHz to the red side of the atomic resonance to
minimize absorption by cold atoms. The two meth-
ods were in agreement to within a ratio of 1.4 when
as many as a few times 107 atoms were trapped. At
higher atom numbers there was an increasing discrep-
ancy caused by absorption by cold atoms of the MOT
beams, whereas the absorption in the probe remained
lower than 10%. From the probe f luorescence signal
[Fig. 2(a), inset] we deduced that 8 3 108 atoms were

Fig. 1. Experimental setup. Dashed lines represent the
pump laser for sum-frequency mixing. By means of sev-
eral acousto-optic modulators (AOMs), four different fre-
quencies are generated near 461 nm. A weak beam probes
atoms from Oven 2 to lock the laser on the atomic line.
© 2003 Optical Society of America



March 15, 2003 / Vol. 28, No. 6 / OPTICS LETTERS 469
Fig. 2. Fluorescence of the trapped atoms: 8 3 108 and
1.3 3 109 atoms are trapped for oven temperatures of 600
and 630 ±C, respectively. The inset in (a) is a zoom of the
f luorescence induced by the probe beam sent to the atoms
after the MOT beams are switched off at t � 0.

trapped when the oven was heated to 600 ±C. The
corresponding loading rate was 1.4 3 1010 atoms�s, ob-
tained from the MOT f luorescence data rescaled to ac-
count for the absorption. The lifetime of the trapped
atoms was 42 ms, in agreement with the loss rate that
was due to optical pumping to the metastable 3P2 state
via the 1D2 state.

When the oven was heated to 630 ±C [Fig. 2(b)] the
loading rate increased to 4 3 1010 atoms trapped per
second. To our knowledge this is 1 order of magnitude
higher than previously achieved with strontium.11 At
this temperature 1.3 3 109 atoms were collected in the
MOT, but the loading curve deviated from an expo-
nential: The number of trapped atoms was limited by
a loss mechanism that depended on the atom number
and was induced by absorption in the MOT beams or
by cold collisions.9

By detuning both the Zeeman and the MOT laser
beams by the isotopic shifts we observed the 87Sr and
86Sr MOTs. At an oven temperature below 600 ±C the
lifetime of the MOT was unchanged and the number
of trapped atoms was consistent to within 10% with
the natural abundance (7% for 87Sr and 10% for 86Sr).
The hyperfine structure of 87Sr then had a negligible
effect on the slowing and capture processes.

The Zeeman slower was designed according to the
results of a numerical model. It was used to maxi-
mize the number of slowed atoms reaching the MOT
capture region by optimizing the value of the beam de-
celeration, the slowing laser power and geometry, the
magnetic field gradient, and the slower length. The
slower was much shorter than for alkali atoms because
of the large width of the atomic transition (32 MHz).
The laser could then be tightly focused to minimize
the effect of spreading caused by transverse velocity.
Zeeman slowers commonly use a collimated laser and
create a constant deceleration a � hamax, where h is
a constant that is smaller than 1 (Refs. 12 and 13)
and amax is the resonant deceleration at the beam
center. In our case, the saturation of the transition
induced by the laser was not constant as the atoms
progressed into the slower because of focusing. The
slower was designed to keep h constant on the propa-
gation axis.14 To obtain the optimal magnetic f ield
gradient we computed the field that fulf illed this
condition for a first value of h and a given laser
configuration: geometry, detuning, and power. The
numerical model simulates the velocity and spatial
evolutions of the atoms (in both transverse and lon-
gitudinal directions) as they exit the oven described
above, are decelerated in the slower, and free f ly to the
capture region situated 14 cm from the slower exit.
By varying the laser parameters we maximized the
number of slowed atoms reaching the capture region.
The process was repeated for different magnetic
fields computed with other values of h and different
laser configurations. The laser power was limited
to 30 mW, corresponding to the available power for
the slower. The optimal f ield obtained with this
procedure is plotted in Fig. 3(a). It varied from 230
to 130 mT in a 30-cm-long slower, with h � 0.4. The
model shows that a 23-mrad laser beam convergence
enhances eff iciency by a factor of 3 compared with
the use of a collimated beam. The magnetic f ield
coils were placed inside a three-layer magnetic shield,
which induced a rapid variation of the f ield seen by the
atoms as they exited the slower. The field dropped to
below 0.1 mT over 3 cm, which ensured rapid detuning
of the atoms with respect to the slowing beam. In
addition, the shield minimized the perturbation in the
MOT region. The slowing laser beam had a power
of 30 mW and was red detuned by 502 MHz of the
1S0 ! 1P1 transition.

Independently of the MOT capture rate, the f lux of
slowed atoms in the capture region could be estimated
with the probe laser sent at 45± to the atomic beam.
Figure 3(b) shows the f luorescence collected as a func-
tion of the probe detuning. We obtained 1 3 1010 and
2 3 1010 slowed atoms�s when the oven was operated
at 600 and 630 ±C, respectively. The accuracy of
this measurement was limited to a factor of 2 for two
reasons: transverse velocity and atomic spatial dis-
tributions are not known well enough and furthermore
atoms experience a velocity shift of more than 15 m�s
in the probe. The ratio of slowed atoms in the capture
region to atoms exiting the oven was 1–2%, which
is compatible with the numerical simulations. For

Fig. 3. (a) Longitudinal magnetic field in the Zeeman
slower versus distance from the entrance (z). The dashed
curve is the optimal computed f ield. The actual field
was measured with the magnetic shield around the coils
(triangles) and without (squares), with a probe of spatial
resolution �1 cm. (b) Fluorescence of the Zeeman-slowed
atoms (see text). Several times 1010 atoms�s are slowed
to a mean velocity of 25 m�s (d � 230 MHz) within a
velocity spread of 25(5) m�s (50 MHz FWHM).
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the laser power available, eff iciency is limited by the
transverse velocity spreading. Atoms too far from
the beam center are not decelerated enough and are
lost. The transverse velocity distribution and the
limited laser beam size also lead to a longitudinal
atomic velocity spread at the exit of the slower. From
the f luorescence signal we estimate a dispersion of
25(5) m�s about a mean velocity of 25 m�s.

To generate the 461-nm laser we used sum-frequency
mixing of a Nd:YAG laser at 1064 nm and laser diodes
at 813 nm in a KTP crystal. Both laser wavelengths
are readily available with high power as standard
commercial products, whereas KTP is much less sen-
sitive to thermal effects and still rather efficient as a
nonlinear crystal. A similar system in a monolithic
resonator was demonstrated previously and yielded
4 mW of 462-nm light.15

A 20-mm-long crystal was placed inside a ring cav-
ity resonant for both pump lasers. It was type II (eoe)
critically phase matched in the XY plane (u � 90±,
f � 81.3±). The nonlinear coeff icient involved in the
process was measured in a single-pass configuration
without the cavity. We obtained d15 � 1.7 pm�V.
This corresponds to an optimum computed conversion
efficiency (g) of 5 3 1023 W�W2 with beam waists of
23 and 26 mm, respectively, at 813 and 1064 nm. To
limit the effect of walk-off (1.7 mrad), we increased
the waists to �50 mm, achieving an actual efficiency
of g � 2.7 3 1023 W�W2, in good agreement with the
theory.16 The coupling mirror had transmission of
14% and 7% at 813 and 1064 nm, respectively, close
to the optimum values deduced from the solution of
the coupled nonlinear equations17 (11% and 5%). All
other mirrors were high-ref lection coated for both
pump wavelengths, and we measured finesses of 35 at
813 nm and 75 at 1064 nm.

The Nd:YAG laser is a commercial high-power
device. The 813-nm pump is the sum power of two
diodes injected by the same master laser. They
were combined in a 50-50 beam splitter with active
phase control. The corresponding intracavity power
was doubled compared with the value obtained with
a single diode. With pump powers of 170 mW at
813 nm and 900 mW at 1064 nm the respective
coupling eff iciencies were 70% and 35%. These
efficiencies yielded intracavity powers of 1.5 W at
813 nm and 29 W at 1064 nm, which generated a
total of 115 mW of blue light. The power conversion
efficiency of the nonlinear process was 27%.

The high natural width of the 461-nm line consti-
tutes an advantage for efficient slowing and trapping.
However, the corresponding saturation intensity is
large (43 mW�cm2), and to take full advantage of this
feature one requires high laser power. With more
power in the MOT we could use six independent beams
with higher saturation parameters and minimize the
effect of absorption by cold atoms. This would also
increase the capture velocity. The Zeeman slower’s
efficiency could also be enhanced by use of more blue
power in the slowing laser beam. Another possibility
would be to collimate the atomic beam with transverse
optical molasses at the exit of the oven. If the trans-
verse velocity were reduced by 1 order of magnitude,
our model shows that almost all the atoms entering
the slower with a velocity below 450 m�s could be
decelerated to the MOT capture velocity. The f lux of
slowed atoms could then reach 1012 atoms�s.

We are grateful to Annie Gérard, Michel Lours, and
Giorgio Santarelli for useful advice and technical help
with the experiment. R. P. Kovacich acknowledges a
grant from Ministère de la Recherche. P. Lemonde’s
e-mail address is pierre.lemonde@obspm.fr.
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Résumé

Ce mémoire rapporte les premiers résultats d’une expérience visant à développer
une horloge optique à atomes de strontium piégés. Ce dispositif réunit les avan-
tages des différentes techniques utilisées jusqu’à présent pour réaliser un étalon de
fréquence atomique. La première partie décrit la réalisation de la source d’atomes
froids. Un piège magnéto-optique fonctionnant sur la transition 1S0 − 1P1 à 461 nm
est chargé à partir d’un jet atomique décéléré par un ralentisseur Zeeman. La source à
461 nm est réalisée par somme de fréquence dans un cristal de KTP. Dans la deuxième
partie sont détaillées les étapes mises en oeuvre pour effectuer la détection par ex-
citation directe de la transition d’horloge 1S0 − 3P0 du 87Sr, de 1mHz de largeur
de raie théorique. Préalablement à cette observation, une première estimation de la
fréquence de la transition d’horloge a été obtenue en mesurant la fréquence absolue
de plusieurs résonances optiques plus largement permises.

Mots clés : étalon de fréquence atomique, spectroscopie de très haute résolution,
mesure absolue de fréquence optique, atomes froids, ralentisseur Zeeman, mélange
non-linéaire de fréquence

Abstract

This thesis reports the first results towards the realization of an optical clock
using trapped strontium atoms. This set up would combine advantages of the dif-
ferent approaches commonly used to develop an atomic frequency standard. The first
part describes the cold atoms source which is implemented. A magneto-optical trap
operating on the 1S0− 1P1 transition at 461 nm is loaded from an atomic beam dece-
lerated by a Zeeman slower. The 461 nm laser is obtained by sum-frequency mixing
in a KTP crystal. The second part is devoted to the different stages developed to
achieve the direct excitation of the 1S0 − 3P0 clock transition in 87Sr. This line has
a theoretical natural width of 10−3 Hz. Before this detection, we obtained an esti-
mate of the resonance frequency by measuring absolute frequencies of several allowed
optical transitions.

Key words : atomic frequency standard, very high resolution spectroscopy, ab-
solute optical frequency measurement, cold atoms, Zeeman slower, sum-frequency
mixing




