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I. Probability density functions

Jean-Bernard Zuber

Sorbonne Universités, UPMC Univ Paris 06, UMR 7589, LPTHE, F-75005, Paris, France
& CNRS, UMR 7589, LPTHE, F-75005, Paris, France

Abstract

Horn’s problem — to find the support of the spectrum of eigenvalues of the sum C = A+ B
of two n by n Hermitian matrices whose eigenvalues are known — has been solved by Knutson
and Tao. Here the probability distribution function (PDF) of the eigenvalues of C' is explicitly
computed for low values of n, for A and B uniformly and independently distributed on their
orbit, and confronted to numerical experiments. Similar considerations apply to skew-symmetric
and symmetric real matrices under the action of the orthogonal group. In the latter case, where
no analytic formula is known in general and we rely on numerical experiments, curious patterns
of enhancement appear.



1 Horn’s problem for Hermitian matrices

1.1 A short review and summary of results

Let H,, be the n-dimensional (real) space of Hermitian matrices of size n. Any matrix A € H,
may be diagonalized by a unitary transformation U € U(n)

A =Udiag (a1, g, ,0p) UT. (1)

Since permutations of S,, belong to U(n), one may always assume that these (real) eigenvalues have
been ordered according to
a2 Q2> Qp. (2)

In the following we are mostly interested in the generic case where all these inequalities are strict,
with no pair of equal eigenvalues. We denote by « the multiplets of eigenvalues thus ordered and
by a the diagonal matrix

a = diag (a1, a2, ,an).

Conversely, given such an «, the set of matrices A with that spectrum of eigenvalues forms the
orbit €2, of a under the adjoint action of U(n).

Horn’s problem deals with the following question: given two multiplets o and 8 ordered as in ,
and A € ), and B € Qg, what can be said about the eigenvalues v of C = A + B? Obviously v
belongs to the hyperplane in R™ defined by

n

> =D (it b)), (3)
=1

i=1

expressing that tr C = tr A + tr B.

Horn [I] had conjectured the form of a set of necessary and sufficient inequalities to be satisfied by
~ to belong to the spectrum of a matrix C'. After contributions by several authors, see in particular
[2], and [3] for a history of the problem, these conjectures were proved by Knutson and Tao [4] 5],
see also [6], through the introduction of combinatorial objects, honeycombs and hives, see examples
below.

What makes Horn’s problem fascinating are its many facets [2, 3]. The problem has unexpected
interpretations and applications in symplectic geometry, Schubert calculus, ... and representa-
tion theory. In the latter, the above problem has a direct connection with the determination of
Littlewood-Richardson (LR) coefficients, i.e., with the computation of multiplicities in the decom-
position of the tensor product of two irreducible polynomial representations of GL(n).

In the present work, we show that for two random matrices A and B chosen uniformly on the orbits
Q. and Qg, respectively, (uniformly in the sense of the U(n) Haar measure on these orbits), the
probability density function (PDF) p(vy|a, 8) of v may be written in terms of the integral

H(a,iz) = DU exp(itrzUalUT) (4)
U(n)



where z = diag (1,292, -+ ,Zy,), in the general form

p(v|ar, B) = const. A(’y)2/d"$ A(z)* H(a,iz) H(B,iz) H(y,iz), (5)

see Proposition 1 below.

In the present case this integral H(«, z) is well known and has a simple expression, the so-called
HCIZ integral [7, §]. Then the z integration may be carried out, at least for low values of n,
resulting in explicit expressions for the PDF.

The method generalizes to other sets of matrices and their adjoint orbits under appropriate groups.
We discuss the case of the real orthogonal group acting on real symmetric or skew-symmetric
matrices. Similarities and differences between these cases are pointed out.

Equation is reminiscent of a well known analogous formula for the determination of LR-
coefficients in terms of characters. This is no coincidence, as there exist deep connections between
the two problems: Horn’s problem may be regarded as a semi-classical limit of the Littlewood-
Richardson one, as anticipated by Heckman [9] and made explicit in [4, 5]. We intend to return to
these connections in a forthcoming paper [10].

The general formula is an explicit realization of the content of Theorem 4 in [5] and may have
been known to many people, see [11I, 12, [I3] for related work. The main original results of the
present paper are the detailed calculations carried out in various cases of low dimension, and their
confrontation with numerical “experiments”. This work may thus be regarded as an exercise in
concrete and experimental mathematics. . ..

1.2 The probability density function (PDF)

Let A be a random matrix of H, chosen uniformly on the orbit Qg, i.e., A = UaU', with U
uniformly distributed in U(n) in the sense of the normalized Haar measure DU. The characteristic
function of the random variable A may be written as

wa(X) = E(eitrXA)—/ DU exp(itr XUaUT) (6)
U(n)

where X € H,,. This is referred to as the Fourier transform of the orbital measure in the literature.
For two independent random matrices A € €, and B € (g, the characteristic function of the sum
C = A+ B is the product

E(e'" ) = pa(X)pp(X)

from which the PDF of C' may be recovered by an inverse Fourier transform
1 .
pClasB) = s [ DX X (X)), @
(2m)"

which is, a priori, a distribution (in the sense of generalized function).



Here DX stands for the Lebesgue measure on Hermitian matrices. If X = UXQU)T(, that measure
may be expressed as DX = k [[; do; A(x)>DUy, Whereﬂ

k= (2m)" D2y f[ p! (8)

p=1

and

A(x) = [ [ (i —ay) (9)
1<j
is the Vandermonde determinant of the z’s. It is clear that ¢ 4(X) and ¢p(X) depend only on the
eigenvalues «;, §; and x; of A, B and X, namely

pa(X) = H(e,iz)  op(X) =H(B,ix)

in terms of the HCIZ integral introduced above. Also p(C|a, 3) is invariant under conjugation of
C' by unitary matrices of U(n) and is thus only a function of the eigenvalues 7; of C. The PDF of
the «’s must incorporate the Jacobian from the measure, hence

p(vle, B) = K&A(7)’p(Cle, B)

2 n
S NG I | N VIR R IR oS (10)
(2m)" R"
with three copies of the HCIZ integral
det ' %i%
. _ p3-n(n=1)/2 11
H(a,iz) = ki A@A() (11)

where!
n—1
=] (12)
p=1

Thus finally

Proposition 1 . The probability distribution function of eigenvalues ~, given « and (3, is

K2R3 A7) " o oy i

- —n(n—1)/2 2 / iz, iz —ix;y
p(v|a, B) = i det !9 det €' **"J det e i 13
(e ) (271')"2 A()AB) J Alz) 13)

where k and R are given in @) and .

Note that while o and 8 are ordered as in , the integration over the group mixes the order
of the v’s and the PDF thus applies to unordered ~’s. In particular p is normalized by

Jgn @™y p(yle, B) = 1.

Let’s us sketch the way the above integral may be handled. One writes for each determinant

; il oosn (gL .
det el®i%  — Gl 271 %5 2k det ¢! (Ti—7 Do wp)ay
n—1

R D DS D DHEECTS Z ep H o (@ =201)(Thoy ap) =2 oy an) 7 (14)

PeSy Jj=1

for this and other normalizing constants, see Appendix A



where ep is the signature of permutation P.

In the product of the three determinants, the prefactor e' 2-i=1% 2k=1(®+B—=)/" vields upon
integration over = Z xj, 2m times a Dirac delta of ), (o + B — k), expressing the conservation of
the trace in Horn s problem. One is left with an integration over (n —1) Varlableﬂ Uj = Tj — Tjq1

of (n!)® terms of the form [p,_, du] H et uiAi(PPLPY) wwhere

Aw):= [ (uwi+wi+-u) (15)
1<i<j<n
and
J .n
A;(P, P, P = ey — V) — — ). 16
; k) + Bprk) — YPr(k)) n;(ak+5k Vi) (16)

It is also easy to see that one may absorb P” through a redefinition of the 2’s by P": 2j = xpn(;
(which introduces a welcome sign epr from the Vandermonde A(z)) and a change of P and P’
into P”P and P”P’. Thus P” may be taken to be the trivial permutation I in the above, with an
overall factor n!. Hence

2.3 A
p(v]a, B) m 5(2(0% + Bk — k) A(OJ)(Z)(B)I"(V‘O&’@ (17)
k
—n(n—1)/ dn_lu n—1 . ;
In(v‘auﬁ) = 1 EPEpP! — elujAj(P,P ) . (18)
m;s } / Alu) H

This is the expression that we are going to study in more detail for n = 2, n = 3 and (to a lesser
extent) n =4, n = 5. The constant in front of reads

K2R3 I “1pl
on?—1on(n—1) — 9n-1p|2°

which is equal to %, 71—2, 3§4, soo - form=2,3,4,5,-

Remarks.

1. Note that in that computation of p, the last term in the r.h.s. of drops out, because of the
relation embodied in the Dirac delta. The merit of that term is to make explicit the invariance
of A; under a simultaneous translation of all v’s: Vi, v; — = 4 i + ¢, expressing the fact that the
PDF of eigenvalues of C = A+ B takes the same values as that of A+ B+ cl, on a shifted support.
2. Convergence of Z,,. Z, in is a double sum over the symmetric group S, of the Fourier

transform of &(u)_1 evaluated at A;(P, P’,I). Each of these integrals is absolutely convergent at
infinity for n > 2, and is only semi-convergent for n = 2. Each one exhibits poles for vanishing
partial sums (u; +uijt1+---uj—1), (i.e., ; = z;), but the sum is regular at these points, as a result
of the (x;,z;) anti-symmetry of the determinant in . This enables us to introduce a Cauchy
principal value prescription at each of these points, including infinity, and to compute each integral
on the r.h.s. of by repeated contour integrals (generalized Dirichlet integrals), see below. The
resulting function of v is a piece-wise polynomial of degree (n — 1)(n — 2)/2, a “box spline” as
defined in [14].

3. In accordance with Theorem 4 of [5], the interpretation of Z,, is that it gives, up to a constant,

*The Jacobian from (z1, -+ ,@n) to (2 Y @j,u1, -+ un—1) is (=1)" .



the volume of the polytope in honeycomb space. This will be discussed in more detail in [10].
4. The normalization of Z,, follows from that of p

| n—1 _
n'/vnévnqéwéﬁ d Vp(v\a,ﬁ) 1
Y= i+ Bs

hence )
/ 41y A(y) 7 12" S N ) (19)
n 223 o -1
o, ADAGT el R B

which equals 4, 12, 16, 2,--- for n =2,3,4,5.

1.3 The case n =2
1.3.1 Direct calculation

For n = 2, the averaging of B = diag (81, f2) over the U(2) unitary group may be worked out
directly, since in UBUT, one may take simply U = exp —io21), o9 = (? _01> the Pauli matrix, ¢

an Euler angle between 0 and 7 with the measure %sinwdz/}. The eigenvalues of A + UBU' are
then

1
n2=3 [041 +as+ B+ B \/04%2 + %, + 2012812 cos UJ]

(here and below, a9 := a1 — g etc.) whence

Y12 = i\/a%Q + %, + 21212 cos P

whose density is

1 . d 1
p(mi2) = — sine v _1 bl

_ , 20
4 dyi2 212512 (20)

on its support

|12 — Br2| < yi2 < arp+ Bz U —(a12 + Bi2) < me < —|az — Biaf.
1.3.2 Applying eq.
According to , for n =2,
7, = % S epep / %UeiuA(P,P',J)

with
1 1
A(P,P',I) = 5(013(12) + Bpr12) — M2) = 5(6130112 +ep B2 — M2) -



Recall that a2, f12 > 0 by convention, while 15 is unconstrained at this stage. As explained above,
the u integral, not absolutely convergent at infinity and with a pole at 0, is to be interpreted as a
Cauchy principal value and then computed by a standard contour integral (Dirichlet integral)

P/ d—uei“A:iﬂe(A), if A+#£0, (21)
R U

with e the sign function. Thus

Ty= Y  epep (AP, P,1)),
P,P' P"€Sy

if all (A(P, P',I) # 0, which turns out to be expressible in terms of the characteristic (indicator)
functions 1; and 1_; of the intervals I = (|aye2 — B12|, @12 + f12) and —1

Ty = 2(e(y12 — ai2 + Pr12) + €(712 + a1z — f12) — €(712 — a12 — Pr12) — €(712 + 12 + P12))
= 4(17(y2) — 1-1(m2))- (22)
If one of the arguments of the sign functions €(y12 £ a2 + S12) vanishes, i.e., if 12 stands at one
of the end points of one of the intervals I or —I, one may see, returning to the original integral,

that one must take the corresponding €(0) = 0, or equivalently the characteristic function 1 takes
the value % at the end points of its support.

Our final result for the n = 2 PDF thus reads

Pk B) = eI (1 =)~ s =)0+ 92— e = aa = By - o) (23

which does integrate to 1 over R?, as it should. In that case, the density is a discontinuous,
piece-wise linear function over its support. This is in full agreement with the result .

1.4 The case n=3

1.4.1 The inequalities and the polygon for n =3

Assuming the inequalities satisfied by «, 8 and v

a3 S a9 S (65) (24)
Pz < B2 < P (25)
B2 =M (26)

as well as , the Horn inequalities read

Yamin = a3+ B3 < 3 < min(ar + B3, a2 + B2, a3 + 1) =: V3maz
Yomin = max(ag + f3,a3 + f2) < 2 < min(ag + B2, 2 + 51) =t Y2max (27)
Vimin = max(aq + f3,00 + P2, a3+ 1) < M < o1+ B1 = Yimaz -



-N -2 -3

Figure 1: Knutson—Tao’s honeycomb for n = 3: the inner edges

These inequalities follow from Knutson-Tao’s inequalities on the honeycomb ¢ variable of Fig.[]

max(a; — 1 + v2,73 — B3, 0, = P2 + Y2, a1 + a3 + 1 — v, a1 + oo + P2 — 1)
<& <min(ag, —f3 + Y2, 00 + 2 + 1 — 71) (28)

Inequalities are the necessary and sufficient conditions for v to belong to the polygon in the
plane 71,72 (with v3 = s — v — 72). See [4] for a detailed discussion and proof. This polygon is at
most an octagon, see Fig.@ The red lines are AB: v3 = Y3min, @.€., 71+ = a1 +as + (1 + P2 and
DE: v3 = ¥3maz; and by , we retain only the part of the polygon below the diagonal v = 7
(broken line 1J) and above HG: 3 = 75 hence v; + 272 = ) a; + (; (the blue line). Some of these
lines may not cross the quadrangle CC’FE’, see figures below.

1.4.2 The PDF for n=3

According to (13{18]), we may write for n = 3

Aly
Pl B) = 5 83" 7 — 0~ B) %Is(vla,ﬁ) (29)
6i du1dU2 i A A
Z3(v| e, = — _ epepr ¢ (Aituzds) 30
307l ) 2 /Rz uug(ur + ug) P];es3 PP (30)
A1 = apa)yt+B8pa)y—m Az = —ap@z) — Bp3) + 73 (31)
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Figure 2: The polygon ABIJDHGF for n = 3

where use has been made of . Integrating once again term by term by principal value and contour
integrals, we find

Ts(yla, B) =6 > epepre(Ar) (|Az] — Az — Aql). (32)
P,P’'cS3

Note that in that expression, the vanishing of A; yields a vanishing result. The somewhat ambiguous
value of the sign function at 0 is thus irrelevant. In the domain v3 < v9 < ~q, the corresponding
sum of 2 x 62 = 72 contributions vanishes if the set of Horn’s inequalities is not satisfied, but
conversely it is fairly difficult to read these inequalities off expression . When and
are satisfied, it may be shown that this sum reduces to a sum of 4 terms

I3(vle, B) = 4(on —az+ P1— B3+ 71 —v3) — 12]as + B2 — 72| — 8Yap(v) — 8¥sa(y) (33)
where

(e—a3—p1)—(m—a1—P2) ifvo—az—pFr>0andy —a;— P2 <0
Yap(V) = (13— —B3) —(re—a3—p1) if y3—az—pFz3>0and 7 —az—F1 <0 (34)
(m—a—p2)—(3—as—P3) if y—ar—pP2>0and y3—az—fF3<0

Y
2 —
V1= opthy
Vap = V7 237Py
=Y oc1+62
Vop =117 %76y
Vo= 03By “Vgtoghs

V3= agths
Yap|= 37 %P3

—Y2+oc3+|31

L8

Figure 3: The three sectors defining 15(7)



In Fig. the three sectors in the (y1,72) plane where 1,5 takes one of three values of are
depicted. It is manifest that ¢, is a continuous function of v, thanks to (3.

We recall that we have assumed that all a;’s on the one hand, and all 3;’s on the other, are distinctﬂ
Then the function Z3 is a piece-wise linear continuous function of the 4’s, making p(vy|a, 8) a “piece-
wise degree 4 polynomial” continuous function of those variables. The lines along which Z3 is not
differentiable are the segments of the three half-lines depicted on Fig. [3|that lie inside the polygon,
those obtained when « and 8 are swapped, and the inside segment of the line v = as + f2. These
singular lines appear on some of the figures below.

Upon integration over 7y, 72, the function p of sums to 1/6 in the domain defined by ,
hence to 1 on the 3! sectors obtained by relaxing .

Remark. There is an alternative expression of Zz that follows from its identification —up to a
constant, here 24— with the “volume” of the polytope of honeycombs, here simply the length of the
¢-interval (28). This will be discussed in more detail in [I0]. Thus we may also write, again when

and (26127)) are satisfied

1 .
ﬂ%(ﬂ%ﬂ) = min(aq, —fB3 4+ 2, a1 + ag + B1 —711) (35)

—max (o1 —y1 + 72,73 — B3, a2, =2 + Y2, 01 + a3+ B1 —y1, 00 +az + P — 1)

The non-differentiability of Z3 occurs along lines where two arguments of the min or of the max
functions coincide, but the detailed pattern is more difficult to grasp than on expression (33}i34]).

1.4.3 Examples

Take for example « = f = (1,0,—1). Then (71,72) subject to inequality is restricted to
a quadrangular domain ABDF with corners at (2,0), (1,1), (0,0), (2,—1). A typical plot of
eigenvalues in that domain and their histogram obtained with samples of respectively 10,000 and
10% random unitary matrices U in diag (o) + Udiag (8)UT is displayed in Fig.a and b7 while
the plot of the function p(y|a, ) is in Fig.c. Finally Fig.d gives the full distribution when
inequality is relaxed.

Other examples are displayed in Fig.[5] exhibiting the lines of non-differentiability, as well as the
sharp features of the PDF as two (or more) of the eigenvalues « or [ coalesce. All these plots,
histograms and figures have been computed in Mathematica[l5], making use in particular of the
RandomVariate [CircularUnitaryMatrixDistribution[n]]

(resp. RandomVariate [CircularRealMatrixDistribution[n]] in sec. 2 and 3 below) to generate
unitary, resp. real orthogonal matrices, uniformly distributed according to the Haar measure of

SU(n), resp O(n) or SO(n).

Our result is in excellent agreement with these numerical experiments, as seen on the figures.

3Otherwise, Z,, vanishes, by antisymmetry of the determinant in |i
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Figure 4: Example of o = § = (1,0, —1). Top, left: distribution of 10,000 eigenvalues in the 71, y2
plane and right: histogram of 10° eigenvalues. Below, left: plot of the PDF of for v1 > v9 > 7s;
right: the full 41,2 plane.

1.5 The cases n=4 and n=5

The cases n = 4 and n = 5 have also been worked out, see Appendix B for some indications.

2 The probability density function (PDF) for real symmetric ma-
trices

One may also consider Horn’s problem for real symmetric matrices of size n.

Given two n-plets of real eigenvalues o and 3, ordered as in , what is the range of eigenvalues ~
of diag () +O diag (8) O where now O € O(n), the group of real orthogonal matrices ? According
to Fulton [3], the ordered +’s still live in a convex domain given by the same conditions as in the
Hermitian case. What about their PDF 7 It turns out it looks quite different from the Hermitian

10



sample of a’s and (£’s. From top to bottom, (a) o = (2,1.2,1),8 = (2,1.6,1); (b) a = (1.55,1.5,1),
(2,1.5,-3.5); (c) @ = (1.5,1,-2),8 = (2,1.5,-3.5); (d) a = (2,1.99,-0.5),8 = (1.5,—1,-2); (¢)
(2,1.5,1), 8 = (2,1.5,—4); (f) & = (1.5,1.49, —3), f = (1.6,1.2,0.2).

11




case.

For n = 2, we have the sum rule v1 +v9 = a3 + as + 81 + F2. The difference vi2 = v1 — Vo,
taken to be non negative by convention, depends only on ajs := a3 — as > 0 and B2 > 0, namely
Y12 = \/oz%Q + 8%, + 212412 cos(26), with 0 < 6 < 27 the angle of the relative O(2) rotation O

between A and B, whence a density p(y12) = _%di%’ equal to
2 ~ o
p(/)/) =<7 \/(’Y%Qmaxfy%(')’gf'y%zmm) Y12min =77 = V12maz (36)
0 otherwise

with Y12min = |O[12 — 512|, Y12max = Q12 + 512. This function is singular (but integrable) at the
edges Y12min and Y12mazx of the support if Y12min 7é 07 and Only at Y12max if Y12min = 0; see Flg@

p(y) p(y)

09H 09fF
08f 08k
07f 07F
06f 06
05fF 05F
04 04F
L L L V
15 2.0 25 3.0

L
r 05 1.0 15 20

Figure 6: The density p: left, for a0 = 1, 812 = 2 and right, ajs = B12 = 1.

For n > 3, we have no analytic formula, but numerical experiments reveal curious enhanced regions
and ridges in the density of points or histogram, see Figures Empiricallyﬂ for n = 3, these
enhancements take place along the same half-lines that appeared in the discussion of eq. ,
namely (1 = a1+ P2,72 > az+51), (2 = a3+ 1,71 < a1+ f2), (11 +72 = a1 +az+ 1+ B2, 7 >
a1 + [2), restricted to their segments inside the polygon; the same with a and  swapped; and
the segment of the line v2 = ag + B2 inside the polygon. Similar features also occur for higher n.
The nature of these enhancements, presumably a weak integrable singularity, or even better, an
analytic expression for the PDF, remain to be found.

3 The probability density function (PDF) for real skew-symmetric
matrices

The same Horn’s problem may again be posed about real skew-symmetric matrices of size n with
the adjoint action of the group O(n) or SO(n). Such matrices may always be block-diagonalized in

“M. Vergne (private communication) has shown that this is indeed the case.

12



Uik
B g

.,%{35
o P

Figure 7: (a) Plot (left) and histogram (right) of respectively 10* and 10° eigenvalues 71,72 for
the sum of 3 by 3 symmetric matrices of eigenvalues a = 5 = (1,0, —1). The density appears to
be enhanced along the lines (middle) v; = 1,72 = 0 and v3 = —y; — 72 = —1. Same with (b)
a=(1,0.5,-2.5), = (1,0,—1.5) and (c) a = (1,—1,-2.5), B = (1,0.5, —2). (Michele Vergne had
obtained the same plot (a) in a prior work [16].)

13



the form

diag ( ( 0 ai) > for even n = 2m
— QY 0 .
i=1,--.m

A= o . (37)
diag (( 0 ai) ,O) for odd n =2m + 1
—ai 0/ m

We refer to such a’s as the “eigenvalues” of A. (The actual eigenvalues are in fact the +ic;,
j=1,---,m, together with 0 if n = 2m + 1.) In the case of O(n) or SO(2m + 1), one may again
order the a’s as in and choose them to be non negative. For the group SO(2m), however, the
matrix that swaps the sign of any «; or §; is of determinant —1: only an even number of sign
changes are allowed but we may still impose

O‘lzaQZ"'Zamflz|O‘m|20

and likewise for the f;’s ﬂ As elsewhere in the present work, we focus on the case where the
inequalities are strict.

Given two skew-symmetric matrices A and B and their eigenvalues a and 3, what is the range and
density of the eigenvalues v of A + OBOT when O runs over the real orthogonal group O(n) or
SO(n)?

In that case we have a Harish-Chandra integral at our disposal

~ det(cosh(20;35))1<i,j<m _
R Ro(@BolB) G =00m)
T _ 3 Sy det(e 5% o e,
/G DOexptr AOBOT = ¢ i, == G =50(2m) (38)
~y det(sinh(2a;8; i,j<m
R, il Ao((a)i]()))(lﬁg) L% G =0(2m+1) or SO(2m + 1)

. . ! . .
where on the second line, the primed sum ) ' runs over an even number of minus signs. In the
denominator, Ao stands for

H1<z<]<m( - 04]2') n=2m

o2
Ao(a) = ’
H1§i<j§m( ?— )H Q; n=2m+1

(39)

if m > 1, while for m = 1, by convention H1§i<j§m(a12 — a?) = 1. Finally the constants are (see

Appendix A) ’
(m — 1)'Hp 1 (217 ! o HZL:I(QP_ !

o(m—1)2 » K

R =

/
m 2m2 Y

(the numerators of which may also be regarded as the products [ [, m;! of factorials of the Coxeter
exponents of the Lie algebra D,,, = so(2m) (for m > 4), resp. of By, = so(2m + 1) (for m > 2)).

3.1 Case of even n =2m

A calculation similar to that of sect. then leads to

This reflects the structure of the Weyl group of type B, or Di,.
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[ 2p -1 Ao(y)
p(vla, B) = 2(mi1)2ﬂ—mm2 Ao( (;AO(ﬁ)

( nymm=1/2 [ dmx) det(cos(2z;5)) det(cos(2x;3;)) det(cos(2xi;)) for O(2m)

T (40)

m(m 1)/2

23(m ) me x) S or.en det(exp(2iejz;a;)) det(exp(2iejx;B;)) det(exp(—2ie]z;y;))  for SO(2m)

with as before, an even number of minus signs for ¢, and likewise for &, &”.

0 B
-B 0
0

. (1)) that belongs to O(2) but not to
SO(2), P.B.P = —B. When O € O(2), resp. € SO(2), the “eigenvalues” of A+0.B.0OT are +a =+ 3

with two independent signs, resp. simply « + 3, which is precisely what is given by when the
x integration is worked out :

For m = 1, Horn’s problem is trivial: any skew-symmetric matrix B = ( ) commutes with

an SO(2) rotation matrix while for the permutation P = (

16(v+a+B)+6(y+a—B)+d(y—a+B)+d(y—a— 0(2
prloB) 1(6(y B) + d(v ) +6(y ) +6(y B)) (2) )
(v —a—0) SO(2)

For m = 2 (4 by 4 skew-symmetric matrices), using variables s = (x1 + x2) and t = (z1 — z2), we
write in the SO(4) case

I, = 22 / % / %[sin (s(a1 + ) sin (t(eq — a2))][same with 3)][same with ]

while in the O(4) case, each square bracket is replaced by

1
3 [sin s(a1 + ag) sint(ag — ag) + sins(ag — ag) sint(a; + ag)] .

After expansion and use of the formula
1
sin assin bssin cs = Z(sin(—a +b+c)s+sin(a—b+c)s+sin(a+b—c)s—sin(a+ b+ c)s)

one finds for SO(4)

10 8) = g s (L +92) = 1a(on +92) (Lo = 72) = Lo = 7)) (42

with the indicator functions of the intervals

I = (|(a1+a2) = (B1+ B2)], (a1 + a2) + (B1 + B2)), (43)
I' = ([(1 —ag) — (b1 — Bo)|, (1 — a2) + (B1 — B2)) .

In the O(4) case, the result would be similar, with the big bracket in replaced by

1
(1 Z (11(5,6’)(’71 + ’72) - 1—[(5,8’)(71 + 72)) (11’(6,8’)(71 - '72) - 1—1’(6,5’)(71 - ’72)) ) )

e’

15



and a sum over intervals

(a1 +eaz) + (81 +€'2)), (44)
) (al - EOQ) + (Bl - 5//82)) 3

I(e,e') = ((u +eaz) = (B1+€pa)
I'(e,e) = ((a —eaz) — (81— €' pa)

where €, ¢’ are two independent signs.

It is an easy exercise to check that p integrates to 1 over the whole y-plane.

The resulting PDF is much more irregular than in the n = 4 Hermitian case, with discontinuities
across some lines. Its support is clearly convex in the SO(4) case, in accordance with general
theorems. In the O(4) case, the support may be non convex, as apparent on Fig. This is a
consequence of the non connectivity of the group. When the contributions of the two connected
parts SO(4) and O(4)\SO(4) are computed separately, one sees clearly that convexity of the support
is restored for eac

3.2 Caseofoddn=2m-+1

We now write

(=1 URTEL 20 - 1D Ap(y) d™z : : .
p(v|a, B) = szﬂmrzw Ao(@)D0(B) Jum Do) det(sin(2z;05)) det(sin(2z;3;)) det(sin(2x;v;)) -
(45)
For m =1, i.e., n = 3, the calculation is essentially identical to that of sect. |Z|
1 ds
p(yle, B) = 5 075 — sm(2ax) sin(2fz) sin(2vyx)
) 1 if la—p|<y<a+p
= a5yl @ <ysa-pl (46)
0 otherwise

thus a piece-wise linear and discontinuous function of ~.

For n =5, m = 2, we have

3 Ao(v) d*z
3212 Ao()Ao(B) | Ao(x)

p(yla, B) = — det(sin(2z;0;)) det(sin(2z;3;)) det(sin(2z;y;))  (47)

T

We then make use as above of variables s = (z1 4+ x2) and ¢t = (z1 — x2) and of the identity

det(sin(2z;;)) = sin (s(oq + a2)) sin (t(a1 — az)) —sin (¢(aq + a2)) sin (s(a1 — az)),

5My thanks to Allen Knutson and Michele Vergne for emphasizing the réle of connectivity of the group in the
convexity theorem.

"indeed, the action of U(2) on Hermitian matrices (g _Oa> and (/B 0 ) resembles that of O(2) on skew-

0 -8
. . 0 « 0 g
symmetric matrices (—a ()) and (-5 0) .
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Figure 8: Plot and histogram of eigenvalues 71,2 for the sum of 4 by 4 skew-symmetric matrices
of eigenvalues o = (2,1), 5 = (1, %), 10* points in the plots, 10% in the histograms. Below, the
density p(v|a, B) as given in eq. (42), with the values of the bracket according to , in the
sector 0 < vp < 71. Left: action of SO(4); right: of O(4). Bottom: the values of the bracket of

[2), [@2]), in the sector v2 < 7.
17



and the z-integral in reduces to

1 dsdt
7= 3 / ) [sin s(a1 + a2) sint(ag — ag) — sin s(aq — ag) sint(a; + a2)] [same with 5] [same with 7] .
st(s* —
We refrain from giving the full expression of Z (a sum of 27 terms ...), which is a continuous and
piecewise quadratic function of the +’s, and just display a sample of results for explicit examples,

see Fig.[9]

In general, the inequalities determining the support have been written by Belkale and Kumar [17].

4 Discussion

The same calculation could be carried out for quaternionic anti-selfdual matrices and their orbits
under the action of the group Sp(2m), where again a Harish-Chandra formula is available. To keep
this paper in a reasonable size, we refrain from discussing that case.

Both in the Hermitian/unitary and the skew-symmetric/orthogonal cases, we observe the same
feature: the PDF tends to become more and more regular as n increases: a sum of Dirac masses
for the lowest values, (n = 1, resp. n = 2), then a discontinuous function for n = 2, resp.
n = 3,4, and finally a continuous function of class C™™=3)/2 for n > 3, resp. CP with p =
n—4+[(3(n—4)— mj for n > 5. By Riemann-Lebesgue theorem, this is just a reflection
of the increasingly fast decay of its Fourier transform at large x.

We recall that our discussion has left aside the case where two or more eigenvalues coincide. . .
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Appendix A. Normalization constants

Consider the set X, of Hermitian, resp real skew-symmetric, n by n matrices.

For A € X, with eigenvalues «; (in the sense of in the skew-symmetric case), write the
Lebesgue measure on A as DA = kA(a)? [[\_, da; DUy, with Ux € U(n), resp € O(n).

18



Figure 9: Plot and histogram of eigenvalues 1,2 for the sum of 5 by 5 skew-symmetric matrices
and the density p(vy|a, 8) as given in eq. ; (a) a =B =(2,1); (b) = (1.01,1) and B = (3,1):.
(¢) a=(1.01,1), B8 = (3,3.005).
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The constant x and the Harish-Chandra integral

Hota.5) = [ Daet o
G

are given by the following Table.

X, Aa) K Ha(e, B) R
_ ;B
" o @y | et 1
Hermitian ngiq’gn(o‘z - aj) JERY K A()A(B) HP:l b
H,
2_3 —INTT™ Y (2p—1)!
. 9 2 92m”—sm m(m-1) | . (detcos2a;B;)i j=1,..,m | (M—DI[;5 (2p—1)!
SkeW—SymmetrlC H1§2<]§m(al - aj) m! H;n:—ll(Qp)[ K A((X)A(ﬁ) 2(m71)2
A2m
. ' 2 2 M o (detsin 20 8;)i j=1,... .m [ @1
skew-symmetric | [] alH1<7,<]<m( — Oéj) mITT, (2p)! K A()A(B) om?
Ayl

The constant £ may be determined by carrying out the calculation of a Gaussian integral in two
different ways, integrating either over the original matrix elements, or over the eigenvalues.
The constant & may be determined by considering the limit where all «; are scaled to zero.

Appendix B. The cases of SU(4) and SU(5)

B.1 Horn’s inequalities for 4 by 4 Hermitian matrices

max(oy + By, a2 + fB3,a3 + o, au +B1) <1 < ar + B (B.1)
max(ag + B4, 03 + 3,04 + f2) < v2 < min(ag + f2, a0 + f1)
max(as + B4, a4 + B3) <v3 < max(ag + B3, a2 + P2, a3 + B1)
as+B1 <ya < max(ar + Ba, a2 + B3, 03 + P2, 04 + P1)

max(o1 + oo + B3 + B4, a1 + a3 + Bo + S, a0 + a3 + B2 + B3,
artas+ P+ Br,as s+ B+ B,a3+ou+ i+ 02) <+ < artart B+ B
max(ai + ag + B3 + Ba, 0 + s + o + fa, a2 + a3 + B3 + fa,
g+ g+ P14+ B3, a0 + s+ P1 + Ba, o + s + Pa + B3) < (B.2)
71 + 73 < max(ag + ag + B1 + B3, 00 + a3 + B1 + B2)
max(oq + oy + B3+ Ba, a2+ ag+ Po+ Ba, 3+ as + B1 + B, ) <
Y1 + 71 < max(ag + ag + B1 + Ba, 00 + a3 + Br + B3, 00 + ag + B1 + B2)
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following from the so-called (x/.JK) inequalities [Fu]

mn < ar+ B Y2 < a1+ B2
73 < a1+ B3 va <o + B
Y2 < ag+ fr 13 < g+ B2
v < ag+ B3 13 < az+ B
Y4 < a3+ B2 Y4 <oy By
M7 <ar+az+ B+ B M+ <o +az+ B+ B3
Mty <ar+az+ B+ By Y2 +73 <1 +ag+ B+ B3
Yo+ < a1+ az+ fa+ P Y3+ 74 < ar+ag+ B3+ By
Mty < a1 +az+ f+ P T+ <o +az+ B+ B3
Yo+ <o +az+ B+ B3 Yo+v1 < o1+ a3+ P+ P
Y2+ < ar+az+ B2+ B3 Y3+ < a1 +az+ B2+ Py
M+ <o+ ag+ B+ B Yo+ 4 <o +ag+ B+ B3
Y+ < ar+ag+ B+ By Y2+ 3 < g+ az+ B+ P
Yo+ < +az+ B+ B3 Y3+ < g+ az+ B2+ B3
Y2+ 4 < g+ ag+ B+ P Y3+ 4 < g+ ag+ B+ B3
v3+71 < ag+ag+ P+ P M +ye -+ <ar+ax+ag+ B+ B2+ B3
Mmtrtuatataz+fi+Pe+ps ntystusatartaz+ B+ P+ b
Tty tu<atataztBe+B8+6 ntrtnulatatagt b+ B2+ P
Mmtyntu<atatau++P+B 2ty tu<atartas+ B+ B3+ By
Nntystu<ataztautbi+5b+p typtu<ataztas+ b+ B2+ b

Yo+ v3+ya < as+az+as+ P+ B2+ Ps

B.2 The PDF for n =4

POl B) = o6y —a - B g g,

(@)A(B)

1
—€

I4 = 4! Z EP€p/€(A1) |:3‘

(A — A1) (145 = A1 = A5 — Ay + A1 = |45 — Ao + | A5]?)
PP'eSy

1 1
—3e(A2)(|4sf® = |43 = Ao’) = 5 (|42 — Au| = |42l (|45 — As|(As — Az) + |A3|A3)}

with A; is a shorthand notation for A;(P, P’,I) given in (16).

For 74 < 73 < 72 < 71, this sum vanishes if the inequalities (B.1{B.2]) are not satisfied.
7, is normalized according to , Le, [ wcor  d3y A(g V7, =384 — 16.

_ =2 282 —
v4<73<72<71 JA(B) 4

Note that the above expression of Z; has the property that the two sign functions €¢(A;) and
€(As — Aq) are in front of expressions that vanish when Aj, resp. As — Ap, vanishes. The somewhat
ambiguous value of the sign function at 0 is thus irrelevant.
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B.3 A few words about n =5

For n = 5, Horn’s inequalities and the expression of Zs are too cumbersome to be given here — it
is a spline function made of 628 terms of degree 6...—, but may be obtained on request. We have
checked a certain number of consistency relations, its vanishing when Horn’s inequalities are not

satisfied, and the normalization condition , namely [ sector d*y %15 = %.

V5<74<73<v2<71
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