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Measurements and feedback are essential in the control of any device operating at the quantum
scale and exploiting the features of quantum physics. As the number of quantum components grows,
it becomes imperative to consider the energetic expense of such elementary operations. Here we
determine fundamental energy requirements for any general quantum measurement. In particular,
we compute the exact costs for projective measurements which causes much stronger constraints
on error correction and control protocols than previously known. On the other hand, certain noisy
measurement processes allow to extract energy from the device. Our results constitute fundamental
physical limitations against which to benchmark implementations of future quantum devices as they

grow in complexity.

The ability to manipulate and measure individual
quantum systems? enables ever more powerful devices
that fully exploit the laws of the quantum world. This
has facilitated the development of high-precision clocks?
and quantum simulators® as well as the observation of
fundamental decoherence processes?. Quantum measure-
ments are crucial to the operation of scalable quantum
computers®—for their final readout but importantly also
for continual protection against external noise via error
correction®?—and quantum computation wholly based
on measurements has been proposed®?. The combina-
tion of quantum measurement with feedback is an essen-
tial primitive for all these applications, as it allows future
actions to depend on past measurement outcomes. Thus,
with quantum devices becoming increasingly complex,
more measurements have to be performed and physical
requirements such as the energy supply for implement-
ing these elementary operations must be accounted for
(Fig. . This is in parallel to the primitive of infor-
mation erasure™, whose energetic expense will become
a limiting technological factor within a few decades™ 12
as the miniaturization of computers progressesis. The
expense is needed for initializing a computer register and
therefore accumulates when using a device repeatedly™®,
as is typical of measurement apparatuses. The physical
ramifications of information erasure are summarized by
Landauer’s Principlé!®, which demands k5T In2 of en-
ergy to be dissipated into a heat bath of temperature T'
for the erasure of each bit of information.

So how much energy must be expended for measure-
ments during quantum computing and error correction,
or in central control protocols such as quantum Zeno
stabilization™16? We derive the fundamental physical
energy cost for projective measurements, which places
significant energetic constraints on real-world implemen-
tations of quantum devices. In particular, much more
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energy supply

FIG. 1: Role of quantum measurement. Most quan-
tum engineering protocols involve frequent measurements to
maintain their stability or to control future actions. Whereas
measurements are often considered as abstract primitives, we
investigate their actual physical implementation and quantify
the arising fundamental energy requirements Fcost.

energy than previously known must be expended to oper-
ate quantum devices robustly via active error correction
schemes®7. This will ultimately become a fundamental
physical limitation to quantum computers, in a way simi-
lar to the Landauer limit for classical computers™. More
drastically, the energy cost of quantum Zeno control di-
verges in the limit of perfect stabilization.

We obtain these strong constraints because our
purely quantum-mechanical framework goes, like
refs I819  beyond the usual state-transformation ideas
in thermodynamics On the other hand, when
the post-measurement state is irrelevant, our framework
produces a simple explicit protocol that can even extract
useful energy from the measurement device, all without
assuming thermality or the Second Law223

Setup. Our framework allows to treat the most
general quantum measurement??, described by a collec-
tion of measurement operators {Mj;}, on a quantum
system S. A device performing the measurement on
any state pg should thus obtain outcome k with prob-
ability pr, = >, tr[MkipSM,Ii], leaving S in the post-
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FIG. 2: Physical implementation of a measurement.
To perform a general quantum measurement {My;} on state
ps, system S is input to a measurement device (dark box)
that subjects it to a measurement step M and leaves it in the
final state pj, conditional on the outcome k. Subsequent
feedback {Vi} on S is possible as different outcomes belong
to orthogonal projections Qr on the memory M (Methods
section). Before the device can be used again, step R must
reset M to its proper initial state pas, using a thermal re-
source pp. Hamiltonians Hg, Har, Hp determine the total
energy cost Feost = AFEam + AER required to operate the
device physically. The fundamental bounds in and ex-
press this cost in terms of system quantities ps, Hs and the
measurement specification { My;}, and thus do not depend on
microscopic details of the device (blue and green parts).

measurement state P:g,k => MkipSM,lLi/pk. This setup
includes inefficient measurements??, where an outcome
can contain several jump operators My, Mo, .. .; coun-
terintuitively and unlike efficient measurements2Y, this
will allow to harvest energy from the measurement.

One may naively think that the energy cost for this
measurement on state pg equals the energy difference
AEs = tr[Hs(pls — ps)] on S, where pg = ) pipl )y, is
the average post-measurement state and Hg the Hamil-
tonian. This however neglects the measurement device
needed in a concrete physical implementation of the mea-
surement { My}, which consists of two steps (see Fig. [2)):
First, the measurement step M necessary to store the
outcome k in a memory M for readout and feedback?.
Secondly, in typical applications the same measurement
device will be used repeatedly, so its state p), after step
M has to be restored to the initial state pps in a reset-
ting step R. Because the post-measurement state p ;.
has usually been altered by feedback following M, stép
R cannot make use of it but must solely rely on a ther-
mal bath B at temperature T as for usual Landauer
erasuré®27, Tmportantly, such a physical implementa-
tion must yield the correct post-measurement states for
any input state pg (see Methods section for more details
on the setup).

A quantum measurement {Mp;} has many implemen-
tations, so we will look for the least expensive in terms of
energy. This is done by expressing the energy cost only
in terms of system quantities pg, Hg and the measure-
ment {Mjy;}. We thus obtain fundamental results that
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are independent of the concrete physical measurement
implementatio

Energy cost results. The total energy costs F.ost =
AFEa + AER to operate the measurement device consist
of those in the measurement step, AFEq, and resetting
step, AER. Step M incurs an expense of AEy = AEg+
tr[Har (o — par)], where AEs is already given in terms
of system quantities. Step R requires energy AER =
tr[(Hay + Hp) (Pl — Phrp)l, where oy g, pli;p denote
the states of M B before and after this step, respectively.

We first state a fundamental constraint on the energy
cost Eeos; of any physical implementation of the mea-
surement {My;} on a state ps (see Methods section):

Ecost > AES + kBT[S(pS) - kaks(pfg,k:)] ’ (1)

where S(p) = —tr[plnp] denotes the von Neumann en-
tropy. Thus, beyond the system energy change, the phys-
ical implementation incurs an additional expense of at
least the average entropy decreasé?. This result can
also be obtained from ref22 through an argument based
on the Second Law, and agrees with ref2! for efficient
measurements; in this case Eexyy = AFEs — Feost < 0,
meaning that no useful energy can be extracted from the
devicé?l. Our framework, however, derives Eq. by
purely microscopic reasoning. It further shows that inef-
ficient measurements can actually yield energy: In Fig. [3]
we exhibit an implementation that extracts useful energy
FEoxt > 0 from the device. This is surprising in light of
refs 2021

Our main result addresses the specific case of projec-
tive measurements??, which constitute the textbook ex-
amples of quantum measurements and are of principal
importance for applications, as exemplified below. These
are efficient measurements {My} with projection oper-
ators M = M,I = M,f Due to their rigid structure
(Methods section), the energy costs for any implementa-
tion are determined by the exact equality
1

Eproj = AEs + kT Zk Dk lnp (2)

k

where pi, = tr[psMj] are the outcome probabilities and
the last sum is simply their Shannon entropy H ({px})-
This result is a significant improvement over Eq. un-
less ps was already classical, in which case both results
agree. Quantum coherences thus require much more en-
ergy for measurement than previously known. Eq. is
stronger since, similar to single-shot treatments of gen-
eral processesl®, it goes beyond the traditional state-
transformation ideas in thermodynamics'?. Interestingly,
however, our result disagrees with the single-shot results
in the asymptotic limit™®, because the latter does not re-
quire a faithful implementation on the full state space
and therefore demands less energy (Methods section).

We now employ our main result Eq. to determine
the energetic cost of important quantum protocols, illus-
trating its strength in applications.
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extract energy from
modified projective measurement:

Eext = kT (In2 — H({px})) >0

FIG. 3: Extracting energy from measurement. A pure qubit ps = |1)(|s is measured in the spin-z basis by a device with
bipartite memory M = M Mp and initial state py = |0)(0|ar, ® Larg /2, in one of two different ways. Either measurement
implementation yields the same outcome distribution {py } and enables feedback via Qi = |k){k|m, ®1Lar, but counterintuitively,
the inefficient one allows to extract useful energy Fext from the device, in contrast to previous resultslm"Zﬁ (a) The measurement
is projective with Mj, = |k)(k|. Operating such a device can never yleld energy, Eext < 0 in accordance with Eq. (2). (b) The
measurement is given by My; = |i)(k|/+/2 and thus is inefficient. Intuitively, the device implements the same umtary 1nteract10n
Usm, My asin (a), but with an additional swap of the systems S and Mp before the projections {Qx}. This modified projective

measurement always outputs a fully mixed state ps; = 15/2 and yields energy Eexi > 0 (supplementary information).

Applications. As a first application, we study quan-
tum Zeno stabilization™®, a paradigmatic quantum con-
trol protocol™®. The task is to stabilize a qubit in a pure
state |0) against its free Hamiltonian time evolution when
|0) is not an eigenstate, such as for Hg = Eox with the
Pauli operator o x and energies +=F. The protocol applies
the projective measurement {My = [0)(0], M1 = |1)(1]},
with My the projector onto the desired state, at N reg-
ular time intervals ¢t = ¢/N over the time span ¢ whilst
the disturbing Hamiltonian Hg is acting. The measure-
ment will restore the system at each time step to either
the state |0) or the undesired |1), hence AEg = 0. The
n-th step returns the wrong state |1) with probability
en =~ n(ESt/h)? = (Et/h)?>n/N?, so that the final state
fidelity F' = 1—ep becomes arbitrarily good when choos-
ing the total number N of steps big enough. The en-
ergy expense of the whole protocol consists of the costs
Eé?gJ kpTenInl/e, necessary for all Zeno measure-
ments n = 1,..., N, where we have evaluated our sharp
main result Eq. to leading order. The total energy
required to achieve high target fidelity F is then (supple-
mentary information)

Et/h)? 1
| . 3
2 "1-F ®)
This expense diverges as F' approaches 1, so any restric-
tion on the energy available for the stabilization scheme

EZeno =~ kBT(

directly limits the achievable accuracy. Such drastic en-
ergy demands apply to Zeno schemes for dragging or
holonomic computation™% ag well.

Measurement and feedback are essential also for sta-
bilizer quantum error correction (QEC) schemes, which
allow quantum computations to reach capabilities beyond
classical computers even in the presence of noise®®. Af-
ter encoding the logical qubits £ redundantly into a QEC
code C, which is simply a physical system subject to
noise, the heart of QEC consists in performing repeated
measurements of the error syndrome s on C followed by
suitable feedback operations Vs. When these control op-
erations are performed frequently enough, reliable com-
putation is possible on noisy hardware by the thresh-
old theorem®. Energetic considerations are paramount in
this context since syndrome measurements with feedback
must be performed many times and on many qubits for
a scalable setup. As a paradigmatic example we examine
the 5-qubit codd?®31 C5. which encodes a single logical
qubit |z[1) € C% C C5 and whose syndrome measurement
{P}12, con51sts of two-dimensional projectors. We take
each of the five physical qubits to be subject to excita-
tion loss by amplitude damping noisé?? N, at strength
v € [0,1].

The costs for each QEC step come from measuring
{P.} on the noisy state pg, = N2%(|1)(¢]). Accord-
ing to our main result Eq. (2)), these costs can depend
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FIG. 4: Energy cost of quantum error correction. For
the 5-qubit code under amplitude_damping noise, the costs
Eg.? from our exact result Eq. for the syndrome mea-
surement increase with the noise level v (red curve). These
costs significantly surpass the best previous predictions, which
are the lower bounds from Eq. (1) due to refs**2 (green)
and the naive Landauer bound™™ ™ EE*" (black). For an ex-
perimentally easier syndrome measurement by four separate
stabilizers, Eq. demands even larger costs E.° (blue).

strongly on the system Hamiltonian Hg through the term
AFEg, which is common to all bounds discussed in the
following. For the sake of comparison we therefore ne-
glect this contribution henceforth (see Fig. , effectively
contrasting the additional energy costs caused by the
physical implementation. The exact additional energy
expense E5 ' = kpTH({p:}i2,) from our Eq. is
shown in Fig. [4] (red curve), increasing from 0 in the
noiseless case to 4kpT'In2 as v — 1. Much more en-
ergy must therefore be expended than the best previ-
ously known bound Eq. predicts?t22 (green curve),
which for example vanishes at ¥ = 1. A naive applica-
tion of Landauer’s bound*? to the code system S = Cj

itself would yield an even weaker lower bound EF™ =

kpT[S(ps~) —S(ps,)] < Eg.”, negative at large noise y
(black curve). The comparison illustrates the strength of
our main result Eq. obtained by an exact treatment
of the measurement device. Even in the sub-threshold
regime v < 0.05 where effectively noiseless quantum com-
puting is possibléd the improvement amounts to 15%.
Practical QEC will exploit the stabilizer structure®® to
obtain syndrome s = (s!, 5%, 5%, s%) by four commuting
measurements, each with two outcomes s/ = 41 only.
When these four devices operate independently the costs

total EXP = kpT Y, H({p%)}s) > EE™ by Eq.
(blue curve), showing that additional expenses can arise
in simpler measurement realizations that disregard cor-

relations (supplementary information).

Discussion. Our general result Eq. determines
the exact energetic costs for projective quantum mea-
surements, imposing significant limitations on the per-
formance of quantum error correction and control. Be-
cause it surpasses existing lower bounds in the truly
quantum regime, our result also establishes a remark-

able link between the viability of quantum technologies
and the existence of uncertainty relations: Whenever in-
compatible measurements have to be performed, as in
quantum state tomography>? or quantum Monte Carlo
sampling®?, entropic uncertainty relations®* yield strictly
positive bounds on the entropic term from Eq. , inde-
pendent of the input state. Physical energy constraints
together with uncertainty relations therefore place fun-
damental limitations on tomographic accuracy or sample
quality.

Our energy results are in fact statements about
thermodynamic work®® as we accounted for all energetic
contributions while employing unitary actions. It is
then surprising that, in contrast to previous findings?!
the implementation in Fig. [3] can extract useful work
from the measurement device, while still respecting
the Second Law of Thermodynamics (supplementary
information). Our study paves the way for investigations
into the energy costs of further elementary operations'®
in the quantum sciences or engineering. It would be
particularly interesting to extend the strength of our im-
plementation requirement to the single-shot approach!®

and quantify the arising energy fluctuations2>.

Methods

Setup. To function as a memory, the Hilbert space
Hu = @, Hi of M must be composed of subspaces Hpg
with orthogonal projections @ corresponding to the classical
measurement outcomes®®. The measurement step M is then
fully microscopically described via its physical implementa-
tion (pm,Usm, {Qx}), where Usas is a unitary interaction
between S and M (Fig. |2) satisfying the following implemen-
tation requirement:

trar[(1 © Qk)Uswm(ps @ par)US ) = ZZ Myips M, VpsVk.

Such an implementation gives, for any initial pg, the correct
outcome probabilites pr and post-measurement states pigJC
as required by the measurement specification {My;}. Uni-
tary feedback operations {V4} on S can then be performed
without disturbing M by acting via the overall unitary in-
teraction Zk Vi ® Qi on the full state after measurement

P = 2k (1© Qr)Usa(ps @ par)ULy (1® Qi)

The projections {Qr} effect a dephasing operation which,
unlike the measurement itself, does not return an outcome k.
As shown in supplemental material, this dephasing operation
can be implemented by a physical unitary operation at zero
energy cost but not less, hence does not contribute to AF 4.

The resetting step R leaves S untouched, but should re-
store the memory to its initial state pas. This is impossible
by unitary evolutions on M alone because it is in general nec-
essary to change the eigenvalues. Hence, we supply the ther-
mal state pp = e 1B/EBT jtr[e=HB/kBT] of 4 bath B at some

temperature T'. Step R proceeds then by a unitary Ups g 227,
tre[Uns(pu @ p)Ulis) = par,

where p};, = trs[psy] is the marginal memory state after
M (Fig. [2). Thermal states like pp are free resources at
ambient temperature T', but we must keep track of the en-
ergy expended during step R, just as for step M. By Lan-
dauer’s Principlé™™2% the cost of the resetting step R satisfies
AEr > —AFy, where AFy = F]w(pgw) — FM(pM) is the
change in free energy Fr(p) = tr[pHn]|—ksT'S(p). Moreover,



one can actually engineer the bath Hamiltonian Hp and in-
teraction Upsp such that equality h01d5277 ile. AEr = —AFy
(supplementary information); we therefore assume this in the
main text, noting that even otherwise all our results remain
valid lower bounds

Proof of Eq. . We first derive the bound AFEx >
AEs+ksT|[S(ps)— >, peS(p's )] + AFa on the energy for
the measurement step (supplementary information). Unlike
prior work®*22 our statement holds also for inefficient mea-
surements and without assuming thermality of ps. Taking the
sum Feost = AFEaMm + AER yields the bound ([1). Our deriva-
tion shows Feost to be independent of the memory Hamilto-
nian Hys, as the terms :=AF); cancel in the sum; a similar
observation for the special case of efficient measurements has
been made in refs 229,

Proof of Eq. @ Using dilation theory?¥, the require-
ment to perform a projective measurement {My} correctly
on any input ps, fixes its implementations so rigidly that
the memory’s entropy increase is exactly given by S(p};) —

S(pm) = H({pr}). We show this in Supplementary Informa-
tion along with the general statement**2® AF, + AEr =
AEs + ksT[S(phr) — S(par)], which gives Eq. (2). This sur-
passes the bound in (1)) by ksT'[S(>", MrpsMi)—S(ps)] > 0.
To see that this implementation requirement is essential,
consider as an example a measurement of the maximally co-
herent state |1s) = (|0) +|1))/+/2 in the computational basis,
requiring energy Fproj = AEg + kT In2 by Eq. . In con-
trast, less energy is needed if one demands the device to work
only on the support subspace of ps = |1s)(¥s], in which case
the minimal cost is AEs +kgT[S(E'|S'M')+S(M')] = AEs
for both the single-shot and asymptotic regimes, as shown in
ref ¥ (supplementary information). Note here that we always
require the resetting step R not to make use of the system
state pls, which is not available in feedback protocols such as
quantum error correction (see main text); otherwise, the era-
sure term in the last result*® would be kgT.S(M’|S’) instead
of kgT'S(M') and the measurement cost accordingly lower.
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Appendix A: The measurement model

A quantum measurement on a system S with Hilbert space Hg is mathematically described by a quantum instru-
ment, i.e. a set of completely positive maps {7} }x—1,...x on B(Hs) satisfying >, Ty (1s) = 1g, where k corresponds
to the measurement outcome and T} denotes the adjoint of T;. The action of the map T} on a state ps € B(Hs)
can always be written in terms of Kraus operators My; via Tx(ps) = Zfikl) MkipsM,L-, where I(k) is the Kraus rank
of T,. A measurement is called efficient or pure if I(k) = 1 for all k. A measurement that is not efficient is called
inefficient?®S1,

A quantum instrument characterises both the probability px = tr[Tk(ps)] to obtain outcome k and the correspond-
ing post-measurement state pi’ik = Ti(ps)/pr. In contrast, if the post-measurement state can be disregarded and
only the outcome probabilities are of interest, it is sufficient to consider a POVM (positive operator valued measure)
defined by positive operators {Ej}r=1,.. x satisfying Zk FEr = 1g. The probability to obtain outcome k is then
given by pr = tr[Egps]. Any quantum instrument {7} }; determines a POVM by Ej, = T,I(]ls) => M]LMk, In the
following we will always consider quantum instruments in order to be able to describe applications such as quantum
error correction, where the post-measurement state cannot be disregarded. Only in the energy extraction example
(Appendix we employ the idea of POVMs to investigate the implications of disregarding the post-measurement
state.

While a quantum instrument accurately describes the measurement as an abstract process on the measured system,
we are considering physical implementations of an instrument that incorporate all relevant systems that are involved
in the measurement process. In particular, the measurement outcome k£ has to be stored in degrees of freedom

of a physical system M. We model this register by a quantum system with Hilbert space Hys = @?:1 Hi and
Hamiltonian Hjy; = EBszl Hj., which naturally captures all the important properties one generally demands from a
classical memory=%. We consider a state p’M’ © € Har to store the measurement outcome £ if it has support only on the
subspace Hj, corresponding to k. In this case, projection operators {Q}x=1,.. .k which project onto the respective



subspaces Hy, i.e. satisfying >, Qr = 1y with Qi =Qr = Q£ for all k and Qrvy = Yy for all ¥y € Hy, can be
applied to read out the measurement outcome from the register.

More formally, an implementation of a quantum measurement is a tuple (par, Usar, {Qr}) determining the initial
state pps of the memory register, the unitary dynamics Ugjy; that describes the interaction between measured system
and register, and the projections {Q} on M with which the outcome k can be read out from the register after
measurement. To any such tuple (par, Usar, {Qr}) we associate a measurement step M, i.e. the channel that takes
as input an arbitrary initial state pg of S and outputs the post-measurement state

Ponr = (L ® Qu)Usnr(ps @ par)Usy, (1@ Qu)/pi

on S and M with probability

pi = tr[(L ® Qu)Usn(ps @ par)Udy,]

for each k = 1,..., K. We say that a tuple (par, Usar, {Qr}) is an implementation of a given measurement {Ty}y if
the associated measurement step outputs the correct post-measurement states on the measured system, tr M[p’s M, k] =
Ps . = Tr(ps)/pr, with correct probability pi = tr[Tk(ps)] for all possible input states pg. In the main text we refer
to this property as the implementation requirement. The measurement step M therefore outputs the state

Psnr =D Deplsare = 9 (L@ Qu)Usar(ps @ par) ULy (1@ Qi) (A1)
k k

on S and M, which correctly stores the outcome k on M, since py, ;. = trs[plsy, ;] has by construction only support
on Hj,. Note that the projections @y in effect a dephasing operation on the memory M this is different from a
full projective measurement on M since the values k are not stored in another register, but rather summed over. We
investigate this dephasing operation in more detail in Appendix [K]

Note that for any instrument {7Tj}, there exists an implementation (pas,Usar,{Qr}). Conversely, any
(prr, Usar, {Q}) is an implementation of some instrument {T}}x. In this sense the above operational measurement
model does not place any restrictions on the set of measurements described.

After the measurement, the final state ph, = >, prp}, ; of the register stores the information of the measurement
outcome k. This information has to be erased by resétting the register to its initial state pp; before the same
implementation of the measurement can be used another time. This process is called the resetting step R and
employs an additional quantum system, called thermal bath B, with Hamiltonian Hp initially in a thermal state

ps = exp(—BHp)/Zp

at inverse temperature 8 = kE%T’ where Zp = tr[exp(—SHp)] is the partition function. To achieve erasure, the register
unitarily interacts with the thermal bath such that its state p/; after M evolves back to the initial state

tre[Uns(Phr @ p5) UL 5] = Py - (A2)

This process is typically known as Landauer erasuré“’. Note that this process demands additional resources: Thermal
states are needed since unitary dynamics on M alone cannot alter the rank or spectrum of the state. In this framework
we consider thermal states a free resource as they can easily be obtained by weakly coupling quantum systems to
thermal baths at the desired ambient temperature T. Still, the energy cost of the resetting step, specifically to
implement the unitary Uysp, needs to be accounted for. The overall energy expense needed to run the measurement
device is therefore the sum of the cost of the measurement step M and the cost of the resetting step R.

Appendix B: Relating the cost AFEaq to operational quantities

Here we prove that the energy cost of implementing the measurement step M (see Eq. (Al)),
AEM = AES + tr[HM(p/]\/[ — pM)}

with AEg = tr[Hg(ps — ps)], splits into a sum of operational quantities. More concretely, we denote by AS = S(ps)—
Yok DS (p’s ) the average change in state information about the system where S(p) = — tr[pln p] is the von Neumann
entropy. Moreover, AFy = F(p);) — F(pam) denotes the difference between free energies F'(p) = tr[pH| — S(p)/8 of
the memory before and after the measurement and Z = >, prI(S : M|k) is the average amount of correlations built



up between S and M as measured by the mutual information I(S : M|k) := S(pl ;) + S(phrs) — S(Pspr ). Finally,

we denote by Ag = S(plss;) — S(psa), where psar = ps ® par, the total entropy increase during the measurement
step induced by the projections {Q}.
Using this notation we show the following theorem:

Theorem 1. Let Hg and Hyr be finite-dimensional Hilbert spaces. Let psy = ps @ py be a quantum state on
Hs @ Har and let Hs and Hyr be a Hamiltonians on Hg and Hay, respectively. For ph, = trglpsy], where plyy, is
the state after a measurement step M as in Eq. (Al]), the energy cost AExp = AEg + tr[Hp(phyy — par)] satisfies

BAEMm = BAEs +AS + BAFy +T + Ag . (B1)

Proof. Note that the post-measurement states pj,, (and hence, also the states pi,, ) are mutually orthogonal due

to the projection operators {Qy}. Denoting the Shannon entropy of the probability distribution py by H({px}) =
— > . PrInpy , we then find that the total entropy increase is

Ag = S(p/S]\/I) — S(psnr)
= H({pr}) + ZPkS(P/SM,k) - (S(PS) + S(PM))

k
= H({pr}) + Y pi (S(pls.) + S(phra) = 1(S : MIk)) = (S(ps) + S(par))
k

= S(phr) = S(par) + > prS(pls ) = S(ps) = Y prI(S : Mk)
k k

= S(ph) — S(pm) —AS-T, (B2)

where we used the additivity of the von Neumann entropy under tensor products, i.e. S(p® o) = S(p) + S(o) for all
states p and o.

The energy cost of the measurement step is therefore given by, using Eq. in the last step (note, the dephasing
operation in Eq. can be performed at zero energy cost, but not less; see Appendix :

BAEN = BAEs + Btr[Ha(phy — par))
= BAEs + BF(ph) + S(ph) — (BF(par) + S(par))
= BAEgs + BAFy + AS+ T+ Ag .

O

Note that Eq. is an exact equality, but contains quantities such as 7 and Ag that are often hard to control as
they require precise knowledge over the internal state pps of the measurement device. However, both Z and Ag are
non-negative: Z inherits this property from the non-negativity of the mutual information I(S : M|k), whereas Ag is
non-negative because the measurement step M corresponds to a unital measurement channel (see Eq. (AT))). Hence
Eq. immediately implies the following inequality from the main text,

AEm > AEs + k‘BT(S(Ps) - ZPkS(Pfgk)) +AFy .
p

Appendix C: Computing the cost AEgr of the resetting step

Similar to the previous section, the cost AEgR of the resetting step R, Eq. , can be expressed as a sum of
operational quantities.

We employ the same notation as above. Additionally, we denote by AFg = F(p’;) — F(p'z) the free energy increase

in the thermal bath B with p% = tray[p}, 5] where p{;5 = Unp(piy @ P%)UX/[B is the joint state of M B after the
resetting step. We also introduce the mutual information term Ty p = I(M : B),y  which measures the amount of
correlations built up between M and B during step R.
Theorem 2. Let Hy and Hp be finite-dimensional Hilbert spaces. Let php = phy @ plg be a quantum state on
Hy @ Hp with ply = e BHs [ trle=PHB] thermal and Hy and Hp be Hamiltonians on Hy and Hp, respectively.
Consider the resetting step R as in Fq. and denote by pli;p the final state of the process. Then the energy cost
AERr = tr[Hup(plig — Php)] of the resetting step satisfies

BAER = —BAFy + BAFp+Tup . (C1)
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Moreover, AFg and Zyp are both non-negative, such that
AER > —AF)y . (C2)

Proof. Note that the differing signs of the free energy terms appearing in Eq. (Cl|) are just due to our notation,
where AF) is defined as for the measurement step by AFy = F(ph,) — Flpm) = —(F(phy) — F(p)y)), where
o = trelph gl = pam, whereas AFp = F(p'5) — F(p'z). To show Eq. (C1)) we compute

AERr = tr[Hyp (P — Pus)

1 1
= tr[Hye(Pp — Pus)] — ES(PIJQB) + BS(PMB) (C3)

=HWMM%B—MMM—%wmm+8@@—ﬂth%B—ﬂ%ﬁ—ﬂ%ﬂ

=F@W+F@@—F@M—Fw@+%nm

1
= _AFM+AFB+BIMB ,

where we used in Eq. that the unitary resetting step, Eq. , does not change the entropies, S(p%;5) = S(Php)-

To show the non-negativity of AFp we first express the free energy F(p) of any quantum state p w.r.t. a Hamiltonian
H in terms of the relative entropy D(p||pean), Where pean = e PH /Z with Z = trle #H] is a thermal state w.r.t. the
same Hamiltonian H. We have

F(p) = tiHp] - 55(p)

1 1
= tr[Hp] + BD(PHPcan) + Btr{plnpcan]
1 1
= tr[Hp] + BD(pHpcan) + Btr[p(fﬂH —InZ)]

1 1
— ——InZ+ =D(p|lpean) .
5 5 (pl|pcan)

Hence, we find that the difference of free energies in the thermal bath,
AFp = F(pp) — F(pp)

1 1 1 1
=——-WmZ+ -D(pgllpp) + - InZ — = D(pp|lps)

B B g g
1
is, by Klein’s inequality“%, indeed non-negative. O

It has been shown that an optimal process, in the sense that exact equality in the inequality holds, does in
general not exist?C. However, if the dimension of the thermal bath B is not restricted, one can approach the lower
bound —AF}); arbitrarily closely, e.g. by conducting a process that consists of multiple intermediate steps in which
the memory gets temporarily thermalised®™>2. Since we place no restriction on the Hilbert space dimension of B in
our framework, we assume that the resetting step R is conducted in such a way that inequality is saturated as
closely as desired, i.e.

AEr = —AF)y.

We emphasise that this assumption merely simplifies our results, but does not restrict their validity in a more general
setting. Dropping this assumption will only increase the lower bounds by additional non-negative quantities.

Appendix D: Overall energy cost of a general quantum measurement

As described in the main text, the overall energy cost needed to implement a quantum measurement is the sum of
the cost of step M and step R,

Eecost = Ala./\/l +AER .
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Combining Theorem [I| and the optimal implementation of the resetting step R, AEr = —AF); (see Appendix ,
the overall energy cost is given by

BEcost = BAEs + AS+ T+ Ag . (D1)

Note that the two terms +AF); from and have cancelled. Thus, although energy costs can be shifted
between AFE ) and AExR by changing the memory Hamiltonian Hp; arbitrarily, this does not affect the total energy
costs Foos132186 To continue, as shown by the computation in Eq. , we have AS +T+ Ag = S(phy,) — S(pm),
so we find that the overall energy cost of a quantum measurement crucially depends on the entropy change in the
memory

BEcost = 5AES + S(p/]\/[) - S(pM) (DQ)

This is consistent with applying Landauer’s principle!?27 to the measurement process (see main text), as has been
first done by Bennett!¥ and was generalized to feedback protocols by ref?8. The equality will turn out to be
useful to derive the equality results in the following sections, but requires knowledge about the internal state of the
measurement device. In contrast, inequality in the main text

Eeost > AES + kBT[S(pS) - ZPkS(PS,k)] (D3)
k

is independent of the specific measurement implementation (Usas, par, {@k}) and immediately follows from (D1I)) by
the non-negativity of Z and Ag. Our derivation of Eq. (D3] extends previous work by refs*“42 which was restricted
to efficient measurements or assumed thermality of ps and the Second Law (see Appendix .

Appendix E: Lower bound in terms of inefficiency

Here we prove a lower bound on the energy cost in terms of the inefficiency of the measurement. A measurement
is said to be efficient if each measurement outcome k has just one corresponding measurement operator M, i.e.
the (unnormalized) post-measurement states on the measured system S all take the form Tj(ps) = MkpsM,I or,
in other words, the Kraus rank of all maps T} is one. Efficient measurements however do not describe all possible
quantum measurements. Instead, as described in Appendix[A] the most general form of measurement is given through
inefficient measurements described as pg — p'S = Zk p M;“-pSM]L. The index ¢ ranges from 1 to the Kraus rank I(k)
of the channel T;. We henceforth call the maximal Kraus rank of all elements 7}, of a given quantum instrument the
inefficiency I of the quantum instrument {7 }. Clearly, if I = 1 we recover the case of efficient measurements.

For general measurements we prove the following theorem:

Theorem 3. Let (Usar, par, {Qx}) be an implementation of a quantum measurement with inefficiency I. The energy
cost of operating this device is then lower bounded as

ﬂEcost Z BAES —InT. (E].)

We highlight two consequences of this theorem: First, if we can construct a measurement device for an inefficient
measurement with I > 1 that saturates the inequality , then useful energy Feoxt = AEs — Eeost can be extracted
from the device during this operation. Remarkably, as shown in Figure |3|in the main text, such devices exist. Further
details on this example and how to construct such measurement devices will be presented in Appendix [F] Second,
such extraction of energy in a measurement is only possible for inefficient measurements. Efficient measurements can
never yield energy?122 E_ . < 0.

Proof. In order to prove inequality (E1|) let us denote by px = tr [ZZ MyipsM ,u the probability of receiving outcome
k and by IO/S,k => M;ﬁ-pleL/p;C the corresponding post-measurement state on S. Furthermore, define rp; :=
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tr [MkipSM,L]. Then we have

) T
ZPkS(Ps,k) = Zpks(z M>
F k

- P
. . T

= Zk:pks( zzj % Mklf,iMkz)

SR ®

< Xk:pk 1n1+zi:;’“1;5(‘/’§M’%i4“‘/ﬁ)] (E3)

T )
=+ ras( \/’TSM“MW’TS)
k,i

Tki
<+ 5( Y VpsMMyiy/ps) (E4)
ki
=Inl+ S(pS) )

which by inequality (D3|) proves the desired statement (E1)). Inequalities (E2)) and (E4)) are obtained using the property
of the von Neumann entropy that for any convex combination of quantum states, D0, we have that?4

ZPJS(UJ') < 5(2%‘%‘) < H({p;};) + ZP;‘S(UJ‘) : (E5)

Inequality (E3) is obtained using the following two statements: First, the Shannon entropy of any probability distri-
bution with I elements is upper bounded by In I and, second, S(LL') = S(LTL) for any linear operator L since LL'
and L'L have the same non-vanishing eigenvalues. O

Appendix F: How to extract energy through measurement

In this section we present and discuss in detail two examples of a measurement on a qubit S and compute how
much energy is extracted during each process (see Figure [3|in the main text for a brief summary). The first example
will be an efficient measurement, for which we already know that no energy can be extracted (see Theorem [3). The
second example will be a slight variation of the first: Although quite similar to the first measurement, the second is
inefficient and allows to extract kg7 In2 of energy from the device for specific initial states of the measured system
S (as depicted in Figure [3)).

Our first example is a rank-1 projective measurement on a qubit system S with projection operators {|k)(k|}r=01
and we denote by ps and pj; the initial state of the measured system S and memory M, respectively. The final state
of S and M is of the form

Pone = (klpslk) - k)s (k| @ phry » (F1)
k=0,1

where the states pM  have support on orthogonal subspaces such that the outcome value £ is reliably stored on M.
The outcome probabilities are then given by pr = (k|ps|k). A specific measurement device (par, Usar, {Qr}) that
implements this projective measurement is characterised as follows: We take a memory M consisting of two qubits
M4 and Mp with Hilbert spaces Has, and Hpy,,, respectively, that starts in the state

1arg
5

Additionally, we take projections Qr = |k)ar, (k| ® L s, and consider the following unitary interaction between system
and memory

py = [0)ar, (0] ®

Usm = <|0>s<0| @ [0) a1, (O] + [1) (1] @ [1) a1, (O] + ) ® Loy
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where the dots indicate that we are free to choose any unitary extension. Indeed, evaluating Eq. (Al]) for this
implementation (Usas, par, {Qk}) we find that this measurement device outputs the desired final state in Eq. (F'1])

1yvg

with ply . = [Kar, (k] © 2

In this paper, we provide various ways to calculate the energy cost of conducting this particular measurement:
In the main text we claimed that the energy cost of any projective measurements is exactly given by Fp.oj =
AEs + kpTH({px}), where H({pr}) denotes the Shannon entropy of the outcome probability distribution (see Eq.
in the main text). While this claim is proven in Appendix we can also verify this result for the example at
hand using Eq. . Indeed, since we specified the microscopic details of our showcase measurement device, we are
able to compute the energy cost of this projective measurement

BEpro; = PAEM + BAER
= BAEs + S(py) — S(pumr)
= BAEgs + (H({pk}) + In 2) —In2
= BAEs + H({px}) -

Hence, indeed we find that for all initial states of S no energy can be extracted, Eexy = AEg — Eproj < 0.

The situation changes if we consider the following slight variation of the above setup, which is our second example.
Assume a situation where we are only interested in the outcome probabilities py of our measurement and not in the
final state of S, i.e. we fix the POVM but not the quantum instrument. We can then construct a measurement
device that in addition to the previous device performs, after Ugys but before the projections {Q}, a swap operation
Usenmp between S and Mp (see Figure |3). The unitary interaction between measured system and memory in this
device is therefore simply given by Us«snry © Usar. The post-measurement state then reads

1s
Pon = 5 ® > (klps|k) - k) ar, (k] @ k) ar (K| -
k=0,1

Note that the measurement device correctly outputs the outcome probabilities, i.e. the measurement outcomes can
be read off from the memory via the projections @ with the correct probabilities pr, = (k|ps|k), and therefore still
allows for conditioning on the outcome. However, in contrast to the device in the first example, it always leaves the
measured system in the completely mixed state. Remarkably, operating this device allows for extracting energy since
by , we have for this modified measurement that

BEext - 5AES' - ﬁEcost =In2- H({pk}) Z 0.

Hence, if the measured system starts in any of the states {|k)s(k|}, this measurement device outputs Eext = kpT In2
of useful energy. The reason why this slight modification of the setup allows for extracting energy is that the additional
swap process introduces inefficiency into the measurement: A measurement that always outputs states of the form
Psnr = 175 ® p; cannot have a one-to-one correspondence between measurement operator Mj, and outcome k. Indeed,

our device implements the quantum instrument {T%(ps) = 2?21 314) (k|ps|k)(i]} with inefficiency I = 2 and hence
saturates our inefficiency bound (E1)).

Appendix G: Energy cost of projective measurements

Projective measurements are the textbook examples of “standard” quantum measurements. They are described by
projective measurement operators M;, = P, with P? = P,I = P, and map the initial state pg of the measured system to
the post-measurement state ps ,, = Pyps Py /pi with probability p, = tr[Pyps]. In particular, projective measurements
belong to the class of efficient measurements due to the one-to-one correspondence between measurement operator Py
and outcome k. A measurement device that implements such a projective measurement { P} on S is described by a

tuple (Usar, pur, {Qr}) satisfying
trar |(1® Qu)Usar(ps @ pan)Udy (1 ® Qi) | = PepsPi VpsVk . (G1)

Again, in accordance with our implementation requirement, we require this equality to hold for all states pg on .S,
otherwise the device does not perform the projective measurement on all possible input states.

We now prove that the energy cost of implementing such a measurement is exactly given by Eq. in the main
text.
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Theorem 4. Let (Usns, par, {Qr}) be an implementation of a projective quantum measurement { Py}, as prescribed
by (G1)). Then the energy cost of operating this device on an initial state pg is exactly given by

BEproj = BAEs + H({px}) ,
where H({pr}) = — > px Inpy is the Shannon entropy of the outcome probability distribution py, = tr[Pyps].
The proof of this theorem is based on the following lemma:
Lemma 5. Let {Py} be a projective measurement on some quantum system S. Let a dilation of the “measurement
channel” Ts(ps) := >, PupsPr be given by
ZPkPSPk =trg [USE(PS @ pe)Ulp|  Yps (G2)
E

where pg s an initial state of a quantum system E and Usg is a unitary on S and E.
Then there exist quantum states og with S(pg) = S(ogk) for all k such that, for all quantum states pg, the

post-measurement state of E, plz = trg {USE(pS ® pE)U;E}, can be written as

Py = Ztr[PkPS]UE,k Vps .
k

If, additionally, Usg and pg together with projections {Qr} on E form an implementation (Usg, pr,{Qr}) of the
projective measurement { Py} on S, i.e. Y, Qr =1 and

PepsPe = trp | (L® Qu)Usk(ps © pp)ULL(L® Q)| Vs vk, (G3)

then o = QroE kQr for all k, i.e. the og ) are mutually orthogonal.

Proof. (Lemma @ The proof is based on the Stinespring dilation theorem, according to which we can always write
the channel Ts(pg) as a unitary Usy acting on S and an ancilla A initially in a pure state |0) 4(0|,

Ts(ps) = tra[Usa(ps ® [0)a{0]) UL 4] -

The minimal Stinespring dilation can be chosen to be any unitary extension Usy of the operator >, P ® k)4 (0],
whose action is only defined on states of the form [i¢)s ® |0) 4, where the ancilla Hilbert space A is spanned by the
orthonormal basis |k)#%. The corresponding complementary channel takes the form

Ta(ps) = trs[Usa(ps @ [0)a{0]) UL 4]

=trg [ZPkPSPk’ ® |k'>A<k/|} )
Kk’

= Z tr[Prps]|k) a(k| .
2

However, this channel is not the only possible complementary channel of Ts. Using (G2), we find another comple-
mentary channel,

Tpg(ps) =trs[Uspp(ps @ wEE)U;EE] ’

where E is a purifying system of F such that the pure state 1,z satisfies tr5[Y 5] = pp and Ugpp = Usp @ 1 5.
The Stinespring theorem states that these complementary channels are related by an isometry V : Ha — Hrg @ Hz,
ie.

Typi(ps) = VTalps)VT = tr[Pups]ve) gl
k

with |vx) g := V|k) 4 again forming an orthonormal basis. Note that the complementary channel Tz and the final
state py of E are, by construction, linked via the partial trace,

oo = trs [Usi(ps @ pu)Ulp| = trg [Tpz(ps)] -
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Hence, for every pg, the final state on E takes the form

Pe = Ztr[PkPS]UE,k Vps , (G4)
K

where we define the states o, = tr[V|k).a(k|V ], which are independent of pg.
To show S(pr) = S(og k), let now ps = 9, be a pure state supported on the subspace characterised by one Py, i.e.

Pytby, = by Then by (G4)

P =trs[Usp(r ® pE)Ug‘E] =0Rk (G5)

and the final state on S is pure,
ps = trp[Use (Ve ® pp)Uly) = ZPMWPM =y
k/

Hence there are no correlations between the marginals of the final SE state, i.e. Ugg(¢¥g ® pE)U;E =Y ® OR k-
Since unitaries do not change the spectrum, we have S(pg) = S(og,x), which concludes the first part of the proof.

For the second part of the proof, we assume that we additionally have an implementation of the projective mea-
surement on S, i.e. is satisfied. Note that we can obtain by summing over k; hence, all statements
within the first part of the proof remain valid for this second part of the proof. We can thus take 1 to be a state in
the support of Pj as above to find by that

opx = trs [Usp(r @ pp)ULg] -
Our aim is to show that by requiring (G3]) we have, for all k, that
opk = QroprQrk . (G6)

To this end observe that the quantity Qrog rQk is a positive operator with unit trace for all k since by (G3)

trp [Qr trs[Use(Yr @ pp)ULplQk] = trse [(1® Q1) Use (W @ pp)ULs(1 ® Q)]
= trs [Pkwkpk] = tl"’l/)k =1.

But then we can compute

1=trlogk] = tr[(Qr + (1 — Qk))oEr(Qk + (1 — Qr))]
= tI‘[QkO'EJCQk] + tl"[(l - Qk)UE,k(]l - Qk)]
=1+tr[(1 — Qr)op k(1 — Q)]

to find that (1 — Qk)ogr = 0p k(1 — Q) = 0 which implies (G6). O
Let us finally prove Theorem [4

Proof. (Theorem [4)) To compute the energy cost Epoj = AEA + AER of a projective measurement, we use to
simplify the problem to computing the entropy difference in the memory, SE,..; = BAEg + S(ph;) — S(par). While
the entropy difference is hard to control for general measurements, Lemma [5] gives us enough information to compute
it exactly in the case of projective measurements.

Recall that the state of the memory after the measurement is given by

Par = trs {Z(]l ® Qu)Usn(ps ® par)ULy (1 ® Qk)} = Qrin Qs ,
k

k

where we introduced the quantum state par = trs [Usar(ps @ par)Usy,]. Also note that (Usar, par, {Qr}) is, by
assumption, an implementation of the projective measurement { Py}, i.e. (G1f) (resp. (G3) of Lemma [5) is satisfied.
Hence, by Lemma [5] we know that the state pj; takes the form

prr =Y tr[Pepslonr
k
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where the op ;= Qrom pQr are mutually orthogonal and have entropy S(oark) = S(par) for all k. The post-
measurement state of the memory is therefore given by

Phr =D QuinQr = ZQk(Ztr[Pk/PS]UM,k'>Qk = tr[Pepslonrs = Y POk
k k K k 2

From this it follows that

6 proj — ﬁAES + S(pM) S(pM)
=PAEs + (H({pk}) + Zka(UM,k)) — S(pm)
e

= BAEs + H({pr}) -

Appendix H: Comparison with previous literature

After we have now derived the theoretical bounds Egs. and from the main text, we compare them in this
section with other results on the energy cost of quantum measurements that are given in, or can be extracted from,
the literature. In particular, we will compare here, in greater detail than in the main text, our results and framework
with those of Sagawa/Ueda?t*4% Jacobs??, Bennett'"4 and Faist et al*®.

The framework most closely related to ours is the one from Sagawa and Ueda’s work?!*26, In this work the following
lower bound on the energy cost for an efficient quantum measurement { My} is found:

Eoost > Esy = AEs + kpTT (H1)

where Z = S(ps) + H({pr}) + >, tr[Mrps My, In MypsMy]. As clarified in an Erratum®, the given derivation relies
crucially on the fact that the measurement is efficient??, i.e. each measurement outcome k corresponds to a single
measurement operator M. Our Eq. in the main text and its derivation (given in Appendices give the
correct generalization of this bound to inefficient measurements, where each outcome k can correspond to multiple
associated jump operators My, Mgsa,. ... Indeed, the general bound Eq. just reduces to the statement from
ref2! in the special case of efficient measurements, since in this case S(ps) — Y, PrS(pls ;) = T as is easily verified.

The form of the bound given in ref?!' does not give a correct generalization to general inefficient measurements.

The correct generalisation of the lower bound ( . ) to general inefficient measurements can already be inferred
from Jacob’s work?2, which was directly following up on ref%, Instead of directly calculating the energy expense of
conducting the quantum measurement, ref2? answered the converse question: After some “black box” has performed
the required measurement { My, } on the state pg, how much energy can be extracted by means of a feedback protocol
that makes use of the measurement result & and the post-measurement state pg’ . on the measured system S? This
feedback process is required to map each post-measurement state Pls,k to the initial state pg such that the overall
process (measurement and feedback) is cyclic. It is found that the amount of energy that can be extracted in an
optimal feedback process is given by the average free energy difference

ea:t Jacobs = Zpk (pS k)) AES + kBT|: Zpks pSk :| .

The derivation in ref?? assumes that the “measurement black-box” acts on a thermal state (also in®? (Eq. (7)) a
non-thermal state pg is first reversibly transformed into a thermal state).

If one now assumes the Second Law of Thermodynamics, which states that no net amount of energy can be extracted
in a cyclic process that involves a single thermal bath, one can use the optimal work extraction result to argue
that at least this much energy had to be invested by the measurement device (“black box”), i.e.

Feost > AFs + kpT[S(ps )= S niSloha )]

which is identical to our Eq. in the main text. Due to the above thermality restriction, the argumentation via
is valid only if pg was thermal, whereas our general derivation from Appendices [BHD] holds without that thermality
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requirement. QOur result is therefore even applicable to systems far from thermodynamic equilibrium, which is the
typical situation in quantum information processing tasks such as quantum computing. Also, our derivation does not
assume the validity of Second Law, but instead provides a detailed microscopic picture of the implementation of the
measurement device, whereas that device is treated like a black box in ref?2. Qur explicit microscopic modeling is
useful e.g. in order to display the work-extracting implementation of an inefficient measurement in our Fig. 3, which is
surprising in light of ref2Y and answers a theoretical question left open by refs2¥28 whether such an implementation
exists. The black-box treatment in ref?2 can never display such an implementation capable of work extraction.

We also briefly compare our results with Bennetts’s’¥ and other implementation-dependent bounds, such as
those in ref28 for feedback protocols. According to ref4 the total energy cost for measurement and erasure is
Ecost = AEs+ kT (S(p);) —S(pam)), where pp and p)y, denote the states of the measurement device before and after
the measurement step M. We indeed rederived this statement within our framework in Eq. , but argue that
this result by itself is not very useful in our context, since it is not stated in terms of the measurement specification
{My;} (and pg, Hg). Rather, for any fixed measurement {Mj;} one can find many implementations (par, Usar, {Qr})
yielding different values of S(p;) — S(par), see e.g. the red vs. blue curves in Fig. 4. It is the virtue of Eq. and
our main result Eq. to give a bound on the energy cost solely in terms of the measurement specification {My;}
and the system quantities pg, Hg. Only this feature allows us to compute fundamental energy costs for theoretical
protocols (as in our applications, Appendices .

General results to compute the thermodynamic energy costs for the implementation of any quantum operation
were given in Faist et al1®. This work differs from all the previous more traditional thermodynamic treatments in
that it goes beyond the usual “state-transformation ideas” and instead requires the implementation to act correctly
on a larger subspace of states. This is similar in spirit to our implementation requirement (Appendix |A]), and we
will comment on commonalities and differences further below. In ref!¥ the energy costs on the system S are not
considered, effectively setting Hg = 0. All results in ref¥ are derived within the so-called single-shot setting and
later translated to the asymptotic i.i.d. setting; we will make a comparison below.

According to ref® the single-shot energy cost to perform the measurement step is given by kgT - HS,, . (E|MS),

where the smoothed conditional maz entropy HE . (E|MS) is evaluated on the state

0V emse =D ki) e ® k) @ (Myilt)sg)
i

where M is the memory that stores the outcome k, R is a purifying system of the measured system .S such that

trgr |¥)sr(1¥| = ps is the initial state of S, and F is an ancilla system needed to calculate the Stinespring dilation of
the measurement process €(ps) = Y, |k)(k|m ®; MkipSM,;ri. Incorporating the single-shot cost kT In2- HE . (M)
for erasure, the total minimal cost for measurement in the single-shot setting amounts to (see ref*¥ (Supplementary

Note 4))
E;‘aist =kpT - (Hrenax(E|MS) + Hrilax(M)) (H2)

We emphasize that here we require the resetting step not to make use of the system state py, because in relevant
situations (see e.g. Appendix this state is actually not available for the resetting step.

Below we will compare with our results Egs. and in two different ways. For the first way of comparison,
note that a non-vanishing error ¢ > 0 implies that the process corresponds to a measurement only on a subset of
the state space. In our framework however we demand that the process acts correctly for all possible input states
according to our implementation requirement (still we evaluate the energy cost for a specific initial state pg). For the
comparison of the two frameworks below, we therefore first set € = 0 in the single-shot result which then reads!®

Epaise = kBT - (In[|E(s)||oo + Inrank[p),]) , (H3)

where Ilg is the projector onto the support of the input state pg. Intuitively, this result gives the worst-case estimate
for the energy costs in a single shot of the measurement process.

Secondly, we will compare our results with the .7.d. limit of , where one evaluates the single shot quantities
for fixed error € € (0,1) on product states p®™ in the limit of large n, see ref*¥ (Methods section). Taking this limit
turns the term HE, (F|MS) from into

S(EIMS) = S(EMS) = S(MS) = S(ps) = [H({px}) + > peS(rls,)]
k
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as one can easily compute, and the term Hf, . (M) from (H2) into
S(M) = H({pk}) -
The i.i.d. limit of (H2| therefore evaluates to

Bt = S(ps) = > peS(pls) - (H4)
k

which surprisingly equals exactly the lower bound presented in Eq. for general measurements (again, Hg = 0 in

ref18).
The fact that the i.i.d. limit in (H4]) agrees exactly with the bound presented in Eq. , implies that the i.i.d.

costs E?ig;c’j of projective measurements are in general strictly lower than the energy cost El,.oj predicted by our

main result Eq. for projective measurements, E?S;E;OJ < Epro; (the two values agree if and only if ps was already
diagonal with respect to the measurement basis). We find this a highly interesting disagreement which we explain as
follows: The device constructed according to ref 18 implementing the measurement step optimally, is required to work
correctly only on the support of the input state pg, rather than on the whole state space (see ref*® (Supplementary Note
4A) and ref¥). As a consequence, in the macroscopic limit the constructed device is guaranteed to perform correctly
only on the typical subspace of p?", which is much smaller than the whole state space unless pg was completely mixed.
For our result Eq. we require something stronger: The measurement device should perform correctly on the full
state space (see the implementation requirement in the Methods Section). Hence, our energy cost result exceeds the
one of ref18 as we will see explicitly in the examples below.

Whether to use the i.i.d. limitt® in or our main result Eq. depends on the physical situation. Here, we argue
that Eq. is more appropriate than Eq. to compute the energy cost of quantum error correction (which we
describe in the main text and Appendix. In the QEC scenario, a large number n of measurement operations M are

applied independently to the n (logical) qubits of a quantum computer. However, a usual quantum computer is not
(n)

ent» aking the macroscopic

a tensor product state p®" but rather an n-qubit correlated (or even entangled) state p
limit in ref™ inappropriate for that case.

To illustrate the disagreement between our main result Eq. , the single-shot result Eq. and its i.i.d. limit
Eq. (H4), let us consider a projective measurement in the computational basis {|0),[1)} on a qubit, initially in the
pure “superposition state” ps = (|0) +|1))({0] + (1])/2, which has also been considered in ref** (Supplementary Note
4F, Example (III)):

i) Our result Eq. yields an energy cost for measurement and resetting o roj = kT'lo plus whatever
i) O It Eq. (2) yield fey t f t and ting of Epoj = kpT'log2 (pl hat
energy change AFg is incurred on the system).

(ii) Evaluating the entropic terms for Eqs. (H3) and (H4) yields

)] = — 2
Inrank[p),] = +In2,
S(ps) =S(psr) = 0,

so that the single-shot energy cost as well as the energy costs in the i.i.d. limit are predicted to be

0 _ piid
EFaist - EFaist -
This is strictly less than our prediction, for reasons explained above.

As a second (essentially classical) example, consider the same measurement on the state ps = po|0)s(0] 4+ p1|1)s(1]
which is diagonal in the measurement basis. In this case one can easily compute that our result Eq. agrees with
the i.i.d. limit in Eq. (H4)), but is generally less than the single-shot result Eq. (H3]),

Eproj = E?gist = kBTH({po,pl}) < kpTlog rank[{pmpl}] = E%aist .

Equality holds in the chain if and only if pg was completely mixed or one of the computational basis states.

Appendix I: Energy costs of quantum Zeno measurements

Here we compute the energy cost of conducting a stabilisation scheme via Zeno measurements — a process typical
for the field of quantum control. As in the main text we consider a quantum system S, initially in the pure state pg =
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|0)(0|, with Hamiltonian Hg = Fox, where ox is the Pauli operator and +F are the two energy eigenvalues of Hg.
Our goal is to study the energy cost of conducting a quantum Zeno stabilisation protocol that stabilises S against the
free Hamiltonian time evolution over the time span ¢ by applying projective measurements { My = |0)(0], M7 = [1)(1]|}
at N regular time intervals §t = ¢/N. Since these measurements are projective, we can, by Theorem [4] compute the
energy cost of each measurement exactly.

Note that the protocol employs multiple iterations of the same projective measurement. In our framework this may
be equivalently described either by considering a single measurement device that is used repeatedly or by considering
multiple devices, each possibly a different implementation of that measurement. The energy costs of both approaches
are the same as the cost is by Theorem [f] independent of the specific implementation.

We find the following theorem for the total energy cost of Zeno stabilisation:

Theorem 6. Consider a quantum Zeno stabilisation scheme as above. To achieve high target fidelity F, the energy
cost of operating the devices that implement the projective measurements { My = |0)(0], My = |1)(1|} is given by

Et 4.5
E ~ T 1
Zeno =~ kB ( h) n|:1F:|

Hence, we find that the total energy required for stabilisation grows logarithmically in 1/(1 — F) for increasing target
fidelity F'. In the asymptotic limit as F' — 1 the energy cost is given by Eq. in the main text. Limited energy
supply thus constrains our ability to stabilise a quantum system via Zeno control.

Proof. Let us denote the state on S after the n-th measurement by p(n) (1—€,)]0)(0]4+€,|1)(1]. The probability that
the process returns the wrong state |1) after n steps is then given by e,; the fidelity>* F = F(pf9 ), ps) = <O\p(N)|O>
of the final state at the end of all IV steps is F' = 1 — ey. Between the measurements, the system undergoes free time
evolution according to the unitary U = exp(—idtHg/h) such that the probabilities after the (n + 1)-th measurement
change to €,11 = €, cos(ESt/h)? + (1 — €,)sin(ES§t/h)?. Since ¢p = 0 by assumption, this recursion formula has the
solution

1 BEot\?
= 5(1 —cos(2E8t/R)") =n (ﬁ) +O(6t*) .
According to our result for projective measurements (Theorem [)), the n-th measurement consumes energy BEprgJ
H({en,1 —€,}), where we used that AEg = 0 for each step. The total energy required is then given by

N
BEgeno = »_ H({en, 1 —€n}) .
n=1

We are interested in stabilisation schemes that yield high target fidelity F', which can be achieved by applying the
measurements in shorter and shorter time scales, 6t = t¢/N — 0, or in other words by applying more measurements
N — oo in constant time span ¢. In this limit the higher order terms O(dt*) of en will not contribute to the energy

cost of the measurements, so we set €, ~n (E‘St) We then have F ~ 1 — & (%) and

N N
ﬂEZeno = — Z €n 111 €n — Z(l — €n) hl(l — Gn)
n=1 n=1

n
n=1 n=1
N 2 2
Bt Et
- 1-n(—) ||1-n(—=—
3 (10 () )| (55)
EN? (&K 1n,_n NN+1)
~ (22 Ly Inf1-F
(h> (;NNDN+ INZ 1= 7]
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In £ ~ folaclnxdw = —1/4and In[l — n (%)Q] ~ —n(£5)? (again higher
). Hence, we have
1

()1 w1 (2)
e
fHi N

In the limit N — oo we have Zn 1

1 n
NN
orders of the expansion do not contribute

2
BEZeno =~
2
2

~

Appendix J: Energy cost of quantum error correction

In this section we investigate another application of our result on the energy cost of projective measurements
(Theorem ' namely computlng the energy cost of conducting quantum error correcting protocols. In particular, we
consider the 5-qubit code®! in which the state of a single logical qubit [1)) = ap|0L) + a1|1.) in the code space C%,
with ag,a; € C and |ap|? + |az|? = 1, is encoded into the space C5 = (C?)®® of five physical qubits by using the
codewords*

1
02) =7 [100000) + [10010) + [01001) + |10100)

)
+101010) + [00101) — [11011) — [00110)
— [11000) — |11101) —00011) — [11110)
—[01111) — [10001) — [01100) — |10111)] ,

)=
1
1) = H11111 +01101) + [10110) + |01011

) )

4F|10101>—%|11010> 00100) — |11001)

—|00111) — [00010) — |11100) — |00001)
—[10000) — |01110) — [10011) — [01000)] .

As in the main text we assume that each physical qubit is affected by the amplitude damping channel

N, (p) = JapJf + JopJ]

with Kraus operators J; = /¥|0)(1] and Jo = /1 — JIJi, where v € [0,1] determines the noise strength (y = 0
corresponding to the noiseless case). Note however that our formalism applies to arbitrary noise models.

The error-correcting protocol is then a feedback scheme that allows to approximately recover the logical state |1))
from the noisy state pg -, = N§5(|1/)><1/)|) by applying so-called syndrome measurements

S'=X®Z0ZeX®I , SP=IX0ZZ0X,
SP=XIeXeZI®Z , S'=7Z0XIX®Z,

where X, Y, Z denote the Pauli operators and I is the identity matrix. Each syndrome measurement S’ has outcomes
s7 € {—1,1}, occuring with probability p(J) = tr[P(])pS ~|, where P(J) denotes the projector on the subspace corre-
sponding to eigenvalue s?. Furthermore all syndrome measurements commute and are hence jointly measurable. The

measurement operators of the joint meaburement S are given by projections {Ps}12 ) with Py, = P(l)P(2)P(3)Ps(Zl and
outcomes (“syndromes”) s = (s, 5%, s, s*) that occur with probability ps = tr[Psps ).

We call a specific realisation of the 5 qubit code a separate measurement scheme if it employs four devices, each
implementing one of the syndrome measurements S?. If only a single device is employed that implements a joint
measurement S we call it the joint measurement scheme. Note that, for both separate and joint measurement scheme,
any single-qubit Pauli error is uniquely identified by one of the 16 possible syndromes s = (s!, 52, 5%, s%). Hence, such

errors can be corrected with certainty by applying the conditional unitary

Vs =Y Vi® Py,
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which applies the unitary V on the measured system S if the syndrome (which is stored in the memory after the
measurement and read out by projections Py) is s. More concretely, since all single qubit errors (X,Y or Z) square
to identity, we simply apply, say, Vs = X ® I ® I ® I ® I if the syndrome s identified an X-error on the first physical
qubit. In the following we denote the final state after applying the joint measurement S and corresponding feedback
by

ﬁS’,'y = Z VvsPspS,'yPvasT .

Both the separate and the joint measurement schemes can be used for quantum error correction, but they come at
different energy costs as may be verified by employing Theorem [4f Whereas the average energy change on S, AFg, is
the same for both measurement schemes, the joint measurement scheme demands an additional energy cost from the
physical implementation

B = kpTH({p:}i2o) (J1)
which is always less or equal to the additional energy cost
4 .
Ecs:ip = kT Z H({Pg‘)}sjzil)
j=1

required to implement the four separate syndrome measurements. The reason for this is that a joint measurement
scheme can exploit correlations in the measurement outcomes to reduce the cost of the resetting step R. More
concretely, for all joint probability distributions p(s = (s, s2, 5%, s*)) of random variables S!, 5%, 5%, S* the following
relation holds:

H(S'5?535%) = H(S') + H(S?S38%|s")
= H(S") + H(S?|S) + H(S?5'S?) + H(S*|S'5%53)

4
S H(S) | - I(S': 8%~ I(S'S?: §%) — I(S'S25° 1 §Y) (J2)
j=1

where H(S1525%8%) .= H({p(s = (s!,s?,53,5%))}s) is the Shannon entropy of the joint probability distribution,
H(S?|SY) := H(S'S?) — H(SY) is the conditional entropy and I(S' : S?) := H(S') — H(S'|S?) is the mutual
information, which quantifies the correlations between the respective random variables and is always non-negative.
Hence, only if the measurement outcomes are uncorrelated (i.e. all mutual information terms in vanish), we have
that H({ps}1%,) = 2?21 H({pg)}sj:ﬂ) and the energy cost of the joint measurement equals the cost of all four
separate measurements. In Fig. the difference between the blue and red curve is due to the mutual information
terms of the syndrome bits on the specific noisy states,

E3P — BRI = kpT (I(S* : S%) + I(S*S% : §%) + 1(S'S25% : %)) .
Note that ezactly determines the minimum additional energy requirements for quantum error correction and

is hence a drastic improvement to all previous results, which only provide lower bounds: Evaluating the result (D3]
obtained in refs#22 yields the best lower bound previously known

EEY i= kT [S(ps) = 3 sS(Pupsy Pe/ps)| < BES,

which itself is a slight improvement (due to concavity of the von Neumann entropy) upon the simple application of
Landauer’s principle as in ref %17 directly to the system S,

Eg™ = kpT[S(ps ) — S(pss)] < EEY < B

Both lower bounds, EEU and E(If“, predict much weaker energy requirements than actually needed for quantum error
correction (see Figure 4| for a comparison).
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Appendix K: Energy cost of the projections {Qr} during measurement step M

In the main text we claimed that the projections {Q} onto the different subspaces H;, of the memory M employed
during the measurement step M can be implemented unitarily without any energetic costs using an environmental
system F. Here we prove this statement. This result on the energy cost of dephasing operations may be of independent
interest™. The following Theorem also improves the main result of ref2%: The lower bound from ref?” on the energy
cost of a dephasing operation is negative whenever the dephasing changes the state, whereas our optimal lower bound
is always exactly zero, Eq. @

Recall from Appendix [A| that the Hamiltonian of the memory is given by Hy; = @szl Hy,, where Hj, is a Hamil-
tonian on the respective subspace Hj; with corresponding projection Q.

Theorem 7. Let Ty(on) = Y ) QuomQr be the dephasing operation on the memory M. Then for any dilation of
TM}

T (on) = tre[Uvp(on @ op)UL gl Your , (K1)

where og is a thermal state on an environment E with Hamiltonian Hg, the corresponding energetic cost

Edepn = tr[Hyp(Upme(om ® UE)U;(M; — oM ®0R)]
18 non-negative,
Edeph >0.

Conversely, there exist op and Uy such that the energetic cost Eqepn of the corresponding dilation of Tar(oar) is
precisely zero.

Proof. Our goal is to quantify the energetic cost Egepn = tr[Hyp (o) — ome)] of implementing T unitarily as
in , where oy g = oy ® op and o)y, p = Uyp(on ® UE)U};/[E denote the initial and final state of M and F,
respectively. Due to the direct sum structure of Hy = @, Hi (see Appendix |A)) we know that [Qr, H] = 0, which
implies that the dephasing operation Tj; does not change the average energy on M. Hence, all energy expenses of
this implementation are due to energy changes in the environment E,

Edcph = tr[HE(Ji; — O’E)] . (K?)

The initial state of the environment is, by assumption, thermal, i.e. o = exp(—fHg)/Zr with Zg the partition
function. The final state of E on the other hand can be characterised by applying Lemma[5] from which we know that
there exist states og  with S(og ) = S(og) for all k such that

oy = Ztr[QkoM]UE,k Vo . (K3)
k

But then

Eaeph = tr[Hg (0 — 0p)] = Y _ tr[Quon] tr[Hp(opr — 05)] >0,
%

where the last inequality is due to the non-negativity of the relative entropy D which implies that the thermal state
minimizes the average energy on an entropic orbit, 0 < Str[Hg(cp i — og)] = D(0gk, og) for all k.

We now show the second part of Theorem [7] that is the existence of a thermal state g and a unitary Uy, g that
implement the dephasing channel Ty, i.e.

trp[Une(om @ op)UL 5] = ZQkUMQk Vo, (K4)
3

at vanishing energy cost, Fqepn = 0. Instead of just naming possible o and Uy g to achieve the goal, we provide
a characterisation of all unitaries Up;p which, given any fixed full rank state o, satisfy (K4). In the end, we will
describe a simple explicit construction.
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Consider a pure state oy = ¢ = [¢)(¢p] on M in the support of a fixed projector Qy, i.e. Qrip = ¢. Then from
(K4) we know that the marginal on M,

tre[Uve( ® UE>U1J(/1E] =1,

is pure, while by (K3)) the marginal on E is

trs[Unme(v ® JE)UJLE] =0Ek,

where o 1, is a state which is independent of . This implies

UME(¢®UE)ULE=¢®UE,IC . (K5)

Let us now denote the spectral decomposition of og by op = Zj Ajl¢i)E(¢;|. We note that all eigenvalues \; are
strictly positive since o is assumed to have full rank. Substituting the decomposition of o into (K5|) we obtain

ZAJUME(¢®|¢j>E<¢j|)UZJ{/IE:¢®UE,1€ . (K6)
J

We therefore know that
tre {UMEW ® |¢j>E<¢j|)UszE] =y Vj,

i.e. the marginal on M of each of the pure states Uy g (¢ ® |¢j>E<¢j|)UIJ{/[ must be pure itself and identical regardless
j — otherwise the marginal of the sum could not be pure as required by (K6]). A unitary Uy g that satisfies (K4]) with
full rank states og is therefore always of the form

Ume ([0)m ®195)E) = [¥)m @ Vploj) e | (K7)

with a unitary V, depending on 9 € );. Note however that the right-hand side of must be linear in ¢ due to
the linearity of the left-hand side. Hence, V,;, can only depend on the label k of the subspace corresponding to @y, so
we write Vi, = V.

Up to now we have evaluated for pure states op; = 9 in the support of some @y only. To characterise the
unitaries V; we evaluate on all mixed initial states oy on M to find on one hand that

trglUme(opm ® JE>U]'(4E] = Z QromQy; - (K8)
%

On the other hand we can employ (K7 to compute

Umelon ® UE)UITV[E = UME(ZQiUMQj ® UE)U;{/[E = ZQiUMQj ® VNEVJ»Jf .

ij ij
which together with (K8) yields

ZtrE [ViffEVjT]QiUMQj = ZQkUMQk Vo -
k

ij
This holds if and only if the unitaries V}, satisfy
tr[ViopV]] =6 Vi.j, (K9)

implying that the unitaries V; must form an orthonormal unitary operator basis with respect to the modified scalar
product . Such orthonormal unitary operator bases only exist if the Hilbert space dimension dg of the environ-
mental system E is sufficiently large compared to the number K of possible outcomes k, i.e. dg > v/ K. For further
properties of unitary operator bases we refer to refS9,

Hence, given a full rank state o on E, any unitary Uysp satisfying is of the form with unitaries Vj
that meet the condition .
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To show that there exists an implementation of the dephasing channel (K4) with vanishing energy cost Egeph,
we may therefore choose the Hamiltonian of the environment F to be trivial, Hg = 0, implying that the initially
thermal state of E is maximally mixed for all 8, og = 1g/dg, and that the energy cost is Egepn = 0 by . The
corresponding unitary Uprg that implements the dephasing channel is given by Uyp = Y-, Qr ® Vi with unitary

operators V}, satisfying tr[ViVjT] = dgd;; for all 4, j, which can be easily checked by evaluating (K4

trpUnp(om @ op)Ulie) = tre [ (D Qs @ Vi) (ow @ 1e/de) (Y- Qe o V)]
J k

1
= > Qiou Qi tr[V; V]
ik

= QromQs -
k
The unitaries Vi can for example be chosen as distinct elements from the set of unitaries
dg—1 o
Vim= > e ™ML+ n)rl,  Lm=01,..dp~1,
r=0

where the addition in |l 4 7) is taken modulo dg. These d% operators can be understood as a discrete version of the
Heisenberg-Weyl operators and indeed satisfy, as one can easily compute,

tr[Vim V] = dp - 01,50me  Vl,m,s,t € {0,...,dp — 1} .

Appendix L: Work cost of quantum measurements and the Second Law of Thermodynamics

In this section we argue why our results on energy costs developed in this paper are, in fact, also statements about
thermodynamic work.

More concretely, we argue that all energy costs of an implementation of a quantum measurement stem from unitary
dynamics U only, so that thermodynamic work cost is given as the average energy change3?>6:52

W = tr[H(UpUT - p)]

of a system with Hamiltonian H initially in the state p. Indeed, the energy expenses of the measurement step M are
due to the unitary Ugps and not the projections {Qx} as shown in Appendix [K|and the resetting step is unitary by
construction. Hence, the overall work cost We.s of conducting a general quantum measurement is exactly equal to
the energy cost E.os in our results.

As a consequence of this identification of energy and work, the energy extraction example in Appendix [F]illustrates
a means to extract useful thermodynamic work from the measurement device. This may seem intriguing in the context
of the Second Law of Thermodynamics: Discussions on the net work gain in a whole cycle of a Szilard engine typically
assume that no work can be extracted in the measurement itself and argue that all work gained in the extraction
phase of the cycle is completely cancelled by the cost imposed by Landauer’s principle!? for resetting the memory
that stores the measurement outcome><,

We show however that our findings do not contradict the Second Law of Thermodynamics because of the following
reasoning: When considering the overall work gain of a Szilard engine that employs a measurement device as described
in our work extraction example (Appendix , one needs to incorporate the cost of completing the thermodynamic
cycle by restoring the initial pure state on S. This restoring step consumes all work gained during the measurement.
Indeed, one finds by Eq.

Wcost Z AE/‘S + kBTAS
= AFgs + ]{:BT(S(p%) —S(ps)) + kgTAS

= AFg + kBT<S(p'S) — ZPkS(P/s,k))
k

> AFS ) (L]‘)
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where AFg = Fs(ps) — Fs(ps) is the free energy change in the system during the measurement, which corresponds
to the work cost of the aforementioned restoring step of the measured system S. The inequality follows from the
concavity of the von Neumann entropy (see (E5))).

This shows that the overall work expense in a full thermodynamic cycle that includes measurements is always
non-negative and proves the validity of the Second Law in our general setting.
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