
Φ(r) = −G

∫
V

ρ(r′)
|r′ − r|

d3r′

F(r) = −∇Φ(r) = G

∫
V

r′ − r
|r′ − r|3

ρ(r′) d3r′

∇ · F(r) = −4πGρ(r)

∇2Φ(r) = 4πGρ(r)

∇2Φ(r) = 0

4πGM = 4πG

∫
V

ρ(r) d3r

=
∫

V

−∇ · F(r) d3r =
∫

A

−F(r) · d2S

W =
1
2

∫
V

ρ(r) Φ(r) d3r = − 1
8πG

∫
V

|∇Φ|2 d3r

V 2
0

r
= Fr = − dΦ

dr
; Φ(r) = V 2

0 ln r + const

ρH(r) =
Ma

2πr(r + a)3
; ΦH(r) = − GM

(r + a)

ρJ(r) =
Ma

4πr2(r + a)2
; ΦJ(r) =

GM

a
ln
(

r

r + a

)

ρP (r) =
(

3M

4πb3

)(
1 +

r2

b2

)−5/2

; ΦP (r) = − GM√
r2 + b2

−∂ Φ
∂z

= gz = 4πGρ0 z (inside)

= 2πGΣ (above)

V 2
c (R) = 4πG Σ0 Rd y2 [ I0(y)K0(y)− I1(y)K1(y) ]

ΣK(R) =
aM

2π(R2 + a2)3/2
; ΦK(R, z) = − GM√

R2 + (a + |z|)2

ΣTn(R) =
(

d

da2

)n−1

ΣK(R) ; ΦTn(R) =
(

d

da2

)n−1

ΦK

ρM (R, z) =
(

Mb2

4π

)
aR2 + (a + 3B)(a + B)2

[R2 + (a + B)2]5/2B3

ΦM (R, z) = − GM√
R2 + (a + B)2

; B2 = z2 + b2

ρSn(R, z) =
(

d

db2

)n

ρM ; ΦSn(R, z) =
(

d

db2

)n

ΦM



d

dt
(mαvα

i ) = Fα
i = −Gmα

∑
β 6=α

mβ rα
i − rβ

i

|rα − rβ |3

1
2

d2

dt2
Ii,j = 2 Ki,j + Wi,j = 2 Ti,j + Πi,j + Wi,j

Ii,j =
∫

ρ ri rj d3r = moment of inertia

Ki,j =
∫

1
2 ρ 〈vivj〉 d3r = total KE

Ti,j =
∫

1
2 ρ 〈vi〉 〈vj〉 d3r = ordered KE

Πi,j =
∫

ρ σ2
i,j d3r = dispersion KE

Wi,j = −1
2
G

∫ ∫
ρ(r) ρ(r′)

(ri − r′i) (rj − r′j)
|r′ − r|3

d3rd3r′ = PE

2Kij + Wij = 0

2K + W = 0

E = K + W = −K =
1
2
W

Mtot ' <v2 > Rm

0.4 G

Vo

σo
=
√

2 [(1− δ)(1− ε)−0.9 − 1]

Vo

σo
'
√

ε

(1− ε)

vxdt dvx [f(x, vx, t)− f(x + dx, vx, t)] = − vx dt dvx
∂f

∂x
dx

dx
dvx

dt
dt [f(x, vx, t)− f(x, vx + dvx, t)] = − dx dt

dvx

dt

∂f

∂vx
dvx

dx dvx
∂f

∂t
dt = − dt dx vx

∂f

∂x
dvx − dx dt

dvx

dt

∂f

∂vx
dvx

∂f

∂t
+ vx

∂f

∂x
+

dvx

dt

∂f

∂vx
= 0



dvx

dt
= ax = − ∂Φ

∂x

∂f

∂t
+ vx

∂f

∂x
− ∂Φ

∂x

∂f

∂vx
= 0

∂f

∂t
+ v · ∇f − ∇φ · ∂f

∂v
= 0

d f

d t
=

∂f

∂t

dt

dt
+

∂f

∂x

dx

dt
+

∂f

∂vx

dvx

dt
= 0

∂n

∂t
+

∂
(
n〈vx〉

)
∂x

= 0

∂〈vx〉
∂t

+ 〈vx〉
∂〈vx〉
∂x

= − ∂Φ
∂x

− 1
n

∂(nσ2
x)

∂x

∂〈vj〉
∂t

+ 〈vi〉
∂〈vj〉
∂xi

= − ∂Φ
∂xj

− 1
n

∂(nσ2
i,j)

∂xi

∂v
∂t

+ (v · ∇)v = − ∇Φ − 1
ρ
∇p

1
n

d(nσ2
r)

dr
+

1
r

[
2σ2

r − ( σ2
θ + σ2

φ)
]
− 〈vφ〉2

r
= − dΦ

dr

1
n

d(nσ2
r)

dr
+ 2β

σ2
r

r
− V 2

rot

r
= − dΦ

dr

V 2
rot − σ2

r

(
d lnn

d ln r
+

d ln(σ2
r)

d ln r
+ 2β

)
=

GM(< r)
r

= V 2
c

dI

dt
=

3∑
i=1

∂I

∂xi

dxi

dt
+

3∑
i=1

∂I

∂vi

dvi

dt
= 0

= ∇I · dx
dt

+
∂I

∂v
· dv

dt
= 0

= v · ∇I − ∇Φ · ∂I

∂v
= 0

4πG

∫
f(r,v) d3v = 4πGρ(r)

= ∇2Φ(r)

1
r2

d

dr

(
r2 dΦ

dr

)
= 4πG

∫
f( 1

2v
2 + Φ , | r× v| ) d3v



1
r2

d

dr

(
r2 dΨ

dr

)
= − 16π2G

∫ √
2Ψ

0

f(Ψ− 1
2v

2) v2 dv

= − 16π2G

∫ Ψ

0

f(Er)
√

2(Ψ− Er) dEr

f(Er) =
1

π2
√

8

[∫ Er

0

d2ρ

d Ψ2

d Ψ√
Er −Ψ

+
1√
Er

(
dρ

dΨ

)
Ψ=0

]

N(Er) dEr = 16π2 f(Er)
∫ rm(Er)

0

r2
√

2(Ψ(r)− Er) dr

ρ = 4π

∫ ∞

0

f(Er) v2 dv = 4πF

∫ √
2Ψ

0

(Ψ− 1
2v

2)n− 3
2 v2 dv

1
r2

d

dr

(
r2 dΨ

dr

)
+ 4πGcnΨn = 0

f(Er) =
ρ1

(2πσ2)
3
2

eEr/σ2

d

dr

(
r2 d ln ρ

dr

)
= − 4πG

σ2
r2ρ

f(Er) =
ρ1

(2πσ2
0)

3
2

(eEr/σ2
0 − 1)

d

dr

(
r2 dΨ

dr

)
= − 4πGρ1r

2

[
eΨ/σ2

0erf

(√
Ψ

σ0

)
−

√
4Ψ
πσ2

0

(
1 +

2Ψ
3σ2

0

)]

|∆Vtot|2 =
∑

|∆V |2 =
∫ bmax

bmin

(
2Gm

bV

)2

t nV 2πb db

=
8πG2m2nt

V
lnΛ

trelax ' 0.34
σ3

G2mρ lnΛ

' 1.8× 1010 yr
lnΛ

σ3
10 m−1

� ρ−1
3

trelax ' tcross
N

6 ln N



d f

d t
= Γ(f) =

∫
S(w −∆w , ∆w) f(w −∆w) − S(w,∆w) f(w) d3w

d f

d t
= Γ(f) = −

6∑
i=1

∂

∂wi
[f(w) D(∆wi)] + 1

2

6∑
i,j=1

∂2

∂wi∂wj
[f(w) D(∆wi∆wj)]

D(∆v‖) = −16π2G2ma(m + ma) ln Λ
v2

∫ v

0

v2
afa(va)dva

D(∆v2
‖) =

32π2G2m2
a lnΛ

3v

[∫ v

0

v4
a

v2
fa(va)dva + v

∫ ∞

v

vafa(va)dva

]
D(∆v2

⊥) =
32π2G2m2

a lnΛ
3v

[∫ v

0

(
3v2

a −
v4

a

v2

)
fa(va)dva + 2v

∫ ∞

v

vafa(va)dva

]

D(∆E) = 16π2G2mma lnΛ
[
ma

∫ ∞

v

vafa(va)dva − m

∫ v

0

v2
a

v
fa(va)dva

]

1
n

d
(
n〈v2

r〉
)

dr
+ 2β

〈v2
r〉
r

= − dΦ
dr

−〈v2
r〉
(d lnn

d ln r
+

d ln〈v2
r〉

d ln r
+ 2β

)
=

GM(<r)
r

= V 2
c


