
L]~TT:E:R:E AL NUOVO CIM]~NTO u  15 ,  N.  8 21  F e b b r a i o  1 9 7 6  

On Quantum Resonances in Stationary Geometries. 

T D A M O U R  (*) 

Joseph Henry Physical JLaboratories - Princeton, N . J .  08540 
Physics Department, University o] Western Australia - Nedlands 

N. DERU}~LL)] (*) 

Institute o] Theoretical Astronomy - Cambridge, England 

R. RVFFIN~ (**) 

Institute ]or Advanced Study - Princeton, .N.J.  08540 
Physics Department, University o] Western Australia - Nedlands 

(ricevuto il 15 Ottobre 1975) 

Detailed analyses have recently been made (1) Of relativistic quantized fields in 
a classical background geometry described by Einstein field equations. Much emphasis 
has been directed toward the analysis of a) resonances of spin-0 and spin-�89 fields in 
a Schwarzschild background geometry (2), b) scalar fields fulfilling the Klein-Gordon 
equation in a stationary geometry and their classical limits (h-~0, Hamilton-Jacobi 
equation) (a), e) pair creation processes occurring in stationary geometries endowed, 
as well, with electromagnetic fields (4). 

The aim of this letter is to use some of the results presented in ref. (3,4) and show 
by an explicit example how in a stationary geometry or in the field of a collapsed 
object endowed with electromagnetic structure resonance states with F ~  0 (growing 
with time) can be found. 

The existence of these states is most clear if the effective-potential ap- 
proach (3,4) is used and has its physical justification in the interplay of the two pro- 
cesses of pair creation (4) and resonance states (2.a) in the field of a collapsed object. 

(*) E .S .A.  I n t e r n a t i o n a l  Fel low.  
(**) Al f red  P .  S loan  Fel low.  
(1) See, e.g., Proceedi,l~gs o/ the Marcel Grossman Meeting, ed i t ed  b y  R .  RUFFII~'I ( A m s t e r d a m ,  1976).  
(~) See, e.g., J .  A.  WHEELER: Transcending the law o] conservation o/ leplons, in  Quaderno No. 157, 
A c e a d e m i a  N a z i o n a l e  de i  L ince i  ( R o m a ,  1971),  p.  133. 
(a) N .  DERUELLE a n d  1%. RrYFFINI: Phys. Let t . ,52 B, 437 (1974); i n  t h i s p a p e r  t h e  pos i t ive-  a n d  n e g a t i v e -  
roo t  so lu t ions  i n t r o d u c e d  b y  D.  CHRISTODOULOU a n d  R.  RUFFII~*I: Phys. Rev. D, 4, 3552 (1971), a r e  iden-  
t i f ied  w i t h  the  c l a s s i e a l l i m i t s  of t h e  pos i t ive -  a n d  n e g a t i v e - e n e r g y  s t a t e s  of a r e l a t i v i s t i c  q u a n t i z e d  field.  
See a lso  T.  DAMOUR: Letl. Nuovo Cimento, 12, 315 (1975), w h e r e  t h i s  c o r r e s p o n d e n c e  is  m a d e  m a n i f e s t  
b y  a s u i t a b l e  cho ice  of t h e  c o - o r d i n a t e s .  
(J) See, e.g., T. DAMOUR a n d  R .  RUFFINI: Phys. Rev. Lett . ,35,  463 (1975); N. DERUELLE a n d  R.  RUF- 
FINI: Phys. Lett. ,  58 B, (1975) a n d  r e f e r ences  m e n t i o n e d  t h e r e .  
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Le t  us consider  a spin-0 boson field �9 of mass /x and charge e in a K e r r - N e w m a n  
geome t ry  

(1) (V ~ -  i~Aa)(Va--  ieAa) q~ = I ~2 q~ 

and 

2: ~ sin e 0 zl 
(2) ds~ = -- d r A  + 2:d02-}- - - X  [(r~+a2)dqJ--adt]2---X [dt-asin~OdqJ]2' 

e r  
(3) A = - -  ~ ( d t - -  a sin 2 0 d~0), 

where  z l = r  2 - 2 M r + e  ~-f-a 2 and 2 : = r  2 + a  2cos ~0, w i th  M the  mass, e the  charge 
and a t he  specific angular  m o m e n t u m  of the  background  geomet ry  (here and in the  
fol lowing we choose G = c = h = 1). 

The  func t ion  �9 in eq. (1) is separable  (5), we then  have  

(4) q~ = ,f(r) z(O) exp [i(m~ - -  wt ) ] ,  

where Z(0) is expressible as a funct ion  of spheroidal  harmonics  (e) and m is the  usual  
az imutha l  q u a n t u m  number .  

In t roduc ing  a new radia l  co-ordinate  x such t h a t  (4) 

(5.i)  

where  

(5.2) 

dx = [(r~ ~- a~)/r~_] q'~ dr/A , 

r + =  MA-  (M ~ - a  ~ - e 2 )  �89 

and such t h a t  r = -4- oo corresponds to x = -4- cx~ and r = r+ to x = - -  or we have  for 
t he  rad ia l  dependence of the  wave  func t ion  

d 2 ~  

(6.1) dx ~ --  W~ 

w i t h  u = r~(r) and 

W - ( r ~ a * )  i / r  2 X ~ f A [  K 2 M  2 ( a 2 + e ~ ) ] _ l  
(6.2) - ~ ~ + 7~ + r3 r4 ~ [(~ A- a~)co--am--eer] ~} , 

where  K is g iven  in the  first app rox ima t ion  by  (e) 

(6.3) 
( 2 m  - -  1 ) ( 2 m  A- 1) ]  ?~ 

K =  l(l-4- 1)--2mawA-a2eo~-4- 1 ( 2 / m  1)~2~+ 3 i - j  - ~ +  O(y 4) 

wi th  y~ = a~(~t 2 -  ~o~). 

(~) See,  e.g., B. CARTER: Comm. Math. Phys. ,  10,  280 (1968); D.  BRILL, P .  1~. CHRZANOWSKI, C. 5{. 
PEREIRA, E .  D. FACKERELL a n d  J .  R .  IPSER: Phys. Rev. D, 5, 1913 (1972). 
(e) J .  MEIXNER a n d  F.  W .  SCH_KrcFKE: Mathieusche Funl, tionen und Sphdroid]unktionen (Ber l in ,  1954).  
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W e  are  he re  i n t e r e s t e d  in a n a l y z i n g  q u a n t u m  s t a t e s  c o r r e s p o n d i n g  to  classical  

c i r cu l a r  a n d  e l l ip t ica l  o rb i t s .  I t  is well  k n o w n  (1.3) t h a t  t h e  c o r r e s p o n d i n g  q u a n t u m  

s t a t e s  are  d e s c r i b e d  b y  r e s o n a n c e s  of t h e  q u a n t u m  field of t h e  k i n d  f i rs t  c o n s i d e r e d  

b y  GA~OW (7) in t h e  c lass ical  p r o b l e m  of t h e  a - d e c a y  f r o m  a n u c l e u s  (s). 

I n  s h a r p  c o n t r a s t  w i t h  t h e  r e s o n a n c e  s t a t e s  s t u d i e d  in ref.  (2) we  a re  he re  i n t e r e s t e d  

in r e s o n a n c e s  w h i c h  p r e s e n t  a level  c r o s s i n g  b e t w e e n  t h e  pos i t i ve -  a n d  t h e  nega t ive -  

e n e r g y  s t a t e s .  W e  g ive  a n  exp l i c i t  e x a m p l e  of t h i s  n e w  k i n d  of  r e s o n a n c e s  in fig. 1. 
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Fig. 1. - Example of resonance with level crossing between the positive- and the negative-energy states 
in the field of an extreme Kerr  black hole with a = M. The scalar field is assumed to have 1 = m = 2 
and a mass /~ such that  #M = 1. The energy of the resonance E]t~ = 0.930 corresponds to the first 

e~cited state (l/=)fr-W)�89 = 1.5. The width of the resonance is /']~u = -- 4.10 -s. 
b 

W e  a p p r o a c h  t h e  p r o b l e m  b y  t h e  G a n m w  m e t h o d  u s i n g  c o m p l e x  e i g e n v a l u e s  a n d  

t h e  ] u  a p p r o x i m a t i o n .  L e t  u s  t h e n  f i r s t  i n d i c a t e  b y  a, b a n d  c t h e  v a l u e s  of t h e  

x - c o - o r d i n a t e  c o r r e s p o n d i n g  to t h e  ze ros  of t h e  f u n c t i o n  W ( x .  ~o), fo r  a real  v a l u e  of w, 
s u c h  t h a t  

W e  t h e n  choose  for  x >  c 

(7) o(x  ,oxpFf ,dx ] 
0 

fo r  x < a, u ( x ,  w) is a m i x t u r e  of e q u a l - i n t e n s i t y  i n g o i n g  a n d  o u t g o i n g  w a v e s ,  t h e  

(') G. G ~ o w :  Zeits. Phys. ,  51, 204 (1928). See also G. GA.~ow: Structure o/ Atomic Nuclei and 
Nuclear Transformations (Oxford, 1937). 
(*) There is one important difference between the study of the resonances of a nucleus and the resonances 
of a quantized field around ~ collapsed object: the leakage in the case of a nucleus occurs always toward 
spatial infinity (r-~oo) while in the case of a collapsed object occurs toward thc horizon (r-~r+ or 
X ~ -  oo), 
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a m p l i t u d e  of w h i c h  a re  com p l ex  con juga t e s :  

(8.1) 

w h e r e  

(8.2) 

a n d  

(8.3) 

u(x ,  to) = exp  [ - - i z / 4 ] i  ( -  W)-~ 2 cos ( I /2)  exp  [r + ~ sin (1/2) exp  [ - -  r �9 

x 

ii 

[ l [ f  1 �9 2 cos (1/2) exp  [r - - 2  s i n ( I / 2 ) e x p [ - - r  exp + i ( - -  W)�89 , 

c 

1 = 2 f ( -  dx 
b 

b 

r = 2f(w), d x  
a 

The  f u n c t i o n  W ( x )  has  t h e  a s y m p t o t i c  b e h a v i o u r s  

(9.1) 

a n d  

(9.2) 

l i m  W(x) = ~ r T ~ a 2  ] (~t*-- o)*) 

l i m  W ( x )  = - -  ( r  2 , 

where  we h a v e  i n d i c a t e d  b y  (9) D = a/(r~ + a ~) t h e  a n g u l a r  ve loc i ty  of t h e  b l ack  hole  
a n d  b y  (lO) V i t s  e lec t r ic  p o t e n t i a l  V = er+/(r~ + a~). 

A n a l y t i c a l l y  c o n t i n u i n g  n o w  t h e  func t i ons  in  eqs. (7) a n d  (8) in  t h e  complex  
p l a n e  (n) ,  we cons ider  a complex  e igenva lue  

(10.1) r = coo--iF~2 

w i t h  t h e  fo l lowing a d d i t i o n a l  cond i t i ons  

(10.2) %>> F ,  

(10.3) co o < # ,  

(10.4) to o < m •  + e V  . 

(9) D. Ct]~I~TODOULOU and R. RUFFINI -* On the electrodynamics o/collapsed obiects, in Black Holes, edited 
by B. DE WITr and C. DE WITT (London, 1973). 
(10) B. CUTER: in Black Holes, edited by B. DE W I T  and C. DE Winter (London, 1973). 
01) See, e.g., G. BREIT and F. L. YOST: Phys. Rev., 48, 203 (1935). 
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Equation (10.4) guarantees the condition of the level crossing between the positive- 
and the negative-energy solutions at resonance. This allows in the classical Gamow 
way (7) one to consider the entire spatial and time evolution of the resonancc. However 
it is important  to stress that  the boundary conditions at the horizon are drastically 
influenced by the existence of the level crossing. We have to impose a physically 
ingoing wave at the horizon which corresponds here to a stream of antiparticles t~v i ag  
a group velocity directed towards the hole. Therefore we have to keep in eq. (8.1) 
only the term in 

x 

exp [ § i f (--  W)�89 dx] ~ exp [-- i(~o --  m ~  - -  eV)x] , 
a 

that  is we must impose 

(11) 
i 

2 cos (I/2) exp [$/2] + ~ sin (1/2) exp [-- ~/2] = 0 .  

But  this stream of antiparticles carry a negative flux out of the potential well and 
therefore the conservation of flux implies that  the function inside the potential well 
must be growing with time. This is easily checked by expanding eq. (11) which yields 
both the resonance condition 

(12.1) I(.,o) = (n + � 8 9  

where n is a positive or null  integer, and 

(12.2) 
dI(e%)] -x . 

F - -  [exp[$(Wo) ] dc~ J 

One can check straightforwardly that  dI /dc%>0. 
In all the resonances having level crossing between the positive- and negative-energy 

states, we then have 

(13) r < 0 .  

If following the Gamow approach we consider not only the t ime dependence of the 
resonance but  also the space dependence implied by the presence of an imaginary com- 
ponent in the cigenvaluc, we conclude that  the eigenfunetion is exponentially decreasing 
both for x-+-4- ~ and x - + - -  c~. 

The radial dependence of the wave function at x - - > - - ~  will, in fact, contain a 
factor exp[--icox] =exp[--io)ox--(F/2)x ]. The absence of the usual divergence in 
the spatial dependence of the eigenfunction (:) should be interpreted as a direct con- 
sequence of the fact that  the amplitude of the resonance goes to zero when t -+ - -  co. 

The exponential decrease of the function as x-~--cx~ also implies that  the norm 
of the function ~b, defined by the conserved current, is convergent and is identically 
zero. Since ~ - ~ 0  as t ~ - - c ~ ,  this implies that  an equal number  of particles and 
antiparticles have been created from the vacuum. Let us stress that, if eq. (10.4) is not 
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fulf i l led a n d  if  

(14.1) Wo> mz9 + eV , 

t h e n  t h e  r e s o n a n t  s t a t e  wil l  h a v e  i t s  usua l  b e h a v i o u r  w i t h  a F >  0. I f  h o w e v e r  

(14.2) r o = rot2 + e V ,  

i t  is poss ible  to  h a v e  a r e sonance  s t a t e  w i t h  F = O. Th i s  l im i t i ng  case ha s  as b o u n d -  
a ry  c o n d i t i o n  a t  t h e  ho r i zon  a w a v e  f u n c t i o n  w h i c h  t e n d s  to a c o n s t a n t  va lue ,  w h i c h  
co r r e sponds  to  a r u n n i n g  wave .  

I t  is  possible,  as usua l  (n) ,  to  b u i l d  spa t i a l ly  b o u n d e d  w a v e  p a c k e t s  r e p r o d u c i n g  
t h i s  w a v e  t i l l  a cut-off  in  space  w h i c h  m o v e s  w i t h  t h e  speed of l i gh t  t o w a r d s  t h e  hor izon .  


