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Université Paris-Sud, Bât. 510

Orsay, France.

1



What is this course about ?

Wave propagation in a weakly disordered medium.

⋆ Electronic waves

⋆ Optical waves −→ Éric Akkermans

⋆ · · ·

• Systems ? weakly disordered metals

• low dimension : wire, networks of wires,...

ρ

β
α

µ
ν

• Quantities ? Transport properties : 〈G〉, 〈δG2〉, ...
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Outline :

1/ Introduction

⋆ Length scales & basic phenomena

⋆ Linear response & perturbation theory

2/ Perturbation theory for transport

⋆ Classical transport & current conservation

⋆ Weak localization

⋆ Simple examples : plane, wire, ring,...

3/ Networks

⋆ Nonlocality of quantum transport

⋆ Large regular networks

4/ Electron-electron interaction

⋆ Altshuler-Aronov correction

5/ Phase coherence

⋆ Dephasing (B field, spin-orbit)

⋆ Decoherence due to e-e interaction

6/ Fluctuations
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⊲ P. A. Lee, A. D. Stone and H. Fukuyama, Phys. Rev. B 35(3), 1039 (1987).

⊲ C. L. Kane, R. A. Serota and P. A. Lee, Phys. Rev. B 37, 6701 (1988).

⊲ Hershfield, Ann. Phys. 196, 12 (1989).

⊲ van Rossum & Nieuwenhuizen, Rev. Mod. Phys. 71, 313 (1999).

• “The little green book” :
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1. Introduction

Length scales

• Fermi wavelength λF = 2π/kF

• Disorder → elastic mean free path : ℓe = vFτe

le

λF

Weak disorder : kF ℓe ≫ 1

◮ Ballistic / Diffusive

L≪ ℓe ℓe ≪ L

L L
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• Phase coherence length : Lϕ

Interaction with other degrees of freedom :

→ Electron-electron interaction : Le−e

→ Electron-phonon interaction : Le−ph

→ Interaction with magnetic impurities : Lm

◮ Ballistic : Lϕ ≪ ℓe

Le−e
le

e−

phonon

◮ Diffusive : ℓe ≪ Lϕ

S

e−

e−

Le−e

le
phonon
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Diffusive regime : k−1
F ≪ ℓe ≪ L, Lϕ

e− experiences many elastic collisions before losing its phase memory

Interference phenomena occur over lengths ≫ ℓe
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Dimensionality

Coherent diffusion (r ∼
√
Dt) is limited by L and/or Lϕ

Thouless time : τD = L2/D with D = 1
d
vFℓe = ℓ2e

dτe

τDτ e0

diffusiveballistic ergodic

t

L L L

◮ Effective dimensionality :

3D :
L ϕ

��������������������������������

��������������������������������

W

1D :

����������������
����������������
����������������
����������������

L ϕ

��������������������������������

W
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Examples of order of magnitude in quasi 1d wires :

Metal(a) Semiconductor(b)

(Au) (GaAs/GaAlAs)

3d 2d

Fermi wave length : k−1
F 0.085 nm 6 nm

Elastic mean free path : ℓe 30 nm 220 nm

Diffusion constant : D 0.013 m2/s 0.030 m2/s

kF ℓe 360 37

spin-orbit : Lso 50 nm ∞

e-e scattering : Lee (at 50 mK) ∼ 8 µm ∼ 2 µm

→ electron-phonon scattering is negligible below 1 K

(a) metallic networks : Schopfer, Bäuerle, Saminadayar, Mailly.

(b) semiconducting networks : Ferrier, Guéron, Bouchiat, Mailly.
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Conductance of weakly disordered metals

������
������
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I
V

C

C’
A B

Landauer :

G =
I

V
∼

Proba(A→ B)︷ ︸︸ ︷∣∣∣∣
∑

C
AC(A→ B)

∣∣∣∣
2

=
∑

C
|AC| 2 +

∑

C6=C′
ACA∗C′

amplitude AC ∼ eikF l(C) has a large random phase

Average conductance :

〈G〉 = GDrude︸ ︷︷ ︸
classical

+ 〈∆G〉︸ ︷︷ ︸
quantum correction

BA R C
A

C ’

∝ eikF [l(C)−l(C′)]

Does not survive disorder averaging
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• Classical transport : C = C ′

C

C BA
A

R

GDrude = σ0
section

length
∼ 〈
∑

C
|AC|2〉

Dimensionless conductance

W
S

I

V

L

gDrude =
GDrude

e2/h
=
h

e2

nee
2τe
m

S

L

ւ ne ∼ kdF

gDrude ∼
kFτe
m

kd−1
F S

L
⇒ gDrude ∼ Nc

ℓe
L
≫ 1

Exercice : a coherent gold wire

S = 50 nm×50 nm

L = Lϕ(25mK) ∼ 10µm

⇒ Nc = 27500 gDrude ≃ 110
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• Quantum interferences : C 6= C ′

CC’

A B
R

A

Crossing

Phase eikF [l(C)−l(C′)] is small ⇒ survives disorder averaging

12



Quantum correction to the probability : some properties

P (r, r′) =

〈 ∣∣∣∣
∑
C AC(r′ → r)

∣∣∣∣
2 〉

= Pclass(r, r
′)+Pquant(r, r

′)

• Crossing⇒ A small correction

Pquant(r, r
′) = r ’r

• Increase of backscattering

r

=

r

⇒ P (r, r) = 2 Pclass(r, r)

(fully coherent)

→ WL for the wire : 〈∆G〉 < 0

• Coherent contribution

→ Only loops smaller than Lϕ contributes

Experimental probe of phase coherence

• Magnetic field sensitivity

Loop B

r

carries a phase e2ieφ/~ where φ is the flux.
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Weak localization : heuristic point of view

We will show that

〈∆σ〉 ∼ −
∑

loops for t<τϕ r

∼ −e
2D

~

∫ τϕ

τe

dt P(r, r; t)

P(r, r; t) : return probability

• Conductance : G = e2

h
g = σS

L

W
S

I

V

L

〈∆g〉 ∼ −S
L
D

∫ τϕ

τe

dt P(r, r; t)

Exercice : For an effective dimension d : P(r, r; t) ∝ 1/(4πDt)d/2

〈∆g〉 ∼ − 1

L
(Lϕ − ℓe) for d = 1

∼ −W
L

ln(Lϕ/ℓe) for d = 2

∼ −S
L

(
1

ℓe
− 1

Lϕ

)
for d = 3
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Probing weak localization with magnetic field

⋆ Magnetoconductance of a plane

B L

L

x

B field destroys contributions for Dt = L2 & φ0/B.

cutoff at t ∼ τB = φ0/(D|B|)

↓ 1/τϕ −→ 1/τϕ + 1/τB

1

Lϕ(B)2
≃ 1

L2
ϕ

+ C2
e|B|
~

WL correction is

〈∆g〉 ∼ − ln(Lϕ(B)/ℓe) ∼ lnB

Positive magnetoconductance
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⋆ Magnetoconductance of a wire

���������
���������
���������
���������

���������
���������
���������
���������

WB

L

x

B field destroys contributions for W
√
Dt = WL & φ0/B.

cutoff at t ∼ τB = 1
D( φ0

WB)
2

↓
1

Lϕ(B)2
=

1

L2
ϕ

+ C1

(
eBW

~

)2

WL correction is

〈∆g〉 ∼ −Lϕ(B)

L
∼ − 1

B
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In networks : Magnetoconductance oscillations

• Aharonov-Bohm (AB) oscillations
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φ ⇒
ACA∗C′ ∝ eieφ/~

G(φ) : h/e AB oscillations

⇓ disorder averaging

• Al’tshuler-Aronov-Spivak (AAS) oscillations
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����������
����������
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φ
ACA∗C′ ∝ e2ieφ/~

〈∆G(φ)〉 : h/2e AAS oscillations
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• How to realize disorder averaging ?

→ Large networks : size≫ Lϕ

ba

L /2

L /2

N

1

3

4

N

2

= 1000

Lϕ

100

= 1000
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AAS oscillations & penetration of B in the wires

−15 −10 −5 0 5 10 15

2φ/φ0

−1.0

−0.5

0.0
∆g

(φ
)

BAASBc

AAS oscillations BAAS =
φ0

2× area

penetration of B field Bc =
φ0

WLϕ
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Summary

〈g〉 = r r’ + r ’r + · · ·
Classical ⇓

Crossing :

Quantum correction (WL) : 〈∆g〉

• Coherent wire (L ∼ Lϕ) : g ∼ Nc
ℓe
L ≫ 1

〈∆g〉 ∼ 1 and 〈∆g〉 < 0

• Positive magnetoconductance

−10 −5 0 5 10

B

−1.0

−0.5

0.0

∆g
(B

)

• AAS oscillations

−15 −10 −5 0 5 10 15

2φ/φ0

−1.0

−0.5

0.0

∆g
(φ

)

BAASBc
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Linear response & Kubo

• Linear response theory

Ĥ = Ĥ0 − Â f(t)

How observable B̂ responds to the force coupled to Â ?

〈B̂(t)〉(1) =

∫
dt′ χBA(t− t′) f(t′)

with

χBA(t) = i θ(t) 〈[B̂(t), Â]〉0

• Conductivity (Kubo) : Response to an external electric field

jα(r) =
∫

dr ′ σαβ(r, r′) Eβ(r′)

σαβ(r, r
′) is a current-current correlation function ∼ 〈[j(t), j]〉

At ω = 0 and T = 0 :

σαβ(~r, ~r
′) = − e2

4πm2
e

∆G(~r, ~r ′;EF )
↔
∇α

↔
∇ ′β ∆G(~r ′, ~r;EF )

Current operator :
↔
∇= 1

2(
→
∇ −

←
∇)

∆G(EF ) = GR(EF )−GA(EF ) = −2iπ δ(EF −H)

⇒ Fermi surface property.
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For our purpose :

σαβ(~r, ~r
′) =

e2

2πm2
e

GR(~r, ~r ′)
↔
∇α

↔
∇ ′β GA(~r ′, ~r)

Transport ⇔ GR(r, r′)GA(r′, r)
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Perturbation Theory for Random Potentials

Weak disorder ⇒ Only 〈V (~r)V (~r ′)〉 is needed

• Gaussian disorder + local correlations

〈V (~r)〉 = 0

〈V (~r)V (~r ′)〉 = w δ(~r − ~r ′) ≡
r r’

• Expansion of the Green function G = 1
E−H0−V :

G = G0 +G0V G0 +G0V G0V G0 + · · ·

example : the 4st-order correction δ4G = G0V G0V G0V G0V G0

δ4G(r, r′) =
r’r

〈δ4G(r, r′)〉 = r r’ + r’r + r r’
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• Expansion of the conductivity

Four point Green function : σ ∼ GRGA

δ8GR(r, r′) δ6GA(r′, r) =

r

r’

disorder average ⇓

A possible contribution to 〈GR(r, r′)GA(r′, r)〉 :

r

r’ −→
r

r’

• Self energy : A series of diagrams for the price of 1 diagram

〈G〉 =
1

G−1
0 − Σ

= G0 +G0ΣG0 +G0ΣG0ΣG0 + · · · = G0 +G0Σ 〈G〉

example : If Σ(2) =

〈G〉 ≃ r r’ + r r’ + r r’

+ r r’ + · · ·
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Average Green function

• Free Green function

GR
0 (~r, ~r ′) = 〈~r | 1

EF −H0 + i0+
|~r ′ 〉 ∼ eikF ||~r−~r ′||

||~r − ~r ′||d−1
2

• Average Green function

1

2τe
= − Im ΣR(EF ) = − Im

G

w

R
0

= − Im
[
wGR

0 (~0,~0)
]

1

τe
= 2πρ0w

elastic mean free path :

ℓe = vFτe

G
R
(~r, ~r ′) ≃ GR

0 (~r, ~r ′) e−||~r−~r
′||/2ℓe

Short range object
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2. Perturbation theory for transport

Our purpose :

Compute the average nonlocal conductivity 〈σij(r, r′)〉

=⇒ 〈GR(r, r′)GA(r′, r)〉

Nonlocal / local :

• Nonlocal conductivity 〈σij(r, r′)〉

→ required to study networks

→ discussion of current conservation

• If distribution of current is uniform (wire, plane,...)

→ local conductivity σ =
∫

drdr′
Vol

σ(r, r′) is sufficient
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What diagrams ?

〈GR(r, r′)GA(r′, r)〉 = Pdr r’ +
Pd Pd

Pc

r ’r +· · ·

Strategy : use scale separation

Cooperon (reversed paths) : long range

Pd Pd

Pc

r ’r

Crossing : short range

Diffuson : long range

29



Diffuson : ladder R

A

r

r’ C
C

⊲ Diffuson Pd(r, r
′) = r r’

Γd(~r, ~r
′) = + + + ...

R

A

R

A

=
����
����
����
����
����
����

����
����
����
����
����
����

R

A

Bethe-Salpether equation :

r r ’
���
���
���
���
���
���

���
���
���
���
���
���

Γd =

���
���
���
���
���
���

���
���
���
���
���
���

+ Γd

= w δ(~r − ~r ′) + w

∫
d~r ′′ G

R
(~r, ~r ′′)G

A
(~r ′′, ~r)︸ ︷︷ ︸

δ(~r − ~r ′′) 1
w [1 + τeD∆ + · · · ]

Γd(~r
′′, ~r ′)

Γd(~r, ~r
′) = w δ(~r − ~r ′) + Γd(~r, ~r

′) + τeD∆ Γd(~r, ~r
′) + · · ·

Γd(~r, ~r
′) =

w

Dτe
Pd(~r, ~r

′)

This is the diffusion approximation

−∆Pd(~r, ~r
′) = δ(~r − ~r ′)
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The diffusion approximation :

physics on length scales≫ ℓe ≫ k−1
F
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Cooperon : Maximally crossed

R

r

r’
A

C

C’

(reversed paths)

⊲ Cooperon Pc(r, r
′) = r r’

Γc(~r, ~r
′) = + + + ...

R

A

R

A

=
���
���
���
���
���
���

���
���
���
���
���
���

R

A

= + + + ... =
���
���
���
���
���

���
���
���
���
���

Γc

→ Magnetic field sensitive

→ Loops longer than Lϕ do not contribute

[
1

L2
ϕ

−
(
~∇− 2ie ~A

)
2

]
Pc(~r, ~r

′) = δ(~r − ~r ′)
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Summary : Building blocks

Long range objects :

Diffuson : w
Dτe
Pd(r, r

′) = r r ’
���
���
���
���
���

���
���
���
���
���

Γd ∼ 1/|r − r′|d−2

Cooperon : w
Dτe
Pc(r, r

′) =
����
����
����
����
����

����
����
����
����
����

Γc ∼ e−|r−r
′|/Lϕ

Short range objects (Hikami boxes) :

(see appendix)

r’r = δ(~r − ~r ′) 1
w [1 + τeD∆ + · · · ]

, i r’r = −i
√

2π
d eρ0ℓ

2
e δ(~r − ~r ′)∇i

3

2

1

r

r

r = −2iπρ0τ
2
e δ(~r1 − ~r2) δ(~r1 − ~r3)

... ... ...
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Nonlocal Conductivity

Drude contribution : G
R
G

A

〈σij(~r, ~r ′)〉Drude =
e2

2πm2
e

G
R
(~r, ~r ′)

↔
∇i

↔
∇ ′j G

A
(~r ′, ~r)

=
r ,i r’,j

Exercice : use ∇iG
R∇′jG

A ≃ δij
k2
F
d
G

R
G

A

〈σij(~r, ~r ′)〉Drude ≃
e2k2

F

2πm2
ed

1

w︸ ︷︷ ︸

e2τe
ρ0v

2
F

d

δij δ(~r − ~r ′)

〈σij(~r, ~r ′)〉Drude = σ0 × δij δ(~r − ~r ′)

is short range
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Diffuson contribution (Incoherent)

〈σij(~r, ~r ′)〉diffuson =

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

Γd

r ,i r’,j

diffuson : long range

Hikami box : short range

We combine the box

, i r’r = −i

√
2π

d
eρ0ℓ

2
e δ(~r − ~r ′)∇i

and the diffuson

Γd(r, r
′) =

w

Dτe
Pd(r, r

′)

2π

d2
e2ρ2

0ℓ
4
e

w

Dτe
=

2π

d
e2ρ2

0ℓ
2
e

1

2πρ0τe
= e2τe

v2
Fρ0

d
=
nee

2τe
m

〈σij(~r, ~r ′)〉diffuson = −σ0∇i∇′jPd(~r, ~r ′)

is long range
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Classical conductivity & Current conservation

〈σij(~r, ~r ′)〉classical = 〈σij(~r, ~r ′)〉Drude + 〈σij(~r, ~r ′)〉diffuson

◮ Current conservation : ∇iσij(~r, ~r
′) = 0

Classical = Drude + Diffuson

↓ ↓
〈σij(~r, ~r ′)〉classical = σ0 [δij δ(~r − ~r ′)−∇i∇′jPd(~r, ~r ′)]

↓ ↓
short range long range

ց ւ
∇iσij(~r, ~r

′) = 0
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Cooperon contribution (Coherent)

〈σij(~r, ~r ′)〉cooperon =

�������
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�������

r ,i r’,j
=
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������
������
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������
������
������
������
������
������
������
������
������
������
������
������
������Γc

r ,i r’,j

We combine the box

4

2

r ,i r’,j

R

R

= −σ0 2τ 2
e δij δ(~r − ~r ′) δ(~r − ~R2) δ(~r − ~R4)

and the cooperon Γc(r, r
′) = w

Dτe
Pc(r, r

′)

〈σij(~r, ~r ′)〉cooperon = −e
2

π
δij δ(~r − ~r ′)Pc(~r, ~r)

is short range
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⊲ Divergencies in long range diagrams :

Long range diagrams :
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Γd

Γd

Γc

H4
r ,i r’,j

Hikami box :

H4 = + + ∼ ~∇1 · ~∇3 + ~∇2 · ~∇4 − 1
2

∑4
i=1

~∇2
i

↓
Divergency : ~∇2 · ~∇4Pc(~r2, ~r4)|~r2=~r4 ∼ δ(~0)

↓
∆gwire = −1

3 + 1
3Lδ(0)

δ(~0) → 1/ℓde

→ Volumic divergency Vol/ℓde

Problem with current conservation
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The procedure of KSL

Kane, Serota & Lee, PRB (1988).

Ωi(~r) = 〈ji(r) · · ·〉 a correlation function

Ωi(~r) = B
r ,i

+

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

Γd B
r ,i

= Ai(~r) +

∫
d~r ′∇iPd(~r, ~r

′)B(~r ′)

↓ ↓
short range long range

current conservation (∇iji(~r) = 0) ⇒ ∇iΩi(~r) = 0

⇓
0 = ∇iAi(~r)− B(~r)

Ωi(~r) =

∫
d~ρ φij(~r, ~ρ )Aj(~ρ )

where

φij(~r, ~r
′) = δijδ(~r − ~r ′)−∇i∇′jPd(~r, ~r ′) =

1

σ0
〈σij(~r, ~r ′)〉classical
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• Current conserving weak localization :

→ use current conservation (Kane, Serota & Lee, (1988) for 〈δσ2〉).

current

conservation

short range
diagrams

long range
diagrams

〈∆σij(~r, ~r ′)〉 =
∑

i′,j′

∫
d~ρ d~ρ ′ φii′(~r, ~ρ)φjj′(~r

′, ~ρ ′) 〈σi′j′(~ρ, ~ρ ′)〉cooperon

〈∆σij(~r, ~r ′)〉 = −e
2

π

∑

k

∫
d~R φik(~r, ~R)Pc(~R, ~R)φkj(~R,~r

′)

where φij(~r, ~r
′) = δij δ(~r − ~r ′)−∇i∇′jPd(~r, ~r ′)

equivalent to replace H by H̃ ∼ 2~∇1 · ~∇3

→ current conservation is satisfied : ∇i〈∆σij(~r, ~r ′)〉 = 0
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Set of diagrams satisfying current conservation

→ Other approach :

generate the correct set of diagrams satisfying current conservation

(For UCF : Hershfield, Ann. Phys. (1989))

For WL : Hastings, Stone & Baranger, PRB (1994).

Add to

��
��
��
��
��
��

��
��
��
��
��
��

�
�
�
�
�

�
�
�
�
�r ,i r’,j

the diagrams :

��
��
��
��
��
��

��
��
��
��
��
��

��
��
��
��
��

��
��
��
��
��r ,i r’,j

+ c.c.

(which is in the Hikami box) and higher order contributions in 1/(kFℓe) :
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��
��
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�r ,i r’,j

+ c.c.
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��

��
��
��
��
��

�
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�
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�r ,i r’,j

+ c.c.
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������

����
����

����
����
����

r ,i r’,j
+ c.c.

41



Local conductivity

������
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������

������
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������

������
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������

������
������
������

0 L

j(r) translation invariance :

j(r) = j = I
section

and E(r) = E = V
L .

Nonlocal conductivity : j(r) =
∫

dr′ σ(r, r′) E(r′)

⇓
local conductivity : j = σE with σ =

∫
drdr′

Vol
σ(r, r′)

Conductance : G = σ section
L

Long range diagrams do not contribute to the local conductivity :
∫

d~r

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

Γd

r ,i r’,j
= 0

• Classical transport :

〈σ〉classical =

∫
drdr′

Vol
r ,i r’,j

= σ0

• Weak localization correction :

〈∆σ〉 =

∫
drdr′

Vol
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������

r ,i r’,j

= −e
2

π

∫
d~r

Vol
Pc(~r, ~r)
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Why it is simpler to consider 〈σ〉 instead of 〈σ(r, r′)〉 ?

Spectrum of the diffusion equation : En, ψn(r)

−D (∇− 2ieA) 2ψn(r) = Enψn(r)

1

D

∫
dr Pc(r, r) =

∫
dr 〈 r | 1

1/τϕ −D (∇− 2ieA)2
| r 〉

=
∑

n

1

1/τϕ + En
=

∫ ∞

0

dt e−t/τϕ
∑

n

e−Ent

〈∆σ〉 = − e2

πVol
Tr

{
1

1/L2
ϕ −∆

}
= −e

2D

π

∫ ∞

0

dtP(t) e−t/τϕ

where

P(t) =
1

Vol

∑

n

e−Ent

We only need the eigenvalues En

What is P(t) ?

In a time representation[
∂

∂t
−D (∇− 2ieA) 2

]
Pc(r, r′; t) = δ(r − r′) δ(t)

P(t) =

∫
dr

Vol
Pc(r, r; t) : return “probability” averaged over space
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The infinite wire

P(t) =
1√

4πDt

WL correction is

〈∆σ〉 = −e
2D

π

∫ ∞

0

dt
e−t/τϕ√
4πDt

= −e
2

h
Lϕ

〈∆g〉 = −Lϕ
L
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The finite wire

P(t) =
1

L

∑

n

e−Ent

Wire connected to reservoirs⇒ Dirichlet boundaries

En = D
(nπ
L

)2

; n ∈ N
∗

〈∆g〉 = −2D

L2

∫ ∞

0

dt e−t/τϕ
∞∑

n=1

e−D(nπ
L )2t = − 2

L2

∞∑

n=1

1

1/L2
ϕ + (nπ/L)2

〈∆g〉 = −Lϕ
L

(
coth

L

Lϕ
− Lϕ

L

)

Al’tshuler, Aronov & Zyuzin, 1984.

⋆ Long wire (L≫ Lϕ)
�����
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�����
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������
������
������
������
������

������
������
������
������
������

L

Lϕ

⇒ 〈∆g〉 ≃ −Lϕ

L

⋆ Short wire (L≪ Lϕ)
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

������
������
������
������
������

������
������
������
������
������

L

Lϕ

⇒ 〈∆g〉 ≃ −1
3

Universal result : Mello & Stone, 1991.

45



Effect of a magnetic field

Al’tshuler & Aronov, 1981.

Solve
[

1

L2
ϕ

−
(
~∇− 2ie ~A

)
2

]
Pc(~r, ~r

′) = δ(~r − ~r ′)

perturbatively in ~A = ~uxAx(y)

⋆ quasi 1d and diffusive limit : L≫W ≫ ℓe.

⋆ weak magnetic field : W ≪
√

~/eB

choose the gauge Ax(W − y) = −Ax(y) :

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�����������
����������
����������
����������

x

y

����������
����������
����������

����������
����������
����������

B

0 L

W

0

〈~r | 1

γ − (~∇− 2ie ~A)2
|~r ′ 〉

= 〈~r | 1

γ −∆
|~r ′ 〉 − 4e2〈~r | 1

γ −∆
~A2 1

γ −∆
|~r ′ 〉 + · · ·

≃ 1

W
〈x | 1

γ − d2
x

|x′ 〉 − (eBW )2

3

1

W
〈x | 1

(γ − d2
x)

2
|x′ 〉 + · · ·

=
1

W
〈x | 1

γ + (eBW )2/3− d2
x

|x′ 〉

1

L2
ϕ

−→ 1

L2
ϕ

+
1

3

(
eBW

~

)2
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:::::::::::::

Effective
::::::::::

phase
:::::::::::::::

coherence
:::::::::::

length
::

:

−10 −5 0 5 10

B

−1.0

−0.5

0.0

∆g
(B

)1

Lϕ(B)2
=

1

L2
ϕ

+
1

3

(
eBW

~

)2

∆gwire = −Lϕ(B)

L

• If W . ℓe

(wires etched at GaAl/GaAlAs interface)

→ Flux cancellation :

������������������������������

���������������
���������������
���������������
���������������

W ⇒
∮

d~r · ~A = 0

��������������������������������

��������������������������������

W

le

1

L2
ϕ

−→ 1

L2
ϕ

+ C

(
eBW

~

)2(
W

ℓe

)

Dugaev & Khmel’nitskĭı, Sov. Phys. JETP (1984)

Beenakker & van Houten, PRB (1988)
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The plane

Solution of the diffusion equation is :

P(t) =
1

4πDt

→ introduce a cutoff at short time

WL correction is

〈∆σ〉 = −e
2D

π

∫ ∞

τe

dt
e−t/τϕ

4πDt
≃ − e2

4π2
ln(τϕ/τe)

〈∆σ〉 ≃ − e
2

πh
ln(Lϕ/ℓe)
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Magnetoconductance of the plane

Spectrum of

−D (∇− 2ieA) 2ψn(r) = Enψn(r)

is the Landau spectrum




~
2

2m
→ D

eB → 2eB

P(t) =
eB
2π

1

sinh(2eBDt)
Laplace−→ Digamma function ψ

〈∆σ(B)〉 − 〈∆σ(0)〉 =
e2

4π2~

[
ψ

(
1

2
+

φ0

8πBL2
ϕ

)
− ln

(
φ0

8πBL2
ϕ

)]

Low field :

〈∆σ(B)〉 − 〈∆σ(0)〉 ≃ 2

3

e2

~

(
BL2

ϕ

φ0

)2

High field :

〈∆σ(B)〉 − 〈∆σ(0)〉 ≃ e2

4π2~
ln

(
8πBL2

ϕ

φ0

)

→ Experiments : Bergmann, Phys. Rep. (1984).
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Isolated ring : AAS oscillations

Al’tshuler, Aronov & Spivak, Sov. Phys. JETP (1981)

θ = 4πφ/φ0 Lφ

Pc(x, x′; t) =
e−(x−x′)2/4t
√

4πt︸ ︷︷ ︸
infinite wire

−→
∑

n∈Z

Pc(x + nL, x′; t) einθ

P(t) =
1√

4πDt

∞∑

n=−∞
e−(nL)2/4Dt einθ

Then

〈∆σ(θ)〉 = −e
2

h
Lϕ

sinh(L/Lϕ)

cosh(L/Lϕ)− cos θ

The harmonic 〈∆σn〉 =
∫ 2π

0
dθ
2π
〈∆σ(θ)〉 e−inθ involves

trajectories that wind n times around the flux

〈∆σn〉 = −e
2D

π

∫ ∞

0

dt
e−(nL)2/4Dt

√
4πDt

e−t/τϕ = −e
2

h
Lϕ e−|n|L/Lϕ
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The cylinder

Al’tshuler, Aronov & Spivak, Sov. Phys. JETP (1981)

B

〈∆σn〉 = −e
2D

π

∫ ∞

0

dt
e−(nL)2/4Dt

4πDt
e−t/τϕ = − e2

2π2
K0(nL/Lϕ)︸ ︷︷ ︸

modified Bessel

Finally

〈∆σ〉 = − e
2

πh

(
ln(Lϕ/ℓe) + 2

∞∑

n=1

K0(nL/Lϕ) cos 4πnφ/φ0

)
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Landauer approach

Diffusive wire :
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�����������
����������
����������

����������
����������
����������

����������
����������
����������

����������
����������
����������

y

x

W

I
V

0 L

Transverse mode decomposition

− 1

2m

d2

dy2
χn(y) = ǫnχn(y)

Write conductance as

G =
I

V
=
e2

h

∑

n,m

Tnm

Tnm : Transmission probability from channel m to channel n

Relation between Tnm and Green functions :

GR(r, r′;EF ) ∼ proba. amplitude to go from r′ to r with an energy

EF .

⇓

Tnm ∼ |GR(L, 0;EF )|2
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More precisely :

G =

∫
dydy′ σxx(L, y; 0, y

′) =
e2

h

∑

n,m

Tnm

Transverse mode decomposition

GR
nm(L, 0) =

∫
dydy′ χ∗n(y)G

R(L, y; 0, y′)χm(y′)

Transmission probability from channel m to channel n :

Tnm = vnvmG
R
nm(L, 0;EF )GA

mn(0, L;EF )

where vn =
√

2
m

(EF − ǫn)
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• Drude conductance

Long range term ⇒ diffuson

T cl
nm = 〈Tnm〉diffuson = R

A A

R

����
����
����
����L,n 0,m

Pd

T cl
nm =

1

αdNcℓe
Pd (L− vnτe, vmτe)

• WL correction

∆Tnm =
R

A
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����

H

r r ’

R4

R1

R3
L,n 0,m

R2
Pd

Pd

Pc

∆Tnm =
2

(αdNc)2
1

ℓ2e

∫ L

0

dx
d

dx
Pd(L− vnτe, x) Pc(x, x)

d

dx
Pd(x, vmτe)

This is not a uniform integration of Pc

55



• Boundary conditions

→ Diffuson must be evaluated near the boundary

→ Careful treatment of boundary conditions

For the finite wire :

Pd(x, x
′) = min (x + xd, x

′ + xd)−
(x + xd)(x

′ + xd)

L + 2xd

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
���������������������

��������������������

W

L

le~ le~

x
x’0 L

(dP x,x’)

with xd = αdℓe/2

(α1 = 2, α2 = π/2 and α3 = 4/3)
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The wire

gcl =
∑

n,m

T cl
nm =

∑

n,m

1

αdNc

ℓe
L

(
vn
vF

+
αd
2

)(
vm
vF

+
αd
2

)
= αdNc

ℓe
L

〈∆g〉 =
∑

n,m

∆Tnm = 2

∫ L

0

dx

(
− 1

L

)
Pc(x, x)

(
1

L

)

= − 2

L2
Tr

{
1

1/L2
ϕ −∆

}
= − 2

L2

∞∑

n=1

1

1/L2
ϕ + (nπ/L)2

〈∆g〉 = −Lϕ
L

(
coth

L

Lϕ
− Lϕ

L

)

Al’tshuler, Aronov & Zyuzin, 1984.

→ We have recovered the result obtained from the local conductivity
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3. Networks

ρ

β
α

µ
ν

::::::::::::::::::::::::::::

Landauer-Büttiker
::

: Conductance matrix

Iα =
∑

β

GαβUβ

Gαβ = −e
2

h
Tαβ for α 6= β

Fisher & Lee formula : Tαβ ∼ GR(α, β;EF )GA(β, α;EF )

〈Tαβ〉 = T cl
αβ + ∆Tαβ

ւ ց
classical quantum correction

Classical transport

T cl
αβ =

Pdα β ∼ Pd(α, β)

→ Network of classical resistances
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Weak localization correction

∆Tαβ = Pd Pd

Pc

α β

=
2

ℓ2e

∫

Network

dx
d

dx
Pd(α, x) Pc(x, x)

d

dx
Pd(x, β)

∆Tαβ =
2

αdNcℓe

∑

wire (µν)

∂T cl
αβ

∂ lµν
×
∫

(µν)

dxPc(x, x)

Nc : number of conducting channels

for d = 1, 2, 3 :

αd = 2, π/2, 4/3

C. T. & G. Montambaux, PRL 92 (2004)

This is not a uniform integration of Pc

Weights depend on topology and connection
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Equivalent length

Wire :

〈∆g〉 = − 2

L2

∫ L

0

dxPc(x, x)

Networks :

Classsical conductance involves the equivalent length L

gcl =
αdNcℓe
L

〈∆g〉 = − 2

L2

∑

i

∂L
∂li

∫

wire i

dxPc(x, x)

Exercice :

a

c

d

b
φ

〈∆g〉 = − 2

(la + lc‖d + lb)2

×
[∫

a

+
l2d

(lc + ld)2

∫

c

+
l2c

(lc + ld)2

∫

d

+

∫

b

]
dxPc(x, x)
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An heuristic argument :

used by Santhanam (1991) for

1/Tα′β′ = Rcl(Rµν, · · · )

Resistance of the wire (µν) : Rµν = Rcl
µν + ∆Rµν

⋆ Drude : Rcl
µν = lµν/(2ℓe) (d = 1)

⋆ Weak loc. :
∆Rµν

Rcl
µν

= e2

πσ0

∫
wire (µν)

dx
lµν
Pc(x, x).

∆R =
∑

(µν)

∂Rcl

∂Rµν
∆Rµν =

e2

πσ0

∑

(µν)

∂Rcl

∂lµν

∫

(µν)

dx Pc(x, x)

↓
1/ℓe (in d = 1)

→ This result is non trivial due to nonlocality

• starts from a classical formula for transport (no quantum inter-

ferences).

• A formula for the quantum resistance of the network as a function

of quantum resistances of the wires does not exist

• ∆Tα′β′ is global

contributions of the wires cannot be computed separatively :

the Cooperon in a given wire depends on the whole network
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2 Nonlocalities

∆Tαβ = Pd Pd

Pc

α β

1 .
::::::::::::::::::::::::::::::::::

“Classical” nonlocality
Pd Pdα β

→ similar origin as in

T cl
αβ = α β

1

3

2

2 .
:::::::::::::::::::::::::::::::::::

“Quantum” nonlocality
Pc

→ Nonlocality of Pc(x, x)

c

d

ba

x

φ

T cl =
αdNcℓe
la + lb

⇒ Pc integrated over a + b only

∆T = − 2

(la + lb)2

∫

a + b
dxPc(x, x)
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How weak localization can increase a transmission ?

C. Wire with arms :

•
:::::

one
::::::::

long
:::::::

arm
lc

l bl a

2
1

4

3

⋆
:::::::::::::

Classical
:::::::::::::::

transport
::

:

3-terminal network : conductance matrix→ Iα =
∑

βGαβVβ

G = e2

h




R22 T23 T24

T23 R33 T34

T24 T34 R44




a b

c

4

2 3

I3=T23V−

��
��
��
����

��
��
��

���
���
���
���

V

a b

c

4

2 3

T cl
23 = αdNcℓe

lc
lalb+lblc+lcla

⇒ ∂T cl
23

∂lc
> 0

⋆
::::::::

Weak
:::::::::::::::::::

localization
::::::::::::::::

correction
::

:

→ In the fully coherent limit Lϕ →∞

∆T23 =
1

3

(
−1 +

la//b//c
lc

+
l2a//b//c
lalb

)
−→

lc ≫ la, lb

1

3

(
−1 +

la//b
la + lb

)

↓ ↓
wire arm
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•
::::::::::::::::::::::::::::::::::::

How to make ∆T23 > 0 ?

⋆ With several arms :

ld

l a l b

l f

lc

2 3

⇒
l a l al b1

2

4
N

3

a+3

=

Na long arms

For la ≪ larm ≪ Lϕ :

∆T23 ≃
1

3

(
−1 +

Na

4

)

→ for Na > 4 ⇒ ∆T23 > 0

→ Purely geometrical effect
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4 terminal resistances

Uα

µI = 0

νI = 0

ρI = 0

= −

αI

βI αI

Uν

Uµ

V

���
���
���
���

���
���
���

���
���
���

α

ρ

µ
ν

β

Rαβ,µν =
Uµ − Uν
Iα

• Weak localization correction

∆Rαβ,µν =
2

αdNcℓe

∑

(ρσ)

∂Rcl
αβ,µν

∂ lρσ

∫

(ρσ)

dxPc(x, x)
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Proof of the relation

• Conductance matrix : Iα =
∑

βGαβUβ

current conservation⇒∑
αGαβ = 0

• Resistance matrix : Uα =
∑

β RαβIβ

gauge invariance⇒ Rαβ not unique
∑

γ

RαγGγλ =
∑

γ

GαγRγλ = δαλ −
1

N term

• Four-terminal resistance :

Rαβ,µν =
Uµ − Uν
Iα

= Rµα −Rµβ −Rνα +Rνβ

⇓
Rαβ,µν = f({Gρσ})

• Weak localization correction

〈f(G)〉 = f(〈G〉) +O(1/N2
c )

= f(Gcl + ∆G) +O(1/N2
c )
⇒ ∆f = ∂f(Gcl)

∂G
∆G

∆Rαβ,µν = −∑γ,λ(R
cl
µγ −Rcl

νγ) ∆Gγλ(R
cl
λα −Rcl

λβ)

∆Rαβ,µν =
2

αdNcℓe

∑

(ρσ)

∂Rcl
αβ,µν

∂ lρσ

∫

(ρσ)

dxPc(x, x)
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How weak localization can be large ?

WL correction to the four terminal resistance :

Rcl
12,34 =

lb
αdNcℓe

∆R12,34

(Rcl
12,34)

2
=

2

l2b

∫

wire b

dxPc(x, x)

x
I I

21

3 4
V

a c

fd

b

→ Long connecting wires la, lc, ld, lf ≫ Lϕ :

∆R12,34

(Rcl
12,34)

2
=
Lϕ
lb

5 coth(lb/Lϕ) + 4− 3Lϕ/lb
4 coth(lb/Lϕ) + 5

Santhanam, 1987.

⋆ Long wire lb ≫ Lϕ

∆R12,34

(Rcl
12,34)

2
≃ Lϕ

lb

⋆ Short wire lb ≪ Lϕ

∆R12,34

(Rcl
12,34)

2
≃ 1

2

Lϕ
lb
≫ 1

Reminiscent of the large fluctuations of resistances measured by

Benoit et al PRL 58 (1987).

Skocpol et al PRL 58 (1987).
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Effect of the arms on the AAS oscillations

::

A
::::::::::::::::::::

consequence
::::

of
::::::

the
:::::::::::::::::

nonlocality
::::

of
:::::

Pc

• Small coherence length : Lϕ ≪ la, L

la

L / 2

φ

〈∆gn〉 ≃ −
LLϕ

4(2la + L/4)2

(
2

3

)2|n|
e−|n|L/Lϕ

〈∆gn〉 ∼
∫ ∞

0

dt
1√
t
e−

(nL)2

4t

︸ ︷︷ ︸
Proba to wind n times

e−t/τϕ ∼ e−|n|L/Lϕ

Winding around the loop : nt ∼ t1/2/L

• Large coherence length : L≪ Lϕ ≪ la ⇒ New behaviour.

〈∆gn〉 ≃ −
(
Lϕ
2la

)2
√

L

2Lϕ
e−|n|
√

2L/Lϕ

C. T. & G. Montambaux, J. Phys. A 38 (2005).
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Origin of the behaviour for L≪ Lϕ : slow winding

φ

mapping to the diffusion in a comb :
l a

... ...
L / 2

trapping by the arms

... ...
L / 2

Trapping time distribution :

first return probability in 1d : Q(t) ∼ 1/t3/2

for a trapping time distribution Q(t) ∼ 1/tµ+1 ⇒ nt ∼ tµ/2

0 < µ < 1

nt ∼ t1/4/
√
L

Tail of winding distribution is :

Pn(t) ∝ exp−3

(
n
√
L

4 t1/4

)4/3

〈∆gn〉 ∼
∫ ∞

0

dt
1

t1/6
e
−3
(

n
√

L

4t1/4

)4/3

︸ ︷︷ ︸
Proba to wind n times

e−t/τϕ ∼ e−|n|
√

2L/Lϕ
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WL in large regular networks

•
::::::::

large
::::::::::::::

networks :

AAS oscillations in honeycomb metallic lattices :
Pannetier et al, 1984.

arrays of rings, ladders, square lattice...

Bishop, Dolan & Licini 1985, 1986.

large square lattices

2DEG : Ferrier, Bouchiat et al (2003).

metal : Bäuerle, Mallet, Saminadayar, Schopfer

(2004).

and

Interest of networks to probe phase coherence

→ good disorder averaging

→ rich AAS harmonic content
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Comparison of AAS harmonics in rings and square network

For Lϕ ≪ L −→ periodic orbits analysis

Akkermans, Comtet, Desbois, Montambaux & C. T., Ann. Phys. (2000)

Harmonic 1 Harmonic 2 Harmonic 3

e−L/Lϕ 3
4 e−2L/Lϕ 5

8 e−3L/Lϕ

φ

e−L/Lϕ 3
4 e−3L/2Lϕ 3

4 e−2L/Lϕ

→ harmonics decay faster in chain of rings
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Comparison between Square & T3 lattices

Diffusive trajectories

Square network T3 network

harmonic 1
φ φ

harmonic 2
φ φ

harmonic 3
φ φ

Therefore : harmonic 3 is larger in T3

→ Experiment : C. Bäuerle, F. Mallet, L. Saminadayar & F. Schopfer
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Weak localization & spectral determinant

Pascaud & Montambaux, (1999).

→ Improvement of the work of Douçot & Rammal, (1985).

〈∆σ〉 = −e
2

π

1

Vol

∫

Network

dxPc(x, x)

with (γ−D2
x)Pc(x, x

′) = δ(x−x′)

Dx = d
dx
− 2ieA(x)

γ = 1/L2
ϕ

∫
dxPc(x, x) = Tr{ 1

γ − D2
x

} =
∂

∂γ
Tr{ln(γ−D2

x)} =
∂

∂γ
ln det(γ−D2

x)

Spectral determinant :

S(γ)
def
= det(γ − D2

x)

〈∆σ〉 = −e
2

π

1

Vol

∂

∂γ
lnS(γ)
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The spectral determinant for graphs

M. Pascaud & G. Montambaux, PRL 82 (1999)

Akkermans, Comtet, Desbois, Montambaux & C.T., Ann. Phys. 284

(2000)

S(γ) =
∏

(αβ)

sinh
√
γlαβ√
γ

detM

where

Mαβ = δαβ

(
λα +

√
γ
∑

µ

aαµ coth(
√
γlαµ)

)
− aαβ

√
γ e−iθαβ

sinh(
√
γlαβ)

aαβ : connectivity matrix

aαβ = 1 if (αβ) is a wire

aαβ = 0 otherwise
a16= 0

a45= 11
2

3
4

5
6

λα = 0 for an internal vertex

λα =∞ for a vertex connected to a reservoir.
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Exercice : The connected wire

M =


 λ1 +

√
γ coth

√
γL −

√
γ

sinh
√
γL

−
√
γ

sinh
√
γL

λ2 +
√
γ coth

√
γL




Dirichlet ⇒ λ1 = λ2 =∞ ⇒ detM≃ λ1λ2 = cste

Swire(γ) =
sinh
√
γL

√
γ

〈∆σ〉 = −e
2

π

1

L

∂

∂γ
lnS(γ) = −e

2

h
Lϕ

(
coth

L

Lϕ
− Lϕ

L

)

Exercice 2 : The isolated ring

S(γ) = 2(cosh
√
γL− cos θ)

θ = 4πφ/φ0

〈∆σ〉 = −e
2

h
Lϕ

sinhL/Lϕ
coshL/Lϕ − cos θ
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Chain of Nr symmetric rings

ba

L /2

L /2

gcl ≃ 4αdNcℓe
NrL

• Weak localization : AAS oscillations

〈∆g〉 = − 2

(la + Nr
4 L + lb)2

(∫

a

Pc +
1

4

∫

rings

Pc +

∫

b

Pc

)

≃ − 8

(NrL)2
∂

∂γ
lnSrings(γ)

= − 2Lϕ
NrL

[
coth(L/2Lϕ)−

2Lϕ
L

+
sinh(L/2Lϕ)√

cosh2(L/2Lϕ)− cos2(θ/2)

]

::::::::::::::::

Amplitude
::::

of
::::::::

AAS
::::::::::::::::::

oscillations
::

:

〈∆gAAS〉
gcl

≃ Lϕ
2αdNcℓe

e−L/Lϕ
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Measurement of Lϕ in large networks

Direct measurement of Lϕ in large GaAs/GaAlAs square networks

ց
One-parameter fit.

M. Ferrier, L. Angers, A. Rowe, S. Guéron & H. Bouchiat (2004).

Lattice spacing :

a = 1 µm

Number of channels :

Nc ∼ 10

N

1

3

4

N

2

= 1000

Lϕ

100

= 1000

→ Probe : Magnetic field
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Analysis of large networks’ Magnetoconductance

•
:::::::::::

Theory
::

:

∆σ(B, Lϕ) = −e
2

π

1

Vol

∂

∂γ
lnS(γ)

↓
AAS only

⊲ B = 0 : Envelope of MC curve

∆σ(0, Lϕ) = −e
2

h

Lϕ
2

[
coth(

a

Lϕ
)−Lϕ

a
+

2

π
tanh(

a

Lϕ
) K

(
1

cosh(a/Lϕ)

)

︸ ︷︷ ︸
Elliptic integral

]

dimensional crossover

• limit Lϕ ≪ a

∆σ ≃ −e
2

h
Lϕ −→ 1d result

• limit a≪ Lϕ

∆σ ≃ − e
2

πh
a
[
ln(4Lϕ/a) +

π

6

]
−→ 2d result

82



Envelope for Lϕ & a :

−10 −5 0 5 10

B

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

<
∆g

(B
=

0
,L

ϕ(
B

))
>

a ln(Lϕ/a)

Lϕ

wire

square network (envelope)

83



⊲ B 6= 0 : AAS oscillations

• small Lϕ (periodic orbit) expansion :

〈∆σ〉 = −e
2

h

Lϕ
2

[
2− Lϕ

a
+ e−2a/Lϕ +

7

4
e−4a/Lϕ + · · ·

+
1

2
cos θ e−4a/Lϕ

(
1− 3

2
e−2a/Lϕ + · · ·

)

+
3

8
cos 2θ e−6a/Lϕ

(
1− 19

12
e−2a/Lϕ + · · ·

)

+
3

8
cos 3θ e−8a/Lϕ

(
1− 15

8
e−2a/Lϕ + · · ·

)

+ · · ·
]

• arbitrary Lϕ : numerics
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⊲ Penetration of B into the wires : Lϕ−→ Leff
ϕ (B)

∆σ(B, Lϕ) (AAS
only)

−→ ∆σ(B, Leff
ϕ (B))

Fourier transform ⇓ ∆σ̂(K) =

∫
dB e−iBK∆σ(B)

∆σ ( ) 2a2

φ0

K

K

0

−→
���
���
���
���
���

���
���
���
���
���

ϕL W
φ

0
2a2

φ0

K

0 ↓
Area is function of Lϕ/a only

•
::::::::::::::::::::

Experimental
:::::

fit
::

:

Step 1 : Extract Lϕ from ratio of AAS harmonics of ∆σ(B, Lϕ)

Step 2 : Extract W from fit of the envelope ∆σ(0, Leff
ϕ (B))
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•
::::::::::::::::::

Comparison
:::::::::::::::::::::::::::::::

Experiment-Theory
::

:

→ Meydi Ferrier’s thesis (2004); Ferrier et al PRL 93 (2004)

-6 -3 0 3 6

-10

-8

-6

-4

-2.0

-1.5

-1.0

-0.5

0.0
-200 -100 0 100 200

G
(

S
)

0

 

 B(G)

T = 30 mK

T = 1.3 K

-2 -1 0 1 2

-4

-3

-2

-1

0

 

 

∆G
os

c/G
D
 (1

0-2
)

Φ/Φ0

T=25 mK

T=50 mK

•
:::::::::

Phase
::::::::::::::::

coherence
::::::::::

length
::

:

→ Dominated by electron-electron interaction for T → 0

0.1 1

1

2

3

0.4 0.6 0.8 1.0
2

3

4

5
6
7
8
9

 sample A
 sample B
 sample C
 sample A (from envelope)
 sample C (from envelope)

 
 

L ϕ/a

T(K)

 
 

R
12

a/L
ϕ

LAAK
ϕ (T ) ∝ T−1/3

T−0.36

→ No saturation down to 25 mK
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4. Electron-electron interaction

Diffusive motion increases effect of interaction.

→ Lifetime of quasiparticle ? Still Fermi liquid ?

→ electron feels ⋆ disordered (impurity) potential

⋆ the potential created by other electrons

Hartee-Fock :

δǫHn =

∫
drdr′ |φn(r)|2U(r − r′)

n(r′)︷ ︸︸ ︷∑

m

f(ǫm)|φm(r′)|2

δǫFn = −
∫

drdr′ φ∗n(r)φn(r
′)U(r − r′)

∑

m

f(ǫm)φ∗m(r′)φm(r)

Average displacement of levels :

∆(ǫ) =
1

ρ0

〈∑

n

δ(ǫ− ǫn) δǫn
〉

Dos correction :

δρ(ǫ)

ρ0
= −∂∆(ǫ)

∂ǫ
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Al’tshuler-Aronov correction to the DoS

Hartree contribution :

∆H(ǫ) =
1

ρ0

∫
drdr′ U(r − r′)

〈∑

n,m

δ(ǫ− ǫn)f(ǫm) |φn(r)|2 |φm(r′)|2
〉

=
1

ρ0

∫
dǫ′ f(ǫ′)

∫
drdr′ U(r − r′)

× 1

−4π2

〈
∆G(r, r; ǫ) ∆G(r′, r′; ǫ′)

〉

Fock contribution :

∆F(ǫ) = −
∫
· · · · · ·

〈
∆G(r, r′; ǫ) ∆G(r′, r; ǫ′)

〉

〈GRGA〉 −→ Diffuson

→ Screened interaction U(r − r′) = 1
2ρ0
δ(r − r′)

δρ(ǫ) = −λρ
2π

∫ ∞

0

dt
πT t

sinhπTt
P(t) cos ǫt

P(t) =
∫

dr
VolPd(r, r; t) : diffuson
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For T ≪ ǫ

δρ(ǫ) ≃ −λρ
2π

∫ ∞

0

dtP(t) cos ǫt = −λρ
2π

Re

[
1

Vol

∂

∂γ
lnS(γ)

∣∣∣
γ=iDǫ

]

d = 1 : The wire

δρ(ǫ) ≃ −λρ
4π

1√
2Dǫ

δρ(ǫ) ∼ −1/
√
T for ǫ≪ T

d = 2 : The plane

δρ(ǫ) ≃ λρ
8π2D

ln ǫτe

Coulomb dip
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Al’tshuler-Aronov correction to σ

From Einstein relation σ = e2ρ0D :

δσ(T )

σ0
=

∫
dǫ

(
−∂f(ǫ)

∂ǫ

)
δρ(ǫ)

ρ0

∆σee(T ) = −λσ
e2D

π

∫ ∞

0

dt

(
πTt

sinhπTt

)2

P(t)

Incoherent contribution

Insensitive to a B field

In a wire :

∆gee ≃ −0.782λσ
LT
L
∝ − 1√

T

Interest : Local probe of the temperature.
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5. Coherence

Dephasing (1) : magnetic field

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

Penetration of the B field in the wires

��������
��������
��������

��������
��������
��������

��������
��������
��������

��������
��������
��������

W B

D t

+−
−

+x

Lϕ−→ Leff
ϕ (B)

1

Leff
ϕ (B)2

=
1

L2
ϕ

+
1

L2
B

=
1

L2
ϕ

+
1

3

(
eBW

~

)2

Al’tshuler & Aronov, 1981.

〈∆g〉 = − 1

L

(
1

L2
ϕ

+
1

L2
B

)−1/2
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Dephasing (2) : spin-orbit scattering

WL : → Hikami, Larkin & Nagaoka, Prog. Theor. Phys. (1980)

UCF : → Chandrasekhar, Santhanam & Prober, PRB (1990)

→ Interaction vertex on disorder depends on spin indices :

r ’

r ’

r

r ���
���
���
���
���
���

���
���
���
���
���
���

δβ

α γ,

, ,

,

Γc

wso → Lso : spin orbit

wm → Lm : spin flip on localized (static) magnetic impurities

In the Bethe-Salpether equation : vertex for cooperon (for WL) is now

α

βk,

k q,+ k +’ ,q γ

− δ,’k−

→ b
(c)
αβ,γδ = δαγδβδ +

−wso + wm

3w
~σαγ · ~σβδ

In the basis {| + + 〉, | +−〉, | − + 〉, | − −〉} :

b(c) =




1
1

1
1


 +

−wso + wm

3w




1
−1 2
2 −1

1
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Bethe-Salpether equation is now (in Fourier space)

Γc(~q) = w b(c) +
w

wtot

(
1−Dτtot ~q

2
)
b(c) Γc(~q)

with wtot = w + wso + wm

Γc(~q) =
w

[b(c)]−1 − w
wtot

(1−Dτtot ~q 2)

is a matrix

→ Diagonalization of b(c) : Singlet and Triplet channels decouple.

Pc(~q) = Π0

︸︷︷︸
projector on singlet

1

1/L2
S + ~q 2

+ (1− Π0)
1

1/L2
T + ~q 2

for w ≫ wso, wm :

1

L2
S

=
2

L2
m

and
1

L2
T

=
4

3L2
so

+
2

3L2
m

Reversing of trajectories⇒ reversing the singlet ⇒ −

〈∆σ〉 = (singlet > 0) + (triplet < 0)

Weak antilocalization
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Infinite wire

〈∆g(B)〉 =
1

L

[
+

singlet︷ ︸︸ ︷(
1

L2
ϕ

+
1

L2
B

+
2

L2
m

)−1/2

− 3

(
1

L2
ϕ

+
1

L2
B

+
4

3L2
so

+
2

3L2
m

)−1/2

︸ ︷︷ ︸
triplet

]

−40 −30 −20 −10 0 10 20 30 40
B (a.u.)

−0.6

−0.4

−0.2

0.0

0.2

0.4

<
∆g

(B
)>

Lso=0.1

Lso=0.2

Lso=0.3

Lso=0.4

Lso=0.5

Lm=1

−40 −20 0 20 40

B

−0.6

−0.4

−0.2

0.0

0.2

0.4

<
∆g

(B
)>

 −
 <

∆g
(0

)>
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Magnesium (Z = 12) : weak spin-orbit

Gold (Z = 79 : heavy metal) : strong spin-orbit
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Decoherence due to electron-phonon interaction

→ Chakravarty & Schmid, 1986.

→ Lin & Bird, J. Phys. C (2002).

τe−ph ∝ T−3

→ negligible below 1 K
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Decoherence due to electron-electron interaction

Let us come back on the simple modelization used up to now

A . “Exponential relaxation” : Effective parameter Lϕ =
√
Dτϕ

〈∆σ〉 = −e
2

π

∫ ∞

0

dtPc(r, r; t) e−t/τϕ

where
(
∂
∂t
−∆r

)
Pc(r, r′; t) = δ(t) δ(r − r′)

• Conductance of a long wire : Al’tshuler & Aronov, 1981.

〈∆g〉 = − 1

L

∫ ∞

0

dt√
πt

e−t/τϕ e−t/τB = − 1

L

(
1

L2
ϕ

+
1

L2
B

)−1/2

where 1
L2
B

= 1
3

(
eBW

~

)2

• Exp. relax. describes→ Penetration of B field

→ Spin-orbit scattering

→ Spin-flip (magnetic impurities)

• Does not describe correctly e-e interaction
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B . Electron in a fluctuating potential V (r, t) :

Al’tshuler, Aronov & Khmel’nitzkĭı (AAK), J. Phys. C 15 (1982).

→ Electron feels the random electromagnetic field created by

other electrons

The loop

r (τ )

r (t−τ )

r

receives a random phase eiΦ

Φ[~r(τ )] =

∫ t

0

dτ
[
V (~r(τ ), τ )− V (~r(τ ), t− τ )

]

where V (r, t) is the electric potential due to other electrons

〈∆σ〉 ∼ Cooperon ∼
∑

loops C
〈eiΦ[C]〉V
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• Fluctuation-dissipation theorem :

〈V (~r, t)V (~r ′, t′)〉V =
2e2

σ0
T δ(t− t′)Pd(~r, ~r ′)

Nyquist length : LN =

(
σ0SD

e2T

)1/3

=
(αd
π
NcℓeL

2
T

)1/3

LT =
√
D/T .

LN characterizes the efficiency of e-e interaction

Exercice : a gold wire

S = 50 nm×50 nm

ℓe = 30 nm

Nc = 27500 LN(T ) ≃ 3.2 µm× T−1/3

• Phase averaged over potential fluctuations :

〈eiΦ〉V = e−
1
2〈Φ2〉V

where

1

2
〈Φ2〉V =

2

L3
N

∫ t

0

dτ W (x(τ ), x(τ̄))

with

W (x, x′) =
1

2
[Pd(x, x) + Pd(x

′, x′)]− Pd(x, x′)

102



〈∆σ〉 ∼ Cooperon ∼
∑

loops C<Lϕ

〈eiΦ[C]〉V

• Path integral formulation :

〈∆σ〉 = −e
2

π

∫ ∞

0

dt

exp. relax.︷ ︸︸ ︷
e−t/τϕ

×
∫ x(t)=x

x(0)=x

Dx(τ ) e−
1
4

∫ t
0 dτ ẋ2

︸ ︷︷ ︸
diffusion

e
− 2

L3
N

∫ t
0 dτ W (x(τ),x(τ̄ ))

︸ ︷︷ ︸
〈eiΦ〉V : e-e interaction

→ Electron-electron interaction enters through a complicate functional.

This functional is network dependent

In general ∆σ(Lϕ,∞) and ∆σ(∞, LN) do not coincide
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Infinite wire

Pd(x, x
′) = −1

2
|x− x′| ⇒ W (x, x′) = 1

2
|x− x′|

W (x, x′) = f(x− x′) ⇒ get rid of time nonlocality

Cooperon is solution of :
[

1

L2
ϕ

− d2

dx2
+

1

L3
N

|x|
]
Pc(x, x

′) = δ(x− x′)

〈∆σ〉 = −2e2

π
Pc(0, 0)

One finds (AAK, 1982)

〈∆g〉 =
LN
L

Ai(L2
N/L

2
ϕ)

Ai′(L2
N/L

2
ϕ)
≃ − 1

L

(
1

2L2
N

+
1

L2
ϕ

)−1/2

A (exp. relax.) → B (AAK)

Lϕ → √
2LN = LAAK

ϕ
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Time analysis : relaxation of phase coherence

〈∆σ〉 = −e
2

π

∫ ∞

0

dtPc(r, r; t) e−t/τϕ︸ ︷︷ ︸
↓

What replaces the exponential ?

• AAK : non exponential phase coherence relaxation

G. Montambaux & É. Akkermans, PRL 95 (2005)

→ Inverse Laplace transform of AAK’s result

〈eiΦ〉V,C ≃ 1−
√
π

4

(
t

τN

)3/2

for t≪ τN

≃
√
πt

τN

1

|u1|
exp−|u1|

t

τN
for τN ≪ t

(|u1| ≃ 1.019 is the first zero of Ai′(z)).
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MC harmonics of a ring

φ

→ Magnetoconductance’s harmonics

∆gn =

∫ φ0/2

0

dφ

φ0/2
e−4iπnφ/φ0 ∆g(φ)

A (exp. relaxation) gives ∆gn ∝ exp−|n| LLϕ

Question is : Does B give ∆gn ∝ exp−|n| LLN
?

Answer is No

Ludwig & Mirlin (LM), PRB (2004) :

∆gn ∝ exp−|n|
(
L

LN

)3/2

for L≫ LN
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How to characterize phase coherence relaxation in the ring ?

• Harmonic n of WL can be written

∆σn = −e
2

π

∫ ∞

0

dt Pn(x, x; t)︸ ︷︷ ︸
Proba to wind n times

〈eiΦ〉V,Cn

Cn : diffusive trajectories with winding n

⇒ We analyze

〈eiΦ〉V,Cn = 〈e−1
2〈Φ2〉V 〉Cn
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Why phase coherence relaxation is different for n = 0 and n 6= 0 ?

• Diffusion of the phase : Johnson-Nyquist

d
dt

Φ = V

d

dt
〈Φ2〉V =

∫
dτ〈V (τ )V (0)〉V = 2e2TRt ∼ e2T

r(t)

σ0S
=

r(t)
√
D τ

3/2
N

Small time t≪ τD ⇒ r(t) ∼
√
Dt 〈Φ2〉V ≈ ( t

τN
)3/2

Long time t≫ τD ⇒ r(t) ∼ L 〈Φ2〉V ≈
√
τD

τ
3/2
N

t = t
τc

New length scale Lc = L
3/2
N /L1/2 ∝ T−1/2

• For τN ≫ τD : 〈eiΦ〉V,Cn = 〈e−1
2〈Φ2〉V 〉Cn ≃ e−

1
2〈Φ2〉V,Cn

t≪ τD t≫ τD

Harmonic n = 0 e
−
√
π

4 ( t
τN

)3/2

(AAK)
e−

1
6
t
τc

Harmonics n 6= 0 e−
1
6
t
τc e−

1
6
t
τc
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For harmonics n = 0, phase relaxation is non exponential

〈eiΦ〉V,C0 :

A A K

exp− t
6τc

exp−π
4 τ N

t( )
3/2

=t τN

τD

τD

|u1|
|u1|exp− t

τN

t
τN

π 1

0
0

Semiclassical Perturbative
t

τ N

For harmonics n 6= 0, phase relaxation is always exponential

〈eiΦ〉V,Cn :

64τc

t2πexp−
exp− t

6τc

=_ =τ ct τN
3/2

τ1/2
D

τD

τD

0
0

Semiclassical Perturbative
t

τN
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Origin of ∆σn ∝ e−n( L
LN

)3/2

: Exponential phase relaxation

For n 6= 0 : 〈eiΦ〉V,Cn ≃ exp−βt/τc
with τc = τ

3/2
N /τ

1/2
D

β = 1/6 or π2/64

• Weak localization :

∆σn ∼
∫ ∞

0

dt

phase relax.︷ ︸︸ ︷
e−βt/τc

diffusion︷ ︸︸ ︷
1√
t
e−(nL)2/(4t)

∼ exp−
√
β|n| L

Lc
= exp−

√
β|n|( L

LN
)3/2

∆σn ∼ exp−nL3/2T 1/2 for L≫ LN
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Exact result for isolated ring of perimeter L

C. T. & G. Montambaux, PRB 72 (2005) Lφ

→ One can compute exactly the path integral

W (x, x′) = f(x− x′) ⇒ get rid of time nonlocality

Cooperon is solution of :[
1

L2
ϕ

−
(

d

dx
− 2ieA

)2

+
1

L3
N

|x|
(

1− |x|
L

)]
Pc(x, x

′) = δ(x− x′)

〈∆σ〉 = −2e2

π
Pc(0, 0)

〈∆σn〉 ∝ exp−|n|ℓeff

→ Analytical expressions for the prefactor and ℓeff

• Effective perimeter ℓeff for Lϕ =∞ :

ℓeff ≃
1√
6

(
L

LN

)3/2

for L≪ LN

≃ π

8

(
L

LN

)3/2

for L≫ LN (LM)

115



• Combination of LN (e-e interaction) and Lϕ (exp. relaxation) :

1

τϕ
−→ 1

τϕ
+

1

τN

ℓeff =

(
L

LN

)3/2

× η(L2
c/L

2
ϕ) with Lc =

L
3/2
N

L1/2

⋆ For L≪ LN : ℓeff =

√
1
6

(
L
LN

)3

+
(
L
Lϕ

)2

⋆ For L≫ LN : ℓeff ≃
√

π2

64

(
L
LN

)3

+
(
L
Lϕ

)2

∆σn ≃
e2

π
LN

Ai(L2
N/L

2
ϕ)

Ai′(L2
N/L

2
ϕ)︸ ︷︷ ︸

AAK

e−|n|ℓeff
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Connected ring

Lϕ, LN ≪ L : Arms have almost no effect

• Exp. phase coherence relaxation : ∆gn ∝ Lϕ exp−|n|L/Lϕ
• Electron-electron interaction : ∆gn ∝ LN exp−|n|(L/LN)3/2

Lϕ, LN & L : The arms strongly manifest

L ϕ

φ

Winding is anomalously slow : nt ∝ t1/4

(in the isolated ring : nt ∝ t1/2)

• For exponential phase coherence relaxation :

〈∆gn〉 ∼
∫ ∞

0

dt
1

t1/6
e
−3
(

n
√

L

4t1/4

)4/3

e−t/τϕ

∆gn ∝ exp−|n|(2L/Lϕ)1/2
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• LN & L For electron-electron interaction :

Phase coherence relaxation occurs mostly in the wires

φ

⇒ 〈eiΦ〉V,Cn ≃ 〈eiΦ〉V,C
∣∣
∞ wire

〈∆gn〉 ∼
∫ ∞

0

dt
1

t1/6
e
−3
(

n
√

L

4t1/4

)4/3

〈eiΦ〉V,C
∣∣
∞ wire

∆gn ∝ exp−κ|n|(L/LN)1/2 ∼ exp−L1/2T 1/6

κ ≃ 1.421
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Let us come back to experiments

→ Meydi Ferrier’s thesis (2004) ; Ferrier et al PRL 93 (2004)

→ Large square network

•
:::::::::

Phase
::::::::::::::::

coherence
::::::::::

length
::

: Analysis of ratio of AAS harmonics

→ Analysis with model A . (Exp. phase relaxation)

0.1 1

1

2

3

0.4 0.6 0.8 1.0
2

3

4

5
6
7
8
9

 sample A
 sample B
 sample C
 sample A (from envelope)
 sample C (from envelope)

 

 

L ϕ/a

T(K)

 

 
R

12

a/L
ϕ

LAAK
ϕ (T ) ∝ T−1/3

T−0.36
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Why we do not see LM’s behaviour ?

→ Exp. phase relaxation analysis should give Lϕ → Lc ∝ T−1/2

(for Lϕ ≪ L)

From harmonics

⇓
For LN & a :

φ

0.1 1

1

2

3

0.4 0.6 0.8 1.0
2

3

4

5
6
7
8
9

 sample A
 sample B
 sample C
 sample A (from envelope)
 sample C (from envelope)

 

 

L ϕ/a

T(K)

 

 

R
12

a/L
ϕ

T −1/3

From envelope (≈ AAK)

→ Experiment : behaviour of ∆gn at higher T ?

→ Theory : behaviour of ∆gn at low T (when L≪ LN) ?
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Observation of LM’s result ?

• (for L≫ LN) ∆gn ∝ exp−π
8 |n|(L/LN)3/2 ∼ e−nL

3/2T 1/2

• New analysis of experimental data (M. Ferrier & H. Bouchiat)

→ Extract parameters W , ℓe from envelope

→ Then follow the 1st harmonic (instead of ratios)

T−1/3

T−1/2

For L & Lϕ :

∆gn ∼ exp−|n|L/Lϕ (Exp. relax.)

L
Lϕ
−→ L

Lc
= ( L

LN
)3/2 ∝ T 1/2
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Current theoretical understanding about e-e interaction in networks

Weak Localization ∆gn

Modelization A Modelization B

Lϕ AAK : −LN Ai(L2
N/L

2
ϕ)

Ai′(L2
N/L

2
ϕ)

Lφ Lϕ e−nL/Lϕ LN e−n
√
β (L/LN )3/2

φ e−nL/Lϕ for Lϕ ≪ L LN e−
π
8n(L/LN )3/2

e−n(2L/Lϕ)1/2
for Lϕ ≫ L e−κn(L/LN )1/2

φ
envelope : analytic LN ≪ L : AAK

LN ≫ L : ???

harmonics : numerics LN ≪ L : e−C n(L/LN )3/2

LN ≫ L : ???

Experiment is required on :

... ...
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What experiments show ?

• Meydi Ferrier’s thesis (2004); Ferrier et al PRL 93 (2004)

→ semiconducting networks

→ regime LN . L

• C. Bäuerle, F. Mallet, L. Saminadayar & F. Schopfer (2004)

→ Metallic networks (Ag & Au)

→ regime LN & L

Oscillating part of MC curve is well described

by modelization A (with spectral determinant).

→ analysis of Grenoble’s experiments within modelization A

and

Ratios of harmonics (1/2 & 2/3) give the same Lϕ(T )

⇒ Meaningful procedure
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Limit of the AAK theory

Nyquist length

LN =
(αd
π
NcℓeL

2
T

)1/3

with LT =
√
D/T

• Strong localization in a fully coherent weakly disordered wire

localization length is (DMPK) :

Lloc ∼ Ncℓe

AAK is only valid for LN ≪ Lloc i.e. LT ≪ LN

• Strong localization threshold : T < T ∗

LN ∼ LT ∼ Lloc

T ∗ ∼ 1/(N2
c τed)
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Exercice : a metallic gold wire

S = 50 nm×50 nm

ℓe = 30 nm

D = 0.013 m2/s

Nc = 27500

LT ≃ 0.3 µm × T−1/2

LN(T ) ≃ 3.2µm×T−1/3

T ∗ ≃ 0.7 µK

Exercice 2 : a semiconducting narrow wire

T ∗ ≃ few 10 mK
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6. Fluctuations

δG ∼ e2

h

Reproducible structures : Magnetofingerprints
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Conductance fluctuations

g2 =
∑

C1

∑

C2

∑

C3

∑

C4

AC1A∗C2AC3A
∗
C4

=

C1

C2

C4

C3

Survives disorder averaging iff

lines follow same sequences of scattering events

or reversed sequences.

How to pair the lines ?

uncorrelated pairing :

〈g〉2 ≃
µ

α β

ν

Pd

Pd
= g2

Drude
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Quantum crossings :

α

µ ν

β
Pd

Pd

Pd and

α

µ ν

β

Pd

Pd

Pd

and two similar diagrams with cooperon Pc :

α

βµ

ν
Pd

Pc Pc
and

α β

µ ν

Pc

Pd

Pc

Order of magnitude :

〈δg2〉 =

α

µ ν

β
Pd

Pd

Pd
∼ g2 × (1/g)2 ∼ 1

〈δg2〉 ∼ 1
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Conductivity correlations (Short range terms)

〈δσab(r, r′) δσcd(r′′, r′′′)〉

Contribution 1

�����
�����
�����

�����
�����
�����

����
����
����

����
����
����

ε B,

’, B’ε
≡

ε ,’ B’

ε , B

ε ,’ B’

ε , B

r ,a r’,b

r’’’ ,d

Γd

Γd

r’’ c,

We use the box :

4

2

r ,i r’,j

R

R

= −σ0 2τ 2
e δij δ(~r − ~r ′) δ(~r − ~R2) δ(~r − ~R4)

and

σ0τ
2
e

w

Dτe
=
e2

h

Contrib. 1 = 4

(
e2

h

)2

δacδbd δ(~r − ~r ′′) δ(~r ′ − ~r ′′′)|Pd(~r, ~r ′)|2

Contribution 2 : Pd −→ Pc

Contrib. 2 = 4

(
e2

h

)2

δadδbc δ(~r − ~r ′′′) δ(~r ′ − ~r ′′)|Pc(~r, ~r ′)|2
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Contribution 3

����
����
����
����
����

����
����
����
����
����

���
���
���
���

���
���
���
���

’, B’ε

ε B,

+

����
����
����
����

����
����
����
����

���
���
���
���

���
���
���
���

’, B’ε

ε B,

−→
ε , B

ε ,’ B’

ε , B

ε ,’ B’

H4 H4

r ,a

r’,b

r’’ c,

r’’’ ,d

Γd

+ (R↔ A)

We use the box :

H4

3

4

r ,i

r’,j

R

R

= σ0 τ
2
e δij δ(~r − ~r ′) δ(~r − ~R2) δ(~r − ~R4)

Contrib. 3 = 2

(
e2

h

)2

δabδcd δ(~r − ~r ′) δ(~r ′′ − ~r ′′′) Re [Pd(~r, ~r
′′)Pd(~r

′′, ~r)]

Contribution 4 : Pd −→ Pc

ε , B

ε ,’ B’

ε ,’ B’

ε , B

H4 H4

r ,a

r’,b

r’’ c,

r’’’ ,d

Γc

Γc

+ (R↔ A)

Contrib. 4 = 2

(
e2

h

)2

δabδcd δ(~r − ~r ′) δ(~r ′′ − ~r ′′′) Re [Pc(~r, ~r
′′)Pc(~r

′′, ~r)]
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Einstein relation : σij = e2ρ0Dij

Correlations :

〈δσab δσcd〉 = e4〈δρ2〉D2 δabδcd + e4ρ2
0〈δDab δDcd〉

Contribution 3+4 : DoS correlations e4〈δρ2〉D2

ε , B

ε ,’ B’

ε , B

ε ,’ B’

H4 H4

r ,a

r’,b

r’’ c,

r’’’ ,d

Γd

and

ε , B

ε ,’ B’

ε ,’ B’

ε , B

H4 H4

r ,a

r’,b

r’’ c,

r’’’ ,d

Γc

Γc

Dos is ρ = r
R

〈δρ(r; ǫ) δρ(r′; ǫ′)〉 =
�����
�����
�����

�����
�����
�����

�����
�����
�����

�����
�����
�����

r r ’ + · · ·

Contribution 1+2 : diffusion constant correlations e4ρ2
0〈δDab δDcd〉
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Last step :

→ Following KSL, construct long range terms (divergenceless) :

ε ,’ B’

ε , B

ε ,’ B’

ε , B

r ,a r’,b

r’’’ ,d

Γd

Γd

r’’ c,

↓

ε , B

’ε ,B’

ε , B

’ε ,B’

’ε ,B’

’ε ,B’ ’ε ,B’

’ε ,B’ε , B

ε , B ε , B

ε , B��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������

���
���
���
���

���
���
���
���

����
����
����

����
����
����

���
���
���

���
���
���

H H
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Fluctuations of local conductivity

〈δσ2〉 = 6

(
e2

h

)2 ∫
drdr′

Vol2
[
Pd(r, r

′)2 + Pc(r, r
′)2
]

Spectral determinant

∫
drdr′ P (r, r′)2 =

∫
drdr′ 〈 r | 1

γ −∆
| r′ 〉 〈 r′ | 1

γ −∆
| r 〉

=
∑

n

1

(γ + En)2
= − ∂2

∂γ2
lnS(γ)

The diffuson in UCF is also affected by decoherence

Diffuson : γd = 1/L2
ϕ

Cooperon : γc = 1/L2
ϕ + 1/L2

B

〈δσ2〉 = −6

(
e2

h

)2
1

Vol2

[
∂2

∂γ2
d

lnS(γd) +
∂2

∂γ2
c

lnS(γc)

]
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The connected wire

S(γ) =
sinh
√
γL

√
γ

• Incoherent wire Lϕ ≪ L

〈δg2〉 ≃ 6

(
Lϕ
L

)3

• Coherent wire L≪ Lϕ : UCF

〈δg2〉 ≃ 2

15

• Reduction in strong magnetic field

If LB ≪ Lϕ : Contributions of the cooperon vanish

〈δg(B)2〉 ≃ 1

2
〈δg(0)2〉

Crossover for the long wire :

〈δg(B)2〉 ≃ 3

[(
Lϕ
L

)3

+
1

L3

(
1

L2
ϕ

+
1

L2
B

)−3/2 ]
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Effect of B field
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The mesoscopic regime

• Coherent wire L≪ Lϕ :

〈∆g〉 ∼ 1 and δg ∼ 1

Mesoscopic regime

• Incoherent wire Lϕ ≪ L :

〈∆g〉 ≃ −Lϕ
L

δg ∼
(
Lϕ
L

)3/2

≪ |〈∆g〉|

∆g = g − gcl is self averaging

137



Effect of temperature

At finite temperature :

σ(EF ) −→
∫

dǫ

(
−∂f
∂ǫ

)
σ(ǫ)

We have to consider

〈δσab(r, r′; ǫ) δσcd(r′′, r′′′; ǫ′)〉

New length scale : thermal length LT =
√
D/T

Regime LT ≪ Lϕ Contributions 3 & 4 are negligible

〈δσ2〉 ≃ 2π

3

(
e2

h

)2
L2
T

Vol2

∫
dr [Pd(r, r) + Pc(r, r)]

〈δσ2〉 ≃ 2π

3

(
e2

h

)2
L2
T

Vol2

[
∂

∂γd
lnS(γd) +

∂

∂γc
lnS(γc)

]

Exercice : Long wire

〈δg2(B)〉 ≃ π

3

L2
T

L3

[
Lϕ +

(
1

L2
ϕ

+
1

L2
B

)−1/2
]
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Parametric correlations

Study 〈δσ(B) δσ(B′)〉

ε ,’ B’

ε , B

ε ,’ B’

ε , B

r ,a r’,b

r’’’ ,d

Γd

Γd

r’’ c,

Diffuson :

[
1

L2
ϕ

− (∇− ie(A−A′))
]
Pd(r, r

′) = δ(r − r′)

Cooperon :

[
1

L2
ϕ

− (∇− ie(A + A′))

]
Pc(r, r

′) = δ(r − r′)

If LT ≪ Lϕ : Relation between WL and fluctuations

〈δσ̃(B) δσ̃(B′)〉 ≃ −e
2

h

π

3

L2
T

Vol

[
〈∆σ

(B − B′
2

)
〉 + 〈∆σ

(B + B′
2

)
〉
]
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AB amplitude

Conductance of a network :

g(φ) = g0 + δgAB cos(2πφ/φ0 + δ1) + · · ·

Correlations of conductance :

〈g(φ)g(φ′)〉 ≃ 〈g2
0〉 +

1

2
〈δg2

AB〉 cos[2π(φ− φ′)/φ0] + · · ·

δgAB appears in parametric correlations

δgAB involves both LT and Lϕ

(∆gAAS is only function of Lϕ)

For LT ≪ Lϕ : Relation between AAS & AB amplitudes

〈δσ2
AB〉 ≃

e2

h

2π

3

L2
T

Vol
〈∆σAAS〉

Exercice : The isolated ring

〈δg2
AB〉 ∼ L2

TLϕ e−L/Lϕ
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From meso- to macro-

Disorder averaging in a chain of Nr rings :

→ Consider symmetric rings→ spectral determinant

::::::::::::::::

Amplitude
::::

of
::::::::

AAS
::::::::::::::::::

oscillations
::

:

〈∆gAAS〉
gcl

≃ Lϕ
2αdNcℓe

e−L/Lϕ

For LT ≪ Lϕ :

〈δg(θ)δg(θ′)〉 ≃ 32πL2
T

3(NrL)4

[
∂

∂γd
lnS(γd) +

∂

∂γc
lnS(γc)

]

::::::::::::::::

Amplitude
::::

of
::::::

AB
::::::::::::::::::

oscillations
::

:
(
δgAB

gcl

)2

≃ 1

Nr

π

3

L2
TLϕ

(αdNcℓe)2L
e−L/Lϕ

⇒ AB oscillations vanish with Nr :

δgAB

gcl
∝ 1√

Nr
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Disorder averaging in large networks :

Large network of dimension Lx × Ly with N cells

I

e2

h
g = σ

LyS

Lxa
⇒ 〈∆g〉 = −2

LyS

Lxa

∫
dr

Vol
Pc(r, r)

δg2
AB =

2πL2
T

3L2
x

∆gAAS

→ Vary N with Lx/Ly = 10 fixed

• 2d regime : Lϕ ≪ Lx, Ly

∆gAAS ∝ N0

δgAB ∝ N−1/2

• quasi 1d regime : Ly ≪ Lϕ ≪ Lx ⇒ Pc ∼ 1/Ly

∆gAAS ∝ N−1/2

δgAB ∝ N−3/4
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→ C. Bäuerle, F. Mallet, L. Saminadayar & F. Schopfer (2005)

→ Ag networks
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Conductance correlations 〈δGαβδGµν〉

Network → nonlocal effects → Landauer approach

α

µ ν

β
Pd

Pd

Pd

∝
∑

i,j

∫

i

dx

∫

j

dx′
d

dx
Pd(α, x)

d

dx
Pd(µ, x) [Pd(x, x

′)]2

d

dx′
Pd(x

′, β)
d

dx′
Pd(x

′, ν)

〈δGαβδGµν〉(1) ∝
∑

i,j

∂Gcl
αµ

∂li

∂Gcl
βν

∂lj

∫

i

dx

∫

j

dx′ [Pd(x, x
′)]2

α

βµ

ν
Pd

Pc Pc

〈δGαβδGµν〉(2) ∝
∑

i,j

∂Gcl
αν

∂li

∂Gcl
βµ

∂lj

∫

i

dx

∫

j

dx′ [Pc(x, x
′)]2
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Dos (3 & 4) : no correlation of indices

α

µ ν

β

Pd

Pd

Pd

〈δGαβδGµν〉(3) ∝
∑

i,j

∂Gcl
αβ

∂li

∂Gcl
µν

∂lj

∫

i

dx

∫

j

dx′ [Pd(x, x
′)]2

α β

µ ν

Pc

Pd

Pc

〈δGαβδGµν〉(4) ∝
∑

i,j

∂Gcl
αβ

∂li

∂Gcl
µν

∂lj

∫

i

dx

∫

j

dx′ [Pc(x, x
′)]2
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Four-terminal resistances

〈δRαβ,µν δRα′β′,µ′ν′〉

Contribution 1

∑

i,j

∂Rcl
αβ,α′β′

∂li

∂Rcl
µν,µ′ν′

∂lj

∫

i

dx

∫

j

dx′ [Pd(x, x
′)]2

Contribution 2

∑

i,j

∂Rcl
αβ,µ′ν′

∂li

∂Rcl
µν,α′β′

∂lj

∫

i

dx

∫

j

dx′ [Pc(x, x
′)]2

Contribution 3

∑

i,j

∂Rcl
αβ,µν

∂li

∂Rcl
α′β′,µ′ν′

∂lj

∫

i

dx

∫

j

dx′ [Pd(x, x
′)]2

Contribution 4

∑

i,j

∂Rcl
αβ,µν

∂li

∂Rcl
α′β′,µ′ν′

∂lj

∫

i

dx

∫

j

dx′ [Pc(x, x
′)]2
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Resistances RS and RA

Casimir-Onsager : R12,34(−B) = R34,12(B)

RS,A =
1

2
(R12,34 ±R34,12)

→ Kane, Lee & DiVincenzo, PRB (1988)

→ Hershfield & Ambegaokar, PRB (1988)
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→ At strong B field⇒ Contributions 2 & 4 = 0

〈δR2
S,A〉 =

1

2

(
〈δR2

12,34〉 ± 〈δR12,34δR34,12〉
)

3 4

21
a b c

d f

Rcl
12,34 ∝ lb

Rcl
12,12 ∝ la + lb + lc

Rcl
34,34 ∝ ld + lb + lf
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• Fluctuations 〈δR2
12,34〉

Weight of
∫
i

∫
j[Pd(x, x

′)]2 for contribution (3) :

∂Rcl
12,34

∂li

∂Rcl
12,34

∂lj
⇒ x, x′ ∈ b

x x ’

C3 =

∫

b

dx

∫

b

dx′ [Pd(x, x
′)]2 ∼ L3

ϕlb for Lϕ ≪ lb

Weights for contribution (1) :

∂Rcl
12,12

∂li

∂Rcl
34,34

∂lj
⇒ x ∈ a, b, c and x′ ∈ d, b, f

9 contributions

C1,1 ≡ C3 =
x x ’

∼ L3
ϕlb

C1,2 =
x ’x

=

∫

a

dx

∫

b

dx′ [Pd(x, x
′)]2 ∼ L4

ϕ

etc. ... ...

〈δR2
12,34〉 = 2 C3︸︷︷︸

∼ L3
ϕlb

+ C1,2 + · · · C1,9︸ ︷︷ ︸
∼ L4

ϕ
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• Correlations 〈δR12,34δR34,12〉

Weights for contribution (1) :

∂Rcl
12,34

∂li

∂Rcl
34,12

∂lj
⇒ x, x′ ∈ b

Weights for contribution (3) :

∂Rcl
12,34

∂li

∂Rcl
34,12

∂lj
⇒ x, x′ ∈ b

〈δR12,34δR34,12〉 = 2 C3︸︷︷︸
∼ L3

ϕlb

• Symmetric & antisymmetric resistances

In the limit Lϕ ≪ lb

Symmetric resistance fluctuations increase with lb :

〈δR2
S〉 ∼ L3

ϕlb

Antisymmetric resistance fluctuations saturate :

〈δR2
A〉 ∼ L4

ϕ
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Electron-electron interaction

Relation between WL and CF (since LT ≪ LN necessary) :

→ Aleiner & Blanter, PRB (2002).

AB harmonics for LN ≪ L :

δgAB ∼ LT
√
LN e−(L/LN )3/2

Ludwig & Mirlin, PRB (2004)

C. T. & G. Montambaux PRB (2005).
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What I have not mentioned

• Thermodynamics → magnetization, persistent current.

• Shot noise

• Role of the dynamic of magnetic impurities on decoherence

Kondo impurities (Saclay & Grenoble’s experiments)

• Measurements of local distribution functions in diffusive wires

(Saclay’s experiments)

• Superconducting fluctuations : contributions to transport.

(DoS, Maki-Thomson, Alsamazov-Larkin)

• Technical aspects :

→ Semiclassical approach (Boltzmann-Langevin)

→ Field theory and nonlinear-σ-model

• · · ·
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7. Conclusion

In a wire �����
�����
�����
�����
�����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

L

Lϕ• Classical transport : gDrude ∝ Ncℓe/L

• Weak localization :

〈∆g(B, Lϕ)〉 = − 1

L

(
1

L2
ϕ

+

)−1/2

where
1

L2
B

=
e2B2W 2

3~2

• Interaction : Al’tshuler-Aronov correction

〈∆g(LT )〉ee ≃ −0.782λσ
LT
L
∝ − 1√

T

• Fluctuations :

⋆ For Lϕ ≪ LT :

〈δg2(B, Lϕ)〉 ≃ 3

[(
Lϕ
L

)3

+
1

L3

(
1

L2
ϕ

+
1

L2
B

)
−3/2

]

⋆ For LT ≪ Lϕ :

〈δg2(B, Lϕ, LT )〉 ≃ π

3

L2
T

L3

[
Lϕ +

(
1

L2
ϕ

+
1

L2
B

)−1/2
]
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AAS/AB harmonics

For exponential phase coherence relaxation (Lϕ) :

→ spin-orbit

→ spin-flip

amplitude of AAS/AB oscillations for a ring are :

∆gAAS ∼ Lϕ e−L/Lϕ

δgAB ∼ LT
√
Lϕ e−L/2Lϕ

This is true only for Lϕ ≪ L

Does not apply to Lϕ → Le−e
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∆gAAS ∼ Lϕ e−L/Lϕ

δgAB ∼ LT
√
Lϕ e−L/2Lϕ

1. Network effect

• Lϕ ≪ L
φ

∆gAAS ∼ Lϕ e−L/Lϕ

• Lϕ ≫ L
φ

∆gAAS ∼ Lϕ e−
√

2L/Lϕ

2. electron-electron interaction effect LN ∝ T−1/3

• LN ≪ L

∆gAAS ∼ LN e−(L/LN )3/2

δgAB ∼ LT
√
LN e−(L/LN )3/2

• LN ≫ L (network effect)

∆gAAS ∝ e−(L/LN )1/2
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Networks

∆Tαβ = Pd Pd

Pc

α β

=
2

αdNcℓe

∑

wire (µν)

∂T cl
αβ

∂ lµν

∫

(µν)

dxPc(x, x)

• Classical non locality

⋆ ∆T13 > 0 in

l a l al b1

2

4
N

3

a+3

=

⋆ large WL and large fluctuations for R12,34
x

I I

21

3 4
V

a c

fd

b

• Quantum nonlocality of Pc

• For large regular networks : spectral determinant

〈∆σ〉 = −e
2

π

1

Vol

∫

Network

dxPc(x, x) = −e
2

π

1

Vol

∂

∂γ
lnS(γ)

• Dephasing due to e-e interaction is not well understood

157



Appendices

A. Free Green function

GR
0 (~r, ~r ′;EF )

def

= 〈~r | 1

EF + 1
2m∆ + i0+

|~r ′ 〉

In Fourier space

GR
0 (~k) =

1

EF − 1
2m
~k2 + i0+

In real space

GR
0 (x, x′) =

1

ivF
eikF |x−x′| in d = 1

GR
0 (~r, ~r ′) =

me

2i
H

(1)
0 (kF ||~r − ~r ′||) in d = 2

GR
0 (~r, ~r ′) = − me

2π||~r − ~r ′||e
ikF ||~r−~r ′|| in d = 3

DoS & IDoS

ne =
Vd

(2π)d
kdF =

kFvF
d

ρ0
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B. Hikami boxes

Hikami boxes are short range objects

Example :

r’r = G
R
(~r, ~r ′)G

A
(~r ′, ~r) ∼ e−||~r−~r

′||/ℓe

The poor’s man Hikami box : d = 1

r’r =
∣∣∣GR

(x, x′)
∣∣∣
2

=
1

v2
F

e−|x−x
′|/ℓe =

2τe
vF︸︷︷︸

1/w

1

2ℓe
e−|x−x

′|/ℓe

The sharp function can be expanded as a series of distributions :

1

2ℓe
e−|x−x

′|/ℓe = δ(x− x′) + ℓ2e δ
′′(x− x′) + · · ·

One can show that in any dimension :

r’r = δ(~r − ~r ′) 1

w
[1 + τeD∆ + · · · ]
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Hikami boxes

r’r
δ(~r − ~r ′) 1

w [1 + τeD∆ + · · · ]

, i r’r −i
√

2π
d eρ0ℓ

2
e δ(~r − ~r ′)∇i

H4
2πρ0Dτ

4
e

∫
d~R

∏4
i=1 δ(

~R − ~Ri)

×(~∇1 · ~∇3 + ~∇2 · ~∇4 − 1
2

∑
i
~∇2
i )

4

2

r ,i r’,j

R

R

−σ0 2τ 2
e δij δ(~r − ~r ′) δ(~r − ~R2) δ(~r − ~R4)

H4

3

4

r ,i

r’,j

R

R

≃ σ0 τ
2
e δij δ(~r − ~r ′) δ(~r − ~R3) δ(~r − ~R4)

= + +1R

2R

3R

4R

H4

H4

3

4

r ,i

r’,j

R

R
=

4

3

r ,i

r’,j

R

R
+

4

3

r ,i

r’,j

R

R
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